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Abstract	  Teachers’	  Explanations	  of	  a	  Key	  Developmental	  Understanding	  of	  Multiplicative	  Reasoning	  Katherine	  L.	  Rhee	  Jason	  Silverman,	  Ph.D.	  Ellen	  L.	  Clay,	  Ph.D.	  	  	  	  	   This	  qualitative	  research	  study	  explores	  teachers’	  understandings	  of	  multiplicative	  reasoning	  as	  a	  key	  developmental	  understanding	  (KDU).	  A	  KDU	  entails	  knowingly	  applying	  the	  same	  mathematical	  concepts	  within	  different	  contexts.	  A	  KDU	  supports	  an	  individual	  to	  build	  a	  connected	  understanding	  of	  mathematics	  as	  opposed	  to	  only	  understanding	  disconnected	  rules	  and	  procedures.	  In	  this	  study	  the	  KDU	  of	  multiplicative	  reasoning	  is	  defined	  and	  the	  researcher	  illustrates	  how	  this	  understanding	  connects	  the	  mathematical	  contexts	  of	  the	  elementary	  school	  curriculum.	  The	  data	  used	  to	  analyze	  the	  teachers’	  understandings	  of	  multiplicative	  reasoning	  was	  collected	  in	  a	  mathematics	  content	  course	  that	  focused	  on	  the	  KDU	  of	  multiplicative	  reasoning.	  The	  teachers	  also	  participated	  in	  a	  semi-­‐structured	  interview	  the	  year	  following	  the	  course.	  The	  analysis	  of	  the	  data	  revealed	  that	  teachers	  did	  not	  continue	  to	  use	  the	  KDU	  of	  multiplicative	  reasoning	  once	  they	  were	  teaching,	  as	  they	  had	  during	  the	  course.	  If	  teachers	  are	  expected	  to	  teach	  a	  more	  connected	  understanding	  of	  mathematics	  as	  outlined	  in	  the	  Common	  Core	  State	  Standards	  then	  there	  needs	  to	  be	  more	  support	  for	  them	  to	  develop	  these	  understandings.	  Focusing	  on	  the	  development	  of	  KDUs	  is	  one	  way	  to	  begin	  to	  support	  these	  changes.	  This	  dissertation	  discusses	  how	  teachers	  may	  begin	  to	  develop	  an	  understanding	  of	  the	  KDU	  of	  multiplicative	  reasoning,	  which	  could	  allow	  them	  to	  teach	  a	  more	  connected	  understanding	  of	  mathematics.	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Chapter	  1:	  Statement	  of	  the	  Problem	  
	  	  	  
Introduction	  
	   What	  it	  means	  to	  know	  mathematics	  in	  a	  way	  that	  supports	  effective	  instruction	  is	  a	  multifaceted	  and	  complex	  question.	  The	  Common	  Core	  State	  Standards	  define	  what	  students	  should	  understand	  and	  be	  able	  to	  do	  in	  their	  study	  of	  mathematics.	  These	  standards	  have	  sought	  to	  create	  a	  coherent	  curriculum	  that	  addresses	  the	  need	  for	  all	  students	  to	  develop	  mathematical	  practices	  such	  as	  solving	  problems,	  making	  connections,	  understanding	  multiple	  representations	  of	  mathematical	  ideas,	  communicating	  their	  thought	  process,	  and	  justifying	  their	  reasoning	  (National	  Governors	  Association	  Center	  for	  Best	  Practices	  &	  Council	  of	  Chief	  State	  School	  Officers,	  2010).	  While	  these	  standards	  address	  the	  mathematical	  concepts	  that	  teachers	  focus	  on	  in	  their	  classrooms,	  the	  question	  of	  how	  to	  support	  teachers	  to	  understand	  these	  concepts	  so	  that	  they	  can	  teach	  them	  in	  a	  coherent	  manner	  continues	  to	  guide	  many	  research	  studies.	  	  While	  many	  mathematics	  education	  researchers	  have	  focused	  on	  the	  knowledge	  that	  teachers	  need	  for	  teaching	  mathematics	  (Ball,	  Hill,	  &	  Bass,	  2005;	  Ball,	  Thames,	  &	  Phelps,	  2008;	  Ma,	  1999;	  Skemp,	  1987;	  P.	  W.	  Thompson,	  2008),	  there	  is	  little	  consensus	  as	  to	  the	  particular	  content	  and	  structure	  of	  this	  knowledge.	  Ball,	  Hill	  and	  their	  colleagues	  have	  identified	  practices,	  particularly	  useful	  representations,	  and	  “unpacked”	  mathematical	  understandings	  that	  can	  support	  teachers	  as	  they	  attempt	  to	  teach	  mathematics	  in	  a	  way	  that	  supports	  students	  to	  learn	  mathematics	  with	  understanding.	  Their	  work	  has	  resulted	  in	  the	  development	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of	  instruments	  that	  assess	  teachers’	  mathematical	  knowledge	  for	  teaching	  (MKT)	  within	  different	  mathematical	  concepts.	  The	  results	  on	  these	  assessments	  have	  been	  positively	  correlated	  with	  student	  achievement	  (Hill	  &	  Ball,	  2004;	  Hill,	  Rowan,	  &	  Ball,	  2005).	  While	  their	  research	  focuses	  on	  MKT	  within	  particular	  mathematics	  contexts,	  other	  researchers	  have	  focused	  on	  the	  development	  of	  mathematical	  understandings	  that	  are	  generative	  “big	  ideas”	  that	  carry	  through	  different	  mathematical	  contexts	  and	  are	  foundational	  for	  learning	  other	  ideas	  (Clay,	  Silverman,	  &	  Fischer,	  2010;	  Silverman	  &	  Thompson,	  2008;	  P.	  W.	  Thompson,	  2008).	  While	  these	  foci	  are	  not	  mutually	  exclusive,	  the	  researcher	  argues	  that	  the	  latter	  can	  provide	  guidance	  as	  to	  the	  particular	  mathematical	  understandings	  that	  teacher	  professional	  development	  might	  emphasize.	  	  	   In	  this	  research	  study,	  the	  researcher	  explores	  the	  development	  of	  multiplicative	  reasoning,	  one	  such	  understanding	  of	  mathematics	  that	  can	  serve	  as	  a	  generative	  “big	  idea”	  for	  both	  teachers	  and	  students.	  Multiplicative	  reasoning	  can	  be	  understood	  as	  the	  systematic	  creation	  of	  multiples	  of	  units1.	  An	  individual	  who	  understands	  multiplicative	  reasoning	  in	  this	  way	  may	  apply	  this	  understanding	  to	  many	  mathematical	  contexts,	  such	  as	  measurement,	  place	  value	  (whole	  number	  and	  decimal),	  fractions,	  percent,	  ratio,	  rate,	  and	  proportion	  (Confrey,	  1994;	  Lamon,	  2007;	  Lesh,	  Post,	  &	  Behr,	  1988;	  Ma,	  1999;	  Sowder,	  Sowder,	  &	  Nickerson,	  2009;	  Steffe	  &	  Olive,	  2010;	  P.	  W.	  Thompson	  &	  Saldanha,	  2003;	  Vergnaud,	  1988).	  This	  particular	  understanding	  of	  multiplicative	  reasoning	  entails	  constructing	  “chunks”	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  1	  Note	  that	  “multiples	  of	  units”	  are	  not	  limited	  to	  a	  positive	  whole	  number.	  In	  fact,	  many	  interesting	  cases	  arise	  when	  the	  multiple	  is	  a	  fractional	  quantity	  that	  is	  less	  than	  one	  or	  greater	  than	  one.	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of	  a	  quantity	  that	  one	  can	  use	  to	  reason	  about	  a	  given	  scenario	  involving	  the	  iteration	  (repetition)	  or	  partitioning	  (equal	  splitting)	  of	  this	  chunk	  (Lamon,	  2008).	  For	  example,	  when	  thinking	  about	  24	  cans	  of	  soda,	  this	  quantity	  can	  be	  thought	  about	  as	  24	  individual	  cans,	  2	  twelve-­‐packs,	  4	  six-­‐packs,	  1	  twenty	  four-­‐pack,	  ½	  of	  a	  forty	  eight-­‐pack,	  etc.	  (Lamon,	  2008).	  In	  each	  of	  these	  cases,	  there	  is	  a	  unit	  (the	  “chunk”	  of	  cans	  in	  the	  pack)	  and	  a	  multiple	  of	  this	  unit.	  Further,	  an	  individual	  is	  capable	  of	  reasoning	  in	  terms	  of	  the	  total	  quantity	  being	  a	  specific	  number	  of	  times	  as	  large	  as	  a	  unit.	  An	  individual	  who	  understands	  multiplicative	  reasoning	  as	  the	  systematic	  creation	  of	  multiples	  of	  units	  is	  likely	  to	  understand	  all	  of	  these	  different	  ways	  of	  representing	  units,	  as	  well	  as	  the	  relationships	  that	  exist	  between	  the	  units	  (Confrey,	  1994;	  Lamon,	  2007;	  Lesh	  et	  al.,	  1988;	  Ma,	  1999;	  Sowder	  et	  al.,	  2009;	  Steffe	  &	  Olive,	  2010;	  P.	  W.	  Thompson	  &	  Saldanha,	  2003;	  Vergnaud,	  1988).	  	  The	  current	  research	  study	  investigates	  the	  development	  of	  teachers’	  understanding	  of	  multiplicative	  reasoning	  as	  a	  Key	  Developmental	  Understanding	  (KDU).	  A	  KDU	  is	  a	  construct	  that	  can	  be	  used	  to	  frame	  the	  identification	  of	  conceptual	  learning	  goals	  in	  mathematics	  (Simon,	  2006).	  As	  learners	  develop	  KDUs,	  the	  way	  that	  they	  conceive	  of	  particular	  mathematical	  concepts	  changes	  in	  a	  way	  that	  they	  are	  capable	  of	  perceiving	  of	  the	  generative	  “big	  ideas”	  that	  exist	  within	  the	  concept	  (Silverman	  &	  Thompson,	  2008;	  Simon,	  2006).	  For	  example,	  with	  multiplicative	  reasoning,	  the	  systematic	  creation	  of	  multiples	  of	  units	  can	  be	  understood	  within	  the	  context	  of	  place	  value	  when	  considering	  the	  quantity	  of	  one	  hundred	  as	  0.1	  of	  a	  thousand-­‐unit,	  1	  hundred-­‐unit,	  10	  ten-­‐units,	  100	  one-­‐units,	  and	  1000	  tenth-­‐units.	  Within	  the	  concept	  of	  fractions,	  an	  example	  of	  multiplicative	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reasoning	  is	  considering	  the	  quantity	  of	  three-­‐halves	  as	  3	  one-­‐halves,	  6	  one-­‐fourths,	  and	  ½	  of	  three.	  Another	  example	  of	  multiplicative	  reasoning,	  as	  understood	  within	  the	  context	  of	  measurement,	  is	  considering	  the	  quantity	  of	  2	  feet	  as	  2	  one-­‐foot	  units,	  24	  one-­‐inch	  units,	  2	  twelve-­‐inch	  units,	  and	  2/3	  of	  one-­‐yard	  unit.	  Within	  each	  of	  these	  contexts	  there	  is	  a	  relationship	  between	  the	  units	  that	  groups	  one	  unit	  into	  another.	  An	  individual	  who	  possesses	  a	  KDU	  of	  multiplicative	  reasoning	  as	  the	  systematic	  creation	  of	  multiples	  of	  units	  is	  capable	  of	  understanding	  units,	  relationships	  between	  units,	  and	  grouping	  units	  together.	  These	  individuals	  also	  find	  these	  different,	  yet	  conceptually	  related	  ideas	  and	  contexts	  understandable,	  solvable,	  and	  sometimes	  even	  trivial	  (Silverman	  &	  Thompson,	  2008).	  	  	  Teachers	  who	  develop	  these	  deep,	  connected	  understandings	  have	  the	  possibility	  of	  developing	  a	  similar	  understanding	  in	  their	  students;	  without	  it,	  teachers	  are	  likely	  to	  teach	  what	  they	  know,	  which	  may	  emphasize	  mathematics	  as	  a	  set	  of	  disconnected	  facts	  and	  procedures	  (Patrick	  W.	  Thompson,	  Carlson,	  &	  Silverman,	  2007,	  pp.	  416-­‐417).	  Through	  focusing	  on	  supporting	  teachers	  to	  develop	  a	  KDU	  of	  multiplicative	  reasoning,	  teachers	  may	  be	  capable	  of	  supporting	  their	  students	  in	  developing	  an	  understanding	  of	  multiplicative	  reasoning	  that	  does	  work	  for	  future	  mathematical	  endeavors:	  a	  KDU.	  	  	  This	  dissertation	  explores	  and	  begins	  to	  understand	  how	  such	  big	  mathematical	  ideas,	  KDUs,	  can	  develop	  in	  the	  minds	  of	  teachers.	  Specifically,	  the	  researcher	  investigates	  the	  following	  research	  questions:	  	  
6	  
	  
6	  
1. How	  do	  teachers	  explain	  multiplicative	  reasoning	  within	  the	  context	  of	  place	  value	  in	  a	  course	  that	  focuses	  on	  multiplicative	  reasoning	  as	  the	  systematic	  creation	  of	  multiples	  of	  units?	  2. How	  do	  teachers	  explain	  multiplicative	  reasoning	  within	  the	  context	  of	  fractions	  in	  a	  course	  that	  focuses	  on	  multiplicative	  reasoning	  as	  the	  systematic	  creation	  of	  multiples	  of	  units?	  3. How	  do	  teacher’s	  explanations	  of	  multiplicative	  reasoning	  serve	  as	  a	  KDU	  that	  allows	  them	  to	  apply	  their	  understanding	  of	  multiplicative	  reasoning	  to	  different	  mathematical	  contexts?	  	  
	  
Key	  Operational	  Definitions	  The	  following	  definitions	  are	  provided	  for	  terms	  used	  throughout	  the	  research.	  	  	   Key	  Developmental	  Understanding	  (KDU):	  an	  understanding	  that	  applies	  to	  different	  mathematical	  contexts	  in	  a	  way	  that	  illustrates	  the	  relationships	  that	  exist	  between	  the	  contexts	  (a	  generative	  “big	  idea”).	  It	  is	  generally	  not	  learned	  from	  being	  told,	  but	  requires	  reflection	  on	  the	  understandings	  through	  repeated	  exposure	  in	  multiple	  contexts.	  	  	   Multiplicative	  reasoning:	  the	  systematic	  creation	  of	  multiples	  of	  units	  that	  entails	  understanding	  relationships	  between	  units	  in	  which	  one	  unit	  is	  so	  many	  times	  as	  big	  or	  as	  small	  as	  another.	  This	  is	  opposed	  to	  understanding	  that	  a	  unit	  is	  some	  quantity	  more	  (an	  additive	  relationship)	  than	  the	  other.	  	  	   Unit:	  cognitive	  assignment	  of	  a	  unit	  of	  measure	  to	  a	  particular	  quantity.	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   KDU	  of	  multiplicative	  reasoning:	  teachers	  who	  demonstrate	  a	  KDU	  of	  multiplicative	  reasoning	  use	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  the	  contexts	  of	  place	  value,	  fractions,	  measurement,	  and	  percent.	  The	  teacher	  also	  recognizes	  that	  the	  same	  concepts	  apply	  to	  the	  different	  contexts.	  	   Demonstrate	  understanding:	  teachers	  demonstrate	  understanding	  of	  multiplicative	  reasoning	  through	  referencing	  the	  key	  ideas	  of	  multiplicative	  reasoning	  that	  are	  described	  in	  the	  literature	  review.	  	  	  	   Symbolic	  representation:	  a	  representation	  that	  uses	  mathematical	  symbols	  
	   Pictorial	  representation:	  a	  mathematical	  representation	  that	  uses	  pictures.	  
Statement	  of	  the	  Problem	  
	   	  How	  can	  teachers	  be	  supported	  to	  understand	  mathematical	  concepts	  so	  that	  they	  can	  teach	  them	  in	  a	  coherent	  manner	  as	  outlined	  in	  the	  Common	  Core	  State	  Standards?	  This	  exploratory	  study	  is	  the	  first	  research	  study	  to	  date	  that	  examines	  teachers’	  understanding	  of	  a	  KDU	  across	  several	  different	  mathematical	  contexts	  of	  the	  elementary	  school	  curriculum.	  The	  researcher	  explores	  and	  begins	  to	  understand	  how	  teachers’	  understandings	  of	  place	  value	  and	  fractions	  can	  be	  expanded	  and	  enhanced	  so	  that	  the	  common	  multiplicative	  structure	  inherent	  in	  these	  two	  fundamental	  mathematical	  ideas	  is	  evident.	  This	  qualitative	  research	  study	  analyzes	  teachers’	  understanding	  of	  multiplicative	  reasoning	  as	  captured	  by	  their	  mathematical	  responses	  to	  instructional	  tasks	  in	  a	  mathematics	  content	  course	  for	  teachers.	  The	  goal	  of	  the	  course	  is	  to	  support	  teachers	  as	  they	  develop	  a	  KDU	  of	  multiplicative	  reasoning,	  which	  is	  one	  generative	  “big	  idea”	  that	  underlies	  the	  school	  mathematics	  curriculum.	  Each	  of	  the	  teachers’	  mathematical	  responses	  to	  the	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instructional	  tasks	  is	  analyzed	  in	  terms	  of	  the	  ways	  in	  which	  she	  explains	  place	  value	  and	  fraction	  problems	  as	  the	  systematic	  creation	  of	  multiples	  of	  units,	  as	  well	  as	  her	  ability	  to	  understand	  the	  structural	  similarity	  between	  these	  problems.	  This	  research	  begins	  to	  allow	  us	  to	  understand	  the	  ways	  in	  which	  teachers	  can	  build	  a	  KDU	  of	  a	  mathematical	  concept	  that	  carries	  through	  the	  school	  curriculum	  and	  is	  foundational	  for	  learning	  other	  ideas.	  If	  teachers	  understand	  multiplicative	  reasoning	  as	  a	  KDU,	  there	  is	  potential	  for	  them	  to	  support	  their	  students	  to	  develop	  similar	  understandings.	  	  Mathematics	  education	  research	  has	  brought	  attention	  to	  the	  need	  for	  instruction	  to	  focus	  on	  understanding	  the	  coherence	  of	  mathematics,	  as	  opposed	  to	  an	  understanding	  of	  mathematics	  as	  isolated	  rules	  and	  procedures	  (Ma,	  1999;	  Schmidt,	  Houang,	  &	  Cogan,	  2002;	  Simon,	  2006;	  Skemp,	  1987;	  Sowder	  et	  al.,	  2009;	  P.	  W.	  Thompson	  &	  Saldanha,	  2003).	  This	  research	  begins	  to	  address	  this	  concern	  through	  learning	  how	  to	  support	  teachers	  to	  develop	  a	  KDU.	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Chapter	  2:	  Literature	  Review	  
	  	  	  
Introduction	  
	  
	   This	  research	  begins	  to	  understand	  how	  teachers	  can	  develop	  an	  understanding	  of	  multiplicative	  reasoning	  that	  enables	  them	  to	  find	  the	  different,	  yet	  conceptually	  related	  ideas	  of	  place	  value	  and	  fractions	  as	  internally	  consistent	  and	  inextricably	  related.	  	  This	  understanding	  of	  multiplicative	  reasoning	  entails	  (1)	  understanding	  that	  a	  quantity	  can	  be	  represented	  in	  terms	  of	  different	  units,	  (2)	  understanding	  the	  multiplicative	  relationships	  between	  units,	  and	  (3)	  understanding	  that	  a	  quantity	  can	  be	  grouped	  and	  regrouped	  using	  different	  units	  (Lamon,	  2008;	  Ma,	  1999;	  Mack,	  2001;	  McClain,	  2003;	  Steffe	  &	  Olive,	  2010;	  Thanheiser,	  2009).	  This	  chapter	  uses	  these	  three	  key	  ideas	  as	  the	  lens	  through	  which	  the	  importance	  of	  multiplicative	  reasoning	  as	  the	  conceptual	  underpinnings	  of	  place	  value	  and	  fractions	  are	  discussed.	  While	  the	  existing	  research	  illustrates	  the	  importance	  of	  these	  three	  key	  ideas	  within	  the	  concepts	  of	  place	  value	  and	  fractions,	  research	  has	  yet	  to	  illustrate	  that	  individuals	  who	  understand	  these	  three	  key	  ideas	  in	  terms	  of	  one	  of	  these	  contexts	  can	  apply	  the	  same	  understandings	  to	  other	  contexts.	  	  
Representing	  Quantities	  in	  Terms	  of	  Different	  Units	  A	  conceptual	  understanding	  of	  multiplicative	  reasoning	  has	  been	  described	  as	  the	  systematic	  creation	  of	  multiples	  of	  units	  (Confrey,	  1994;	  Lamon,	  2007;	  Lesh	  et	  al.,	  1988;	  Ma,	  1999;	  Sowder	  et	  al.,	  2009;	  Steffe	  &	  Olive,	  2010;	  P.	  W.	  Thompson	  &	  Saldanha,	  2003;	  Vergnaud,	  1988).	  In	  order	  to	  build	  this	  understanding	  it	  is	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necessary	  to	  create	  a	  unit	  before	  creating	  multiples	  of	  this	  unit.	  The	  ability	  to	  create	  a	  unit,	  refers	  to	  the	  cognitive	  assignment	  of	  a	  unit	  of	  measure	  to	  a	  given	  quantity	  (Lamon,	  1996),	  which	  involves	  understanding	  each	  unit	  as	  an	  entity	  in	  and	  of	  itself	  (Fuson	  et	  al.,	  1997;	  Lamon,	  2007;	  Ma,	  1999;	  Thanheiser,	  2009;	  P.	  W.	  Thompson	  &	  Saldanha,	  2003;	  Van	  de	  Walle,	  Karp,	  &	  Bay-­‐Williams,	  2010).	  	  Ma	  (1999)	  discussed	  the	  concept	  of	  basic	  unit	  and	  the	  role	  it	  plays	  in	  numeration:	  We	  usually	  use	  “one”	  as	  the	  basic	  unit	  of	  a	  number.	  When	  we	  say	  123,	  we	  mean	  123	  ones.	  In	  daily	  life	  it	  is	  taken	  for	  granted	  that	  that	  “one”	  is	  the	  basic	  unit	  of	  a	  number.	  However,	  we	  can	  also	  use	  other	  basic	  units	  for	  numerating	  if	  necessary,	  or	  even	  if	  we	  just	  want	  to.	  For	  example,	  using	  a	  ten,	  a	  hundred,	  a	  tenth,	  or	  even	  a	  two	  as	  a	  basic	  unit,	  we	  can	  say	  that	  the	  number	  123	  is	  12.3	  tens,	  1.23	  hundreds,	  1230	  tenths,	  or	  even	  61.5	  twos.	  (p.	  43)	  	  As	  individuals	  develop	  an	  understanding	  of	  representing	  quantities	  in	  terms	  of	  different	  units,	  they	  recognize	  that	  a	  quantity	  can	  be	  grouped	  in	  different	  ways	  while	  maintaining	  the	  same	  value	  (Van	  de	  Walle	  et	  al.,	  2010).	  This	  understanding	  is	  foundational	  to	  place	  value	  (Fuson	  et	  al.,	  1997;	  Ma,	  1999;	  McClain,	  2003;	  Thanheiser,	  2009)	  and	  fractions	  (Lamon,	  2007;	  Lesh	  et	  al.,	  1988;	  Ma,	  1999;	  Steffe	  &	  Olive,	  2010).	  
Representing	  Quantities	  in	  Terms	  of	  Different	  Units	  Within	  Place	  Value	  	  In	  the	  context	  of	  place	  value,	  this	  key	  idea	  of	  multiplicative	  reasoning,	  entails	  conceiving	  of	  each	  place	  value	  as	  an	  object.	  For	  example,	  the	  number	  200	  can	  be	  conceived	  of	  as	  200	  one-­‐units,	  or	  20	  ten-­‐units,	  or	  2	  hundred-­‐units	  (See	  Figure	  2-­‐1).	  In	  this	  figure	  the	  first	  representation	  on	  the	  left	  highlights	  the	  100	  one-­‐units	  in	  each	  of	  the	  units	  of	  one	  hundred	  because	  there	  are	  bold	  lines	  surrounding	  each	  one-­‐unit.	  The	  middle	  representation	  highlights	  the	  10	  ten-­‐units	  in	  each	  of	  the	  units	  of	  one	  hundred.	  While	  the	  one-­‐units	  can	  still	  be	  seen	  with	  faint	  lines,	  the	  ten-­‐units	  are	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highlighted	  with	  bold	  lines.	  In	  the	  final	  representation	  on	  the	  right,	  the	  1	  hundred-­‐unit	  is	  highlighted	  in	  each	  of	  the	  units	  of	  one	  hundred	  because	  the	  bold	  lines	  are	  only	  around	  the	  entire	  hundred-­‐unit.	  However,	  the	  one-­‐units	  and	  ten-­‐units	  are	  still	  visible	  with	  faint	  lines.	  Fuson,	  et	  al.	  (1997)	  and	  Thanheiser	  (2009)	  identified	  this	  concept	  as	  integral	  to	  understanding	  place	  value.	  	  	  	   	  	  	  	   	  	  	  	  	  	  	  	  
Figure	  2-­‐1.	  Key	  idea	  1	  within	  place	  value	  	  	  Fuson,	  et	  al.	  (1997)	  described	  a	  common	  framework	  of	  conceptual	  structures	  that	  young	  children	  constructed	  for	  two-­‐digit	  numbers.	  This	  research	  is	  relevant	  to	  the	  current	  study	  both	  because	  teachers	  need	  to	  understand	  how	  students	  conceive	  of	  mathematical	  concepts	  and	  because	  teachers	  often	  struggle	  with	  similar	  ideas.	  One	  of	  the	  conceptions	  identified	  by	  Fuson,	  et	  al.	  (1997)	  is	  the	  integrated	  sequence-­‐
separate	  tens	  and	  ones	  conception.	  They	  found	  that	  students	  who	  progressed	  to	  the	  
integrated	  sequence-­‐separate	  tens	  and	  ones	  conception	  demonstrated	  facility	  in	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adding	  and	  subtracting	  multi-­‐digit	  whole	  numbers.	  This	  conception	  entails	  moving	  flexibly	  between	  understanding	  a	  ten	  as	  a	  group	  of	  ten	  ones	  and	  as	  a	  single	  ten	  unit.	  For	  example,	  the	  20	  in	  the	  number	  23	  is	  simultaneously	  viewed	  as	  2	  ten-­‐units	  or	  20	  one-­‐units.	  	  Thanheiser	  (2009),	  building	  on	  the	  conceptions	  identified	  by	  Fuson,	  et	  al.	  (1997),	  studied	  preservice	  teachers’	  conceptions	  of	  three-­‐digit	  numbers.	  One	  of	  the	  conceptions	  identified	  by	  Thanheiser	  (2009)	  is	  the	  reference-­‐units	  conception.	  She	  observed	  that	  preservice	  teachers	  who	  demonstrated	  a	  reference-­‐units	  conception	  were	  aware	  that	  each	  digit	  in	  a	  number	  represented	  a	  different-­‐sized	  unit	  (a	  reference	  unit)	  and	  understood	  the	  quantitative	  relationships	  among	  the	  units.	  For	  example,	  a	  preservice	  teacher	  who	  has	  a	  reference-­‐units	  conception	  understands	  that	  in	  the	  number	  123,	  the	  1	  is	  seen	  as	  1	  hundred-­‐unit,	  10	  ten-­‐units,	  or	  100	  one-­‐units;	  the	  2	  is	  seen	  as	  2	  ten-­‐units	  or	  20	  one-­‐units;	  and	  the	  3	  is	  seen	  as	  3	  one-­‐units.	  Preservice	  teachers	  who	  demonstrated	  a	  reference-­‐units	  conception	  accurately	  solved	  multi-­‐digit	  addition	  and	  subtraction	  problems,	  as	  well	  as	  explained	  the	  underlying	  mathematics	  of	  the	  multi-­‐digit	  addition	  and	  subtraction	  algorithms,	  whereas	  preservice	  teachers	  who	  held	  other	  conceptions	  accurately	  solved	  the	  problems,	  but	  were	  unable	  to	  explain	  the	  underlying	  mathematics	  (Thanheiser,	  2009).	  The	  participants	  in	  the	  research	  studies	  conduced	  by	  Thanheiser	  (2009)	  and	  Fuson	  et	  al.	  (1997),	  who	  had	  a	  reference-­‐units	  conception	  or	  an	  integrated	  sequence-­‐
separate	  tens	  and	  ones	  conception	  respectively,	  demonstrated	  an	  understanding	  of	  representing	  quantities	  in	  terms	  of	  different	  units,	  and	  recognized	  that	  a	  quantity	  can	  be	  grouped	  in	  different	  ways,	  while	  maintaining	  the	  same	  value;	  thereby	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demonstrating	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  within	  the	  context	  of	  place	  value.	  
Representing	  Quantities	  in	  Terms	  of	  Different	  Units	  Within	  Fractions	  	  In	  the	  context	  of	  fractions,	  this	  key	  idea	  of	  multiplicative	  reasoning,	  entails	  conceiving	  of	  fractions	  in	  terms	  of	  different	  units,	  while	  maintaining	  the	  same	  value.	  For	  example,	  the	  number	  3/4	  can	  be	  conceived	  of	  as	  3/4	  as	  large	  as	  a	  unit	  of	  one	  or	  3	  times	  as	  large	  as	  a	  unit	  of	  one-­‐fourth	  (See	  Figure	  2-­‐2).	  	   	  
	  
Figure	  2-­‐2.	  Key	  idea	  1	  within	  fractions	  	  	  P.	  W.	  Thompson	  and	  Saldanha	  (2003)	  also	  illustrated	  how	  a	  quantity	  can	  be	  conceived	  of	  as	  different	  fractional	  units.	  For	  example,	  given	  five	  circles,	  three	  of	  which	  are	  shaded	  and	  two	  of	  which	  are	  not,	  the	  authors	  argued	  that	  it	  is	  possible	  to	  “see”	  many	  different	  things	  (See	  Figure	  2-­‐3).	  In	  the	  first	  two	  examples	  the	  collection	  is	  the	  unit	  and	  the	  following	  values	  are	  multiples	  of	  that	  unit.	  In	  the	  second	  two	  examples	  a	  unit	  is	  created	  and	  then	  a	  new	  unit	  is	  created	  using	  the	  original	  unit.	  The	  values	  that	  follow	  are	  multiples	  of	  the	  new	  unit.	  In	  this	  example	  the	  same	  collection	  of	  circles	  was	  conceived	  of	  as	  four	  different	  unit	  types.	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Figure	  2-­‐3.	  Seeing	  a	  collection	  of	  circles	  in	  terms	  of	  different	  units	  	  	   Research	  has	  also	  referenced	  the	  key	  idea	  of	  representing	  a	  quantity	  in	  terms	  of	  different	  units	  when	  analyzing	  how	  students	  conceived	  of	  fractions	  and	  fraction	  operations.	  	  In	  these	  studies,	  students	  who	  represented	  a	  quantity	  in	  terms	  of	  different	  units	  developed	  their	  understanding	  of	  equivalent	  fractions	  through	  recognizing	  that	  even	  though	  the	  quantity	  was	  grouped	  in	  different	  ways,	  the	  value	  of	  the	  quantity	  stayed	  the	  same	  (Behr,	  Harel,	  Post,	  &	  Lesh,	  1992;	  Lamon,	  2007;	  Steffe	  &	  Olive,	  2010).	  Steffe	  and	  Olive	  (2010)	  described	  how	  the	  students	  in	  their	  study	  represented	  a	  quantity	  in	  terms	  of	  different	  units	  and	  developed	  an	  understanding	  of	  equivalent	  fractions.	  In	  one	  of	  the	  teaching	  episodes	  of	  their	  study,	  the	  children	  were	  asked	  to	  share	  a	  cake	  with	  twelve	  people	  given	  the	  stipulation	  that	  it	  could	  not	  be	  partitioned,	  or	  equally	  split,	  12	  times	  initially.	  One	  of	  the	  children	  accomplished	  this	  by	  partitioning	  the	  cake	  into	  4	  pieces	  and	  then	  further	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partitioning	  each	  of	  those	  pieces	  three	  times.	  The	  children	  were	  then	  asked	  how	  much	  of	  the	  cake	  was	  four	  shares.	  Both	  children	  responded	  that	  it	  was	  four-­‐twelfths.	  Upon	  using	  the	  program	  to	  measure	  the	  composite	  four	  shares,	  the	  children	  discovered	  that	  it	  represented	  one-­‐third	  of	  the	  cake.	  The	  children	  at	  first	  were	  puzzled	  by	  this	  realization;	  however,	  then	  discovered	  that	  they	  could	  iterate	  the	  four-­‐twelfths	  piece	  three	  times	  in	  order	  to	  recreate	  the	  unit,	  thereby	  renaming	  the	  piece	  one-­‐third.	  These	  students	  were	  building	  their	  understanding	  of	  representing	  a	  quantity	  in	  terms	  of	  different	  units,	  while	  maintaining	  the	  same	  value,	  because	  they	  recognized	  the	  same	  picture	  in	  terms	  of	  units	  of	  twelfths	  and	  in	  terms	  of	  units	  of	  thirds.	  	  Research	  conducted	  by	  Behr,	  et	  al.	  (1992)	  documented	  that	  students	  who	  initially	  decomposed	  a	  given	  fractional	  part	  into	  unit	  fractions	  of	  the	  form	  1/m	  could	  then	  regenerate	  the	  unit	  whole	  by	  iterating	  this	  unit	  fraction.	  The	  students	  who	  represented	  a	  fractional	  quantity	  in	  terms	  of	  different	  units	  generated	  correct	  solutions	  to	  fraction	  computation	  problems	  that	  asked	  them	  to	  reconstruct	  a	  given	  unit,	  some	  part	  of	  the	  unit,	  or	  some	  multiple	  of	  the	  unit,	  while	  the	  other	  students	  were	  unable	  to	  answer	  the	  problems	  correctly.	  The	  students	  in	  the	  studies	  conducted	  by	  Behr,	  et	  al.	  (1992)	  and	  Steffe	  and	  Olive	  (2010)	  who	  recognized	  that	  a	  fractional	  quantity	  can	  be	  grouped	  in	  different	  ways,	  while	  maintaining	  the	  same	  value;	  demonstrated	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  within	  the	  context	  of	  fractions.	  	   Representing	  a	  quantity	  in	  terms	  of	  different	  units	  is	  one	  foundational	  idea	  from	  multiplicative	  reasoning	  that	  highlights	  some	  of	  the	  consistent	  conceptual	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underpinnings	  of	  place	  value	  and	  fractions.	  Further,	  there	  is	  a	  solid	  body	  of	  research	  that	  highlights	  the	  benefits	  of	  such	  an	  understanding,	  including	  (a)	  recognizing	  that	  a	  quantity	  can	  be	  grouped	  in	  different	  ways,	  while	  maintaining	  the	  same	  value	  and	  (b)	  facility	  in	  solving	  problems	  in	  the	  context	  in	  which	  an	  understanding	  was	  developed.	  In	  the	  sections	  that	  follow,	  the	  researcher	  provides	  a	  detailed	  description	  of	  two	  additional	  foundational	  ideas,	  the	  sum	  of	  which	  form	  the	  theoretical	  and	  analytical	  framework	  for	  this	  research	  study.	  	  	  
Multiplicative	  Relationships	  Between	  Units	  
	   Understanding	  multiplicative	  relationships	  between	  units	  involves	  focusing	  explicitly	  on	  the	  multiplicative	  relationship	  between	  the	  unit	  of	  measure	  and	  the	  resulting	  quantity	  after	  iterating	  (repeating)	  or	  partitioning	  (equally	  splitting)	  the	  unit.	  This	  is	  a	  second	  aspect	  of	  multiplicative	  reasoning	  that	  can	  support	  individuals	  to	  see	  and	  build	  on	  the	  connections	  between	  place	  value	  and	  fractions.	  This	  relationship	  is	  the	  foundation	  of	  multiplicative	  reasoning	  and	  entails	  the	  product	  (nm)	  as	  being	  in	  multiple	  reciprocal	  relationships	  to	  n	  and	  to	  m	  (P.	  W.	  Thompson	  &	  Saldanha,	  2003).	  This	  means	  understanding	  (nm)	  is	  n	  times	  as	  large	  as	  m,	  as	  well	  as	  (nm)	  is	  m	  times	  as	  large	  as	  n	  (P.	  W.	  Thompson	  &	  Saldanha,	  2003).	  For	  example,	  when	  multiplying	  three	  times	  four,	  one	  may	  think	  twelve	  is	  3	  times	  as	  large	  as	  four	  but	  should	  also	  be	  aware	  that	  twelve	  is	  4	  times	  as	  large	  as	  three.	  	  One	  can	  build	  upon	  this	  understanding,	  through	  representing	  the	  quantity	  of	  twelve	  as	  a	  unit	  in	  and	  of	  itself.	  A	  unit	  of	  twelve	  is	  3	  times	  as	  large	  as	  a	  unit	  of	  four,	  so	  the	  unit	  of	  four	  is	  1/3	  as	  
large	  as	  the	  unit	  of	  twelve	  (See	  Figure	  2-­‐4).	  One	  can	  also	  understand	  that	  the	  unit	  of	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twelve	  is	  4	  times	  as	  large	  as	  a	  unit	  of	  three,	  so	  the	  unit	  of	  three	  is	  1/4	  as	  large	  as	  the	  unit	  of	  twelve	  (See	  Figure	  2-­‐4).	  	  	  	  	  
	  
	   	  
	  
	  
	  
Figure	  2-­‐4.	  Multiplicative	  relationships	  within	  a	  unit	  of	  12	  
	  
	   In	  Figure	  2-­‐4,	  one	  can	  represent	  the	  entire	  picture	  as	  a	  unit.	  Each	  column	  of	  four	  is	  1/3	  as	  large	  as	  the	  unit	  of	  twelve	  because	  the	  unit	  is	  3	  times	  as	  large	  as	  the	  column.	  This	  figure	  also	  illustrates	  that	  each	  row	  of	  three	  is	  1/4	  as	  large	  as	  the	  unit	  of	  twelve	  because	  the	  unit	  is	  4	  times	  as	  large	  as	  the	  row.	  The	  following	  subsections	  specifically	  address	  research	  that	  highlights	  understanding	  relationships	  between	  units	  in	  the	  context	  of	  place	  value	  and	  fractions	  and	  make	  evident	  that	  this	  aspect	  of	  multiplicative	  reasoning	  can	  support	  teachers	  to	  see	  the	  coherence	  behind	  the	  two	  topics.	  
Multiplicative	  Relationships	  Between	  Units	  Within	  Place	  Value	  	  In	  base-­‐ten	  place	  value	  each	  higher	  place	  value	  unit	  is	  10	  times	  as	  large	  as	  the	  previous	  lower	  place	  value	  unit,	  and	  each	  lower	  value	  unit	  is	  1/10	  as	  large	  as	  the	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next	  higher	  place	  value	  unit.	  Understanding	  relationships	  between	  place	  value	  units	  entails	  explicit	  attention	  to	  the	  fact	  that	  10	  of	  one	  unit	  can	  be	  combined	  into	  a	  unit	  of	  the	  next	  higher	  value	  as	  well	  as	  partitioned	  into	  10	  of	  the	  previous	  lower	  value	  units.	  This	  relationship	  between	  each	  place	  value	  unit	  is	  a	  reciprocal	  relationship.	  For	  example,	  1	  ten	  is	  10	  times	  as	  large	  as	  the	  previous	  lower	  value	  unit	  of	  1	  one	  and	  is	  also	  1/10	  as	  large	  as	  the	  next	  higher	  value	  unit	  of	  1	  hundred.	  	  	  Individuals	  who	  have	  built	  an	  understanding	  of	  representing	  each	  place	  value	  as	  a	  unit,	  can	  further	  develop	  this	  understanding	  to	  comprehend	  relationships	  between	  units.	  Ma	  (1999)	  observed	  that	  teachers	  who	  did	  not	  focus	  on	  the	  value	  of	  the	  digits	  in	  a	  number	  did	  not	  understand	  relationships	  between	  unit	  types,	  whereas	  teachers	  who	  represented	  quantities	  in	  terms	  of	  different	  units	  understood	  relationships	  between	  unit	  types.	  	  These	  conclusions	  are	  further	  supported	  by	  the	  research	  conducted	  by	  Thanheiser	  (2009).	  In	  this	  research,	  Thanheiser	  (2009)	  identified	  four	  conceptions	  of	  place	  value	  (see	  Figure	  5)	  through	  coding	  interviews	  with	  preservice	  teachers	  about	  place	  value	  concepts	  within	  multi-­‐digit	  addition	  and	  subtraction	  problems.	  The	  only	  teachers	  who	  reliably	  explained	  the	  relationships	  between	  unit	  types	  were	  those	  who	  held	  a	  reference	  units	  conception.	  Table	  2-­‐1,	  shows	  the	  place	  value	  conceptions	  identified	  by	  Thanheiser	  (2009)	  and	  an	  example	  of	  how	  a	  preservice	  teacher	  who	  has	  each	  conception	  understands	  each	  digit	  within	  a	  quantity.	  	  Thanheiser	  (2009)	  argued	  that	  preservice	  teachers	  who	  held	  a	  groups-­‐of-­‐
ones	  conception	  of	  place	  value	  were	  unable	  to	  explain	  the	  relationship	  between	  the	  hundreds	  and	  tens	  units	  because	  they	  did	  not	  conceive	  of	  a	  single	  ten-­‐unit.	  She	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noted	  that	  teachers	  are	  often	  capable	  of	  borrowing	  and	  carrying	  as	  well	  as	  explaining	  that	  this	  process	  “unpacks”	  a	  larger	  unit	  into	  a	  number	  of	  ones,	  but	  find	  it	  difficult	  to	  conceive	  of	  the	  borrowing	  or	  carrying	  as	  resulting	  in	  units	  other	  than	  ones.	  For	  example,	  when	  solving	  the	  problem	  527	  –	  135,	  teachers	  have	  difficulty	  representing	  the	  100	  that	  is	  borrowed	  from	  the	  500	  as	  10	  tens	  and	  simply	  refer	  to	  it	  as	  120	  ones	  –	  even	  though	  it	  is	  being	  used	  in	  the	  tens	  place.	  	  	  Table	  2-­‐1	  
Summary	  of	  Place	  Value	  Conceptions	  Identified	  by	  Thanheiser	  (2009)	  	   	  	  	   	  	  	  	  	  Preservice	  teachers	  who	  held	  a	  concatenated	  digits	  plus	  conception	  or	  a	  
concatenated	  digits	  only	  conception	  of	  place	  value	  were	  unable	  to	  explain	  relationships	  between	  units	  because	  they	  did	  not	  understand	  how	  to	  represent	  each	  place	  value	  in	  terms	  of	  different	  units	  (Thanheiser,	  2009).	  The	  research	  conducted	  by	  Ma	  (1999)	  and	  Thanheiser	  (2009)	  shows	  that	  preservice	  teachers	  who	  represent	  place	  value	  quantities	  in	  terms	  of	  different	  units	  also	  understand	  relationships	  between	  units	  when	  explaining	  multi-­‐digit	  addition	  and	  subtraction	  problems.	  This	  
Place	  Value	  Conception	   Example	  Reference	  Units	  	   123	  =	  1	  hundred,	  2	  tens,	  3	  ones	  	  	  	  	  	  	  	  	  	  	  	  	  1	  hundred,	  20	  ones,	  3	  ones	  	  	  	  	  	  	  	  	  	  	  	  	  10	  tens,	  2	  tens,	  3	  ones	  	  	  	  	  	  	  	  	  	  	  	  	  10	  tens,	  20	  ones,	  3	  ones	  	  	  	  	  	  	  	  	  	  	  	  	  100	  ones,	  2	  tens,	  3	  ones	  	  	  	  	  	  	  	  	  	  	  	  	  100	  ones,	  20	  ones,	  3	  ones	  Groups-­‐of-­‐Ones	   123	  =	  100	  ones,	  20	  ones,	  3	  ones	  Concatenated	  Digits	  Plus	   123	  =	  1	  hundred,	  2	  ones,	  3	  ones	  123	  =	  1	  one,	  2	  tens,	  3	  ones	  Concatenated	  Digits	  Only	   123	  =	  1	  one,	  2	  ones,	  3	  ones	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suggests	  that	  these	  two	  key	  ideas	  of	  multiplicative	  reasoning	  build	  upon	  each	  other	  and	  provide	  coherence	  when	  explaining	  multi-­‐digit	  addition	  and	  subtraction	  problems.	  	  
Multiplicative	  Relationships	  Between	  Units	  Within	  Fractions	  
	  	   Individuals	  who	  have	  built	  an	  understanding	  of	  representing	  a	  fraction	  as	  a	  unit,	  can	  further	  develop	  this	  understanding	  to	  comprehend	  relationships	  between	  units.	  The	  relationship	  between	  a	  unit	  fraction	  and	  its	  corresponding	  whole	  unit	  is	  a	  reciprocal	  relationship.	  For	  example,	  a	  unit	  that	  is	  partitioned	  into	  4	  equal	  pieces,	  creates	  4	  new	  units	  of	  1/4	  because	  the	  original	  unit	  is	  4	  times	  as	  large	  as	  the	  new	  unit	  (See	  Figure	  2-­‐5).	  	  	  
	   	  	  	   	  	   	  	  
	  
Figure	  2-­‐5.	  Relationship	  between	  a	  unit	  fraction	  and	  its	  corresponding	  whole	  	  Steffe	  and	  Olive	  (2010)	  and	  Mack	  (2001)	  addressed	  the	  interrelatedness	  of	  the	  key	  ideas	  of	  multiplicative	  reasoning	  in	  their	  research	  on	  fractions.	  Steffe	  and	  Olive	  (2010)	  noted	  that	  students	  first	  needed	  to	  construct	  a	  fractional	  unit	  before	  understanding	  the	  multiplicative	  relationships	  between	  unit	  types:	  The	  children	  must	  first	  be	  aware	  of	  the	  connected	  number	  (the	  3/24-­‐stick)	  as	  a	  composite	  unit	  item	  containing	  (three)	  equal	  units,	  where	  the	  novelty	  is	  that	  the	  composite	  unit	  item	  could	  be	  produced	  by	  iterating	  any	  one	  of	  the	  three	  unit	  items	  it	  contains	  (a	  whole-­‐to-­‐part	  relation).	  In	  this	  case,	  the	  child	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would	  be	  explicitly	  aware	  of	  the	  multiplicative	  relation	  between	  the	  connected	  number	  as	  a	  composite	  unit	  item	  and	  any	  one	  of	  its	  parts.	  (p.	  111)	  	  In	  short,	  children	  need	  to	  understand	  that	  the	  unit	  can	  be	  iterated	  24	  times	  to	  recreate	  the	  whole	  unit,	  along	  with	  the	  understanding	  that	  the	  piece	  that	  is	  iterated	  is	  1/24	  of	  the	  whole.	  	  	  
	  
Figure	  2-­‐6.	  Multiplicative	  relationships	  between	  fractional	  units	  	   Similarly,	  Mack	  (2001)	  observed	  that	  once	  students	  were	  capable	  of	  representing	  a	  quantity	  in	  terms	  of	  different	  units,	  they	  began	  to	  recognize	  the	  relationships	  between	  the	  units.	  These	  students	  created	  unit	  fractions	  that	  supported	  them	  to	  recognize	  the	  reciprocal	  relationship	  between	  the	  whole	  unit	  and	  the	  unit	  fraction.	  The	  students	  were	  asked	  to	  represent	  1/3	  of	  3/4	  of	  a	  pizza.	  Most	  students	  solved	  this	  problem	  by	  creating	  a	  unit	  of	  one	  that	  was	  partitioned	  into	  four	  equal	  shares.	  Then	  they	  removed	  1	  one-­‐fourth	  share,	  so	  that	  there	  were	  3	  one-­‐fourths	  left.	  These	  students	  then	  created	  a	  new	  unit	  of	  three-­‐fourths.	  In	  this	  new	  unit	  there	  were	  three	  shares,	  and	  each	  share	  was	  considered	  one-­‐third	  because	  the	  new	  unit	  was	  made	  up	  of	  3	  shares	  (See	  Figure	  2-­‐6	  above).	  In	  this	  example	  the	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students	  created	  a	  unit	  and	  were	  aware	  of	  the	  relationship	  between	  a	  unit	  fraction	  and	  the	  whole	  unit.	  These	  understandings	  constitute	  the	  first	  two	  key	  ideas	  of	  multiplicative	  reasoning.	  There	  are	  obvious	  similarities	  between	  the	  work	  of	  Steffe	  and	  Olive	  (2010)	  and	  Mack	  (2001)	  in	  fractions	  and	  Ma	  (1999)	  and	  Thanheiser	  (2009)	  in	  place	  value:	  individuals	  	  represented	  a	  quantity	  in	  terms	  of	  different	  units	  developed	  this	  understanding	  to	  comprehend	  relationships	  between	  unit	  types.	  These	  understandings	  also	  build	  the	  foundation	  for	  individuals	  to	  develop	  the	  third	  key	  idea	  of	  multiplicative	  reasoning	  –	  understanding	  that	  a	  quantity	  can	  be	  grouped	  and	  regrouped	  using	  different	  units.	  	  
Grouping	  and	  Regrouping	  Using	  Different	  Units	  
	   An	  understanding	  of	  the	  concept	  of	  grouping	  and	  regrouping	  different	  units	  involves	  understanding	  and	  applying	  the	  relationships	  that	  exist	  between	  units	  that	  have	  been	  created.	  The	  necessity	  of	  grouping	  and	  regrouping	  is	  evident	  as	  one	  creates	  a	  unit	  and	  iterates	  or	  partitions	  that	  unit.	  Throughout	  this	  creation	  of	  multiples	  of	  units	  (as	  one	  iterates	  or	  partitions)	  one	  is	  capable	  of	  grouping	  units	  together	  (sometimes	  multiple	  times)	  in	  order	  to	  create	  new	  units.	  In	  order	  for	  individuals	  to	  build	  an	  understanding	  of	  grouping	  and	  regrouping	  beyond	  a	  set	  of	  steps	  that	  can	  be	  followed,	  it	  is	  necessary	  to	  understand	  the	  relationships	  that	  exist	  between	  units	  (Lamon,	  2007;	  Lesh	  et	  al.,	  1988;	  Ma,	  1999;	  McClain,	  2003;	  Steffe	  &	  Olive,	  2010;	  Thanheiser,	  2009).	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Grouping	  and	  Regrouping	  Within	  Place	  Value	  	  When	  building	  an	  understanding	  of	  grouping	  and	  regrouping	  place	  value	  units	  that	  is	  grounded	  in	  an	  understanding	  of	  multiplicative	  reasoning,	  it	  is	  necessary	  to	  understand	  the	  relationships	  between	  place	  value	  units,	  which	  entails	  understanding	  that	  a	  multiple	  of	  one	  unit	  can	  be	  combined	  into	  a	  unit	  of	  higher	  value	  as	  well	  as	  partitioned	  into	  a	  unit	  of	  a	  lower	  value.	  Understanding	  relationships	  between	  unit	  types	  and	  using	  these	  relationships	  to	  group	  and	  regroup	  units	  allows	  one	  to	  make	  sense	  of	  the	  standard	  computation	  algorithms	  (Ma,	  1999;	  Thanheiser,	  2009).	  In	  these	  algorithms	  each	  digit	  is	  often	  treated	  as	  if	  it	  represents	  one-­‐units	  (instead	  of	  referencing	  the	  digit’s	  unit	  type:	  tens-­‐units,	  hundred-­‐units,	  thousand-­‐units	  etc.).	  In	  order	  to	  understand	  why	  the	  digits	  can	  be	  consistently	  treated	  as	  one-­‐units,	  it	  requires	  the	  understanding	  that	  the	  digits	  in	  the	  different	  columns	  represent	  different	  unit	  types,	  but	  that	  within	  each	  column	  we	  operate	  on	  the	  same	  unit	  type	  and,	  as	  such,	  we	  can	  treat	  the	  digits	  as	  if	  they	  represent	  one-­‐units	  (Thanheiser,	  2009).	  	  Ma	  (1999)	  noted	  the	  necessity	  of	  understanding	  relationships	  between	  units	  when	  grouping	  and	  regrouping	  when	  she	  analyzed	  teachers’	  explanations	  of	  subtraction	  with	  regrouping.	  Those	  teachers	  who	  conceptually	  explained	  subtraction	  with	  regrouping	  focused	  on	  the	  concept	  of	  “decomposing	  a	  higher	  value	  unit”	  (Ma,	  1999).	  This	  understanding	  of	  subtraction	  with	  regrouping	  provides	  conceptual	  support	  along	  with	  reinforcing	  prior	  knowledge.	  If	  one	  already	  understands	  that	  10	  one-­‐units	  make	  1	  ten-­‐unit	  when	  adding,	  then	  when	  subtracting	  one	  can	  utilize	  this	  understanding	  to	  partition	  1	  ten-­‐unit	  into	  10	  one-­‐units.	  In	  this	  
24	  
	  
24	  
example	  of	  grouping	  and	  regrouping	  the	  individual	  is	  capable	  of	  representing	  a	  quantity	  in	  terms	  of	  one-­‐units	  and	  ten-­‐units,	  as	  well	  as	  understanding	  the	  multiplicative	  relationship	  between	  unit	  types.	  The	  research	  conducted	  by	  Ma	  (1999)	  and	  Thanheiser	  (2009)	  illustrates	  that	  understanding	  multiplicative	  reasoning	  within	  grouping	  and	  regrouping	  of	  place	  values	  (the	  third	  key	  idea	  of	  multiplicative	  reasoning)	  requires	  an	  understanding	  of	  relationships	  between	  unit	  types	  (the	  second	  key	  idea	  of	  multiplicative	  reasoning)	  and	  representing	  a	  quantity	  in	  terms	  of	  different	  units	  (the	  first	  key	  idea	  of	  multiplicative	  reasoning).	  In	  this	  research,	  teachers	  who	  coherently	  explained	  the	  given	  place	  value	  tasks	  utilized	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning.	  	  
Grouping	  and	  Regrouping	  Within	  Fractions	  When	  building	  an	  understanding	  of	  grouping	  and	  regrouping	  fractions,	  that	  is	  grounded	  in	  an	  understanding	  of	  multiplicative	  reasoning,	  it	  is	  necessary	  to	  understand	  relationships	  between	  units	  because	  as	  units	  are	  grouped	  and	  regrouped	  they	  are	  no	  longer	  the	  same	  size.	  Mack	  (2001)	  found	  that	  students	  who	  represented	  a	  quantity	  in	  terms	  of	  different	  units	  and	  understood	  the	  relationships	  between	  units,	  were	  capable	  of	  building	  upon	  these	  understandings	  to	  group	  and	  regroup	  fractions.	  For	  example,	  in	  one	  of	  the	  mathematical	  tasks,	  the	  students	  were	  individually	  asked	  how	  much	  of	  a	  whole	  can	  of	  dog	  food	  they	  would	  feed	  their	  dog	  if	  they	  had	  twelve-­‐fifteenths	  of	  a	  can	  of	  dog	  food	  and	  wanted	  to	  feed	  the	  dog	  five-­‐sixths	  of	  the	  amount	  of	  food	  in	  the	  can.	  Each	  of	  the	  three	  students,	  who	  were	  capable	  of	  solving	  this	  problem,	  solved	  it	  in	  a	  similar	  manner.	  The	  students	  created	  units	  of	  fifteenths;	  then	  created	  a	  new	  unit	  of	  the	  amount	  of	  dog	  food	  that	  was	  left,	  and	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regrouped	  this	  new	  unit	  into	  units	  of	  one-­‐sixth.	  The	  students	  recognized	  that	  10	  one-­‐fifteenths	  of	  the	  entire	  can	  of	  dog	  food	  is	  the	  amount	  to	  be	  fed	  to	  the	  dog	  (See	  Figure	  2-­‐7).	  	  
	   	  	  	  	  	  	  	  	  	  	  	  	  
Figure	  2-­‐7.	  Using	  the	  3	  key	  ideas	  of	  multiplicative	  reasoning	  within	  fractions	  	  	  The	  students	  in	  this	  example	  used	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  to	  represent	  a	  quantity	  in	  terms	  of	  different	  units	  (fifteenths,	  twelfths,	  and	  sixths).	  The	  students	  used	  the	  second	  key	  idea	  of	  multiplicative	  reasoning	  to	  demonstrate	  an	  understanding	  of	  the	  relationships	  between	  the	  units	  (when	  a	  unit	  of	  1/12	  is	  created	  the	  whole-­‐unit	  is	  12	  times	  as	  large	  as	  each	  piece,	  and	  when	  a	  unit	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of	  1/6	  is	  created	  the	  whole-­‐unit	  is	  6	  times	  as	  large	  as	  each	  piece).	  These	  students	  also	  used	  the	  third	  key	  idea	  of	  multiplicative	  reasoning	  to	  group	  fractional	  pieces	  together	  (2	  one-­‐twelfths	  is	  1	  one-­‐sixth).	  This	  example	  illustrates	  how	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  are	  utilized	  to	  understand	  a	  mathematical	  task	  involving	  fractions.	  	   Steffe	  and	  Olive	  (2010)	  also	  noted	  the	  relationship	  of	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  their	  students’	  solutions	  to	  fraction	  problems.	  In	  the	  teaching	  episode	  of	  their	  study,	  as	  described	  earlier	  in	  this	  literature	  review,	  where	  the	  children	  were	  asked	  to	  share	  a	  cake	  with	  twelve	  people	  given	  the	  stipulation	  that	  it	  could	  not	  be	  partitioned	  12	  times	  initially,	  the	  children	  developed	  an	  understanding	  of	  the	  equivalence	  of	  4/12	  and	  1/3.	  The	  students	  in	  this	  example	  used	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  as	  they	  represented	  a	  quantity	  in	  terms	  of	  different	  units	  (twelfths	  and	  thirds).	  The	  second	  key	  idea	  of	  multiplicative	  reasoning	  was	  used	  in	  their	  understanding	  of	  the	  relationships	  between	  the	  units	  (four	  one-­‐twelfths	  iterated	  3	  times	  is	  1/3),	  and	  the	  third	  key	  idea	  of	  multiplicative	  reasoning	  was	  illustrated	  as	  they	  grouped	  fractional	  pieces	  together	  (4	  one-­‐twelfths	  is	  the	  same	  as	  1	  one-­‐third).	  In	  this	  research,	  students	  who	  made	  sense	  of	  the	  given	  mathematical	  tasks	  utilized	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning.	  
Preparing	  Teachers	  to	  Teach	  Mathematics	  
	   The	  previous	  sections	  have	  outlined	  the	  key	  ideas	  that	  a	  mathematics	  content	  course	  will	  focus	  on	  and	  how	  those	  key	  ideas	  are	  represented	  within	  the	  contexts	  of	  place	  value	  and	  fractions.	  In	  addition	  to	  understanding	  the	  content	  of	  the	  course	  it	  is	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also	  necessary	  to	  understand	  how	  the	  teachers	  will	  build	  their	  understanding	  of	  these	  concepts.	  	  	   There	  are	  many	  demands	  that	  are	  placed	  upon	  mathematics	  teachers.	  Mathematical	  knowledge	  is	  established	  through	  a	  series	  of	  interactions	  within	  the	  classroom	  through	  the	  articulation	  of	  ideas,	  extensive	  and	  critical	  discussions	  of	  these	  ideas,	  and	  then	  further	  building	  on	  the	  ideas	  (Ball	  &	  Bass,	  2000;	  Boerst,	  Sleep,	  Ball,	  &	  Bass,	  2011;	  Sfard,	  2008).	  In	  these	  interactions	  teachers	  need	  to	  simultaneously	  use	  mathematical	  language,	  interpret	  student	  thinking,	  and	  represent	  mathematical	  ideas	  in	  a	  relatively	  brief	  amount	  of	  time	  between	  hearing	  the	  student	  contribution	  and	  deciding	  how	  to	  unfold	  the	  interaction	  in	  a	  way	  that	  keeps	  the	  interactions	  headed	  in	  a	  productive	  direction.	  These	  responsibilities	  place	  a	  large	  cognitive	  demand	  on	  the	  teacher(Boerst	  et	  al.,	  2011;	  Lampert,	  2001;	  Smith,	  Hughes,	  Engle,	  &	  Stein,	  2009).	  No	  matter	  how	  well	  designed	  or	  thorough	  a	  teacher	  education	  experience	  is,	  it	  will	  not	  be	  sufficient	  to	  prepare	  teachers	  for	  all	  that	  they	  will	  face	  in	  their	  classrooms	  (Feiman-­‐Nemser,	  2001;	  Hiebert,	  Morris,	  Berk,	  &	  Jansen,	  2007;	  Zoest	  &	  Stockero,	  2012).	  	   To	  make	  this	  complex	  work	  more	  approachable	  to	  preservice	  teachers,	  these	  practices	  can	  be	  decomposed	  into	  smaller	  tasks	  that	  can	  be	  articulated,	  unpacked,	  studied,	  and	  rehearsed	  by	  the	  preservice	  teachers	  (Boerst	  et	  al.,	  2011;	  Grossman	  et	  al.,	  2009;	  Grossman	  &	  Shahan,	  2005;	  Lampert,	  2001,	  2005).	  In	  this	  research	  study,	  one	  way	  that	  these	  practices	  were	  decomposed	  was	  through	  focusing	  on	  the	  same	  key	  ideas	  within	  different	  mathematical	  contexts	  as	  described	  in	  the	  previous	  sections	  of	  this	  literature	  review.	  These	  practices	  were	  also	  decomposed	  into	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smaller	  tasks	  in	  the	  design	  of	  the	  course	  that	  is	  described	  in	  detail	  in	  the	  Methodology	  Chapter	  of	  this	  dissertation.	  	  
Conclusion	  of	  Literature	  Review	  Existing	  literature	  on	  knowing	  and	  understanding	  place	  value	  and	  fractions	  discussed	  in	  this	  chapter	  highlights	  a	  parallel	  conceptual	  structure	  grounded	  in	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  –	  (1)	  representing	  a	  quantity	  in	  terms	  of	  different	  units,	  (2)	  understanding	  relationships	  between	  units,	  and	  (3)	  grouping	  and	  regrouping	  using	  different	  units	  (Lamon,	  2008;	  Ma,	  1999;	  Mack,	  2001;	  McClain,	  2003;	  Steffe	  &	  Olive,	  2010;	  Thanheiser,	  2009).	  Further,	  this	  conceptual	  structure	  undergirds	  many	  other	  concepts	  and	  topics	  from	  the	  school	  curriculum,	  including:	  measurement,	  place	  value	  (whole	  number	  and	  decimal),	  fractions,	  ratio,	  rate,	  and	  proportion	  (Confrey,	  1994;	  Lamon,	  2007;	  Lesh	  et	  al.,	  1988;	  Ma,	  1999;	  Sowder	  et	  al.,	  2009;	  Steffe	  &	  Olive,	  2010;	  P.	  W.	  Thompson	  &	  Saldanha,	  2003;	  Vergnaud,	  1988).	  Additionally,	  focusing	  on	  this	  parallel	  conceptual	  structure	  provides	  an	  opportunity	  to	  make	  the	  complex	  work	  of	  teaching	  mathematics	  more	  approachable	  through	  decomposition	  of	  practices	  (Boerst	  et	  al.,	  2011;	  Grossman	  et	  al.,	  2009;	  Grossman	  &	  Shahan,	  2005;	  Lampert,	  2001,	  2005).	  This	  research	  study	  begins	  to	  explore	  how	  a	  sequence	  of	  instruction	  that	  focuses	  on	  the	  systematic	  creation	  of	  multiples	  of	  units	  that	  underlie	  place	  value	  and	  fractions,	  can	  provide	  a	  context	  for	  teachers	  to	  develop	  an	  understanding	  of	  the	  KDU	  of	  multiplicative	  reasoning.	  The	  following	  chapter	  describes	  the	  methodology	  of	  the	  research	  study	  including	  the	  design	  of	  the	  course,	  the	  data	  collection,	  and	  the	  data	  analysis.	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CHAPTER	  III	  METHODOLOGY	  	  	  	  
Introduction	  
	  
	   The	  previous	  chapter	  illustrated	  how	  an	  understanding	  of	  multiplicative	  reasoning,	  that	  includes	  the	  three	  interrelated	  key	  ideas:	  (1)	  representing	  a	  quantity	  in	  terms	  of	  different	  units,	  (2)	  understanding	  relationships	  between	  units,	  and	  (3)	  grouping	  and	  regrouping	  using	  different	  units,	  can	  support	  learners	  to	  see	  the	  underlying	  coherence	  behind	  place	  value	  and	  fractions.	  The	  researcher	  proposes	  that	  focusing	  on	  the	  development	  of	  teachers’	  understandings	  in	  these	  three	  areas	  can	  provide	  a	  context	  for	  teachers	  to	  develop	  an	  understanding	  of	  multiplicative	  reasoning.	  Secondly,	  by	  purposefully	  designing	  activities	  that	  highlight	  the	  structural	  similarities	  between	  place	  value	  and	  fractions,	  the	  researcher	  proposes	  that	  she	  can	  support	  teachers’	  development	  of	  multiplicative	  reasoning	  as	  a	  KDU,	  as	  evidenced	  by	  their	  ability	  to	  discuss	  these	  structural	  similarities	  and	  apply	  them	  in	  additional	  settings.	  This	  chapter	  provides	  a	  discussion	  of	  the	  research	  design,	  the	  learning	  theory	  that	  guided	  the	  design	  of	  the	  interventions,	  the	  course	  design,	  and	  the	  semi-­‐structured	  interview	  protocol.	  	  
Research	  Design	  
	   This	  research	  study	  used	  a	  multiple	  case	  study	  design	  (Eisenhardt,	  1989;	  Stake,	  2005;	  Yin,	  1994).	  It	  was	  an	  exploratory	  case	  study	  in	  which	  the	  researcher	  sought	  to	  gain	  an	  initial	  understanding	  of	  how	  six	  teachers	  who	  participated	  in	  the	  Spring	  2011	  Making	  Sense	  of	  Elementary	  Mathematics	  Course	  designed	  to	  support	  teachers’	  development	  of	  a	  KDU	  of	  multiplicative	  reasoning.	  According	  to	  Yin	  (1994)	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a	  case	  study	  includes	  five	  components:	  a	  study’s	  questions,	  its	  propositions,	  its	  unit(s)	  of	  analysis,	  the	  logic	  linking	  the	  data	  to	  the	  propositions,	  and	  the	  criteria	  for	  interpreting	  the	  findings.	  The	  following	  sections	  describe	  these	  components	  of	  the	  research	  study.	  
Research	  Questions	  This	  research	  study	  was	  guided	  by	  the	  following	  questions:	  1. How	  do	  teachers	  explain	  multiplicative	  reasoning	  within	  the	  context	  of	  place	  value	  in	  a	  course	  that	  focuses	  on	  multiplicative	  reasoning	  as	  the	  systematic	  creation	  of	  multiples	  of	  units?	  2. How	  do	  teachers	  explain	  multiplicative	  reasoning	  within	  the	  context	  of	  fractions	  in	  a	  course	  that	  focuses	  on	  multiplicative	  reasoning	  as	  the	  systematic	  creation	  of	  multiples	  of	  units?	  3. How	  do	  teacher’s	  explanations	  of	  multiplicative	  reasoning	  serve	  as	  a	  KDU	  that	  allows	  them	  to	  apply	  their	  understanding	  of	  multiplicative	  reasoning	  to	  different	  mathematical	  contexts?	  
Propositions	  The	  following	  propositions	  guided	  the	  research	  study.	  	  1. Teachers	  who	  build	  an	  understanding	  of	  place	  value	  that	  is	  grounded	  in	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  will	  be	  capable	  of	  applying	  this	  understanding	  within	  the	  context	  of	  fractions	  and	  will	  recognize	  the	  conceptual	  similarities	  that	  exist	  within	  place	  value	  and	  fractions.	  2. Teachers	  who	  build	  an	  understanding	  of	  place	  value	  and	  fractions	  that	  is	  grounded	  in	  multiplicative	  reasoning	  and	  find	  these	  contexts	  to	  be	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conceptually	  related,	  will	  be	  capable	  of	  applying	  their	  understanding	  to	  new	  contexts.	  	  
Unit	  of	  Analysis:	  Sample	  Selection	  The	  unit	  of	  analysis	  defines	  each	  case	  (Eisenhardt,	  1989;	  Yin,	  1994).	  In	  this	  research	  study	  the	  unit	  of	  analysis	  is	  each	  alternative	  certification	  elementary	  teacher	  who	  completed	  the	  place	  value	  and	  fraction	  modules	  in	  the	  Spring	  2011	  Making	  Sense	  of	  Elementary	  Mathematics	  Course,	  as	  well	  as	  participated	  in	  a	  semi-­‐structured	  interview	  during	  Spring	  2012.	  Teachers	  who	  are	  enrolled	  in	  this	  alternative	  certification	  program	  represent	  a	  rich	  and	  diverse	  set	  of	  backgrounds	  and	  experiences	  and	  are	  selected	  for	  their	  strong	  leadership	  potential	  (Teach	  for	  America,	  2011).	  	  This	  case	  study	  used	  purposive	  sampling.	  Purposive	  sampling	  maximizes	  the	  discovery	  of	  heterogeneous	  patterns	  and	  problems	  that	  occur	  in	  a	  research	  study	  (Erlandson,	  Harris,	  Skipper,	  &	  Allen,	  1993).	  Each	  of	  the	  six	  cases	  in	  this	  study	  was	  representative	  of	  an	  alternative	  certification	  teacher.	  Each	  case	  began	  with	  participation	  in	  the	  course	  introduction	  or	  the	  place	  value	  module	  of	  the	  course	  and	  concluded	  with	  the	  completion	  of	  a	  semi-­‐structured	  interview.	  	  Selection	  criteria	  for	  each	  case	  entailed	  that	  each	  teacher	  completed	  at	  least	  one	  of	  the	  required	  recorded	  explanations	  in	  both	  the	  place	  value	  and	  fractions	  modules	  of	  the	  course	  as	  well	  as	  participated	  in	  a	  semi-­‐structured	  interview.	  These	  criteria	  were	  required	  to	  enable	  the	  researcher	  to	  analyze	  each	  teacher’s	  understanding	  of	  multiplicative	  reasoning	  within	  each	  of	  the	  mathematical	  contexts.	  By	  selecting	  teachers	  who	  had	  completed	  at	  least	  one	  recorded	  explanation	  in	  both	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the	  place	  value	  and	  fractions	  modules	  of	  the	  course	  as	  well	  as	  participated	  in	  a	  semi-­‐structured	  interview,	  the	  researcher	  obtained	  data	  from	  each	  teacher	  in	  order	  to	  answer	  each	  research	  question.	  This	  research	  study	  followed	  standard	  IRB	  protocol	  for	  participant	  safety.	  
Linking	  Data	  to	  Propositions:	  Data	  Collection	  The	  data	  used	  to	  answer	  the	  research	  questions	  included	  the	  teachers’	  recorded	  explanations	  of	  mathematical	  tasks	  (these	  tasks	  are	  discussed	  in	  the	  course	  design),	  critiques	  of	  their	  peer’s	  recorded	  explanations	  (the	  critiques	  are	  discussed	  in	  the	  course	  design),	  and	  responses	  in	  discussion	  board	  forums	  throughout	  the	  course.	  Following	  the	  analysis	  of	  this	  data,	  a	  second	  round	  of	  data	  collection	  included	  audio-­‐recorded	  semi-­‐structured	  interviews	  and	  any	  written	  work	  from	  the	  interview.	  These	  semi-­‐structured	  interviews	  took	  place	  during	  the	  teachers’	  first	  year	  of	  teaching.	  Table	  3-­‐1	  summarizes	  the	  data	  sources	  for	  this	  research	  study.	  The	  teachers’	  recorded	  explanations	  included	  up	  to	  2	  initial	  recordings	  in	  each	  of	  the	  course	  introduction,	  place	  value,	  and	  fraction	  modules	  of	  the	  course,	  along	  with	  possible	  revised	  recorded	  explanations	  of	  each	  of	  the	  initial	  recordings,	  resulting	  in	  a	  possible	  total	  of	  ten	  recordings.	  The	  data	  collected	  in	  these	  recordings	  provided	  evidence	  about	  teacher’s	  ability	  to	  reference	  key	  ideas	  of	  multiplicative	  reasoning.	  Each	  teacher’s	  recordings	  were	  compared	  with	  their	  other	  recordings	  in	  order	  to	  determine	  how	  their	  understandings	  developed	  throughout	  the	  course.	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Table	  3-­‐1	  
Data	  Sources	  	  
Data	  Source	   Description	  
Recorded	  
Explanations	  
An	  explanation	  of	  a	  mathematical	  problem	  that	  is	  recorded	  using	  screen	  and	  voice	  capturing	  software.	  The	  screen	  capture	  provides	  an	  image	  of	  the	  symbolic	  and/or	  pictorial	  representations	  that	  are	  used	  within	  the	  explanation.	  	  
• Course	  Introduction	   Explanation	  of	  a	  place	  value	  or	  fraction	  problem	  prior	  to	  instruction	  within	  the	  course.	  Informs	  researcher	  how	  the	  teacher	  explained	  problems	  before	  taking	  the	  course.	  
• Initial	   A	  teacher’s	  first	  attempt	  at	  creating	  an	  explanation	  of	  a	  particular	  problem.	  
• Revised	   A	  teacher’s	  second	  attempt	  at	  creating	  an	  explanation	  of	  a	  particular	  problem	  after	  receiving	  peer	  feedback	  regarding	  their	  initial	  explanation.	  	  
Critiques	  of	  
Classmates	  
Each	  teacher	  uses	  the	  critiquing	  guidelines	  (Appendix	  B)	  to	  provide	  feedback	  regarding	  their	  classmate’s	  recorded	  explanations.	  
Discussion	  Board	  
Posts	  	  
Responses	  to	  prompts	  about	  creating	  recorded	  explanations	  as	  well	  as	  insights	  from	  the	  course.	  	  
Semi-­‐structured	  
Interview	  
Interview	  conducted	  the	  year	  following	  participation	  in	  the	  course.	  The	  questions	  ask	  teachers	  to	  solve	  problems	  from	  different	  mathematical	  contexts	  and	  to	  explain	  any	  connections	  between	  the	  contexts.	  This	  data	  is	  used	  to	  analyze	  a	  teacher’s	  understanding	  of	  the	  KDU	  of	  multiplicative	  reasoning.	  	  	  	  The	  teachers’	  critiques	  of	  their	  classmates’	  recorded	  explanations	  occurred	  after	  each	  initial	  recording	  of	  an	  explanation.	  Each	  teacher	  critiqued	  up	  to	  four	  other	  teachers	  in	  each	  of	  the	  modules,	  resulting	  in	  a	  possible	  total	  of	  eight	  critiques.	  In	  some	  cases	  these	  critiques	  were	  used	  to	  further	  triangulate	  the	  results	  to	  understand	  how	  the	  teachers	  understood	  explanations	  provided	  by	  their	  peers	  as	  well	  as	  what	  they	  choose	  to	  focus	  on	  in	  their	  critique.	  As	  teachers	  critiqued	  other	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teachers	  they	  were	  examining	  other	  examples	  of	  explanations	  of	  the	  mathematical	  tasks.	  This	  examination	  had	  potential	  to	  confront	  the	  teacher’s	  understanding	  of	  the	  mathematical	  task	  with	  that	  of	  other	  teachers.	  This	  confrontation	  was	  an	  opportunity	  for	  teachers	  to	  assimilate	  understandings,	  accommodate	  understandings,	  or	  disregard	  understandings	  as	  discussed	  in	  the	  learning	  theory	  section	  of	  this	  chapter.	  	  	  The	  discussion	  board	  forums	  documented	  teacher	  questions	  and	  concerns,	  as	  well	  as	  their	  reflections	  to	  guided	  questions,	  throughout	  the	  modules.	  Additionally,	  the	  responses	  from	  the	  teachers	  were	  used	  in	  some	  cases	  to	  further	  triangulate	  the	  results	  to	  understand	  how	  the	  teachers	  were	  building	  their	  understanding	  of	  multiplicative	  reasoning	  within	  the	  contexts	  of	  place	  value	  and	  fractions.	  The	  guided	  questions	  in	  the	  discussion	  board	  were	  designed	  to	  support	  teachers	  to	  look	  across	  contexts	  and	  reflect	  upon	  the	  conceptual	  similarities	  that	  exist	  when	  utilizing	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  each	  explanation	  of	  the	  mathematical	  tasks.	  Therefore	  the	  teacher’s	  responses	  provided	  insight	  into	  their	  understanding	  of	  multiplicative	  reasoning.	  	  	  The	  videotaped	  interviews	  consisted	  of	  semi-­‐structured	  interviews	  that	  asked	  the	  teachers	  to	  explain	  mathematical	  contexts	  that	  share	  the	  same	  conceptual	  structure	  of	  multiplicative	  reasoning.	  The	  analysis	  of	  this	  data	  determined	  if	  and	  how	  teachers	  apply	  their	  understanding	  of	  multiplicative	  reasoning	  in	  new	  contexts.	  These	  interviews	  further	  triangulated	  the	  results	  to	  comprehend	  how	  teachers	  understand	  multiplicative	  reasoning	  along	  with	  determining	  if	  teachers	  use	  their	  understanding	  of	  multiplicative	  reasoning	  to	  relate	  to	  and	  solve	  different,	  but	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conceptually	  related,	  mathematical	  problems.	  The	  further	  triangulation	  of	  the	  results	  as	  more	  data	  is	  collected	  and	  compared	  to	  existing	  conjectures	  and	  results,	  provided	  credibility	  to	  the	  interpretation	  of	  the	  data	  because	  it	  provided	  a	  means	  of	  determining	  consistency	  or	  inconsistency	  in	  teachers’	  responses	  within	  their	  explanations,	  critiques,	  discussion	  board	  posts,	  and	  semi-­‐structured	  interview	  responses	  (Erlandson	  et	  al.,	  1993).	  
Criteria	  for	  Interpreting	  the	  Findings:	  Data	  Analysis	  	  The	  data	  collected	  during	  the	  modules	  was	  downloaded	  from	  the	  Blackboard	  Course	  Management	  System	  and	  the	  data	  collected	  during	  the	  semi-­‐structured	  interviews	  was	  audio	  taped	  and	  any	  written	  work	  was	  collected.	  All	  of	  this	  data	  was	  transcribed	  in	  whole	  and	  the	  names	  were	  deleted	  and	  replaced	  with	  pseudonyms.	  	  Data	  analysis	  in	  this	  research	  study	  consisted	  of	  two	  phases.	  The	  goal	  of	  the	  first	  phase	  of	  analysis	  was	  to	  understand	  how	  the	  teachers	  built	  an	  understanding	  of	  multiplicative	  reasoning	  within	  the	  contexts	  of	  place	  value	  and	  fractions.	  In	  the	  second	  phase	  of	  data	  analysis,	  the	  semi-­‐structured	  interviews	  were	  analyzed	  to	  understand	  the	  ways	  in	  which	  teachers’	  understanding	  of	  multiplicative	  reasoning	  served	  as	  a	  KDU	  and	  how	  the	  teachers	  applied	  their	  understanding	  to	  new	  contexts.	  These	  goals	  required	  that	  the	  researcher	  create	  a	  model	  of	  each	  teacher’s	  understanding	  of	  place	  value	  and	  fractions	  and	  how	  those	  related	  to	  multiplicative	  reasoning.	  These	  models	  created	  plausible	  explanatory	  frameworks	  for	  how	  each	  teacher	  understood	  multiplicative	  reasoning	  within	  different	  mathematical	  contexts.	  This	  creation	  of	  plausible	  explanatory	  frameworks	  involved	  developing	  conjectures	  about	  what	  the	  teachers	  were	  thinking	  as	  they	  created	  each	  of	  their	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recorded	  explanations	  and	  testing	  and	  revising	  these	  conjectures	  against	  additional	  data.	  To	  do	  this,	  “The	  researcher	  puts	  himself	  into	  the	  position	  of	  the	  student	  [in	  this	  case	  teacher]	  and	  attempts	  to	  examine	  the	  operations	  that	  he	  (the	  researcher)	  would	  need	  and	  the	  constraints	  he	  would	  have	  to	  operate	  under	  in	  order	  to	  (logically)	  behave	  as	  the	  student	  did”	  (P.	  W.	  Thompson,	  1982).	  The	  plausible	  explanatory	  frameworks	  include	  thick	  description	  of	  how	  each	  teacher	  utilized	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  their	  explanations	  of	  the	  mathematical	  tasks.	  
	   Phase	  1.	  This	  phase	  of	  data	  analysis	  involved	  a	  chronological	  analysis	  of	  the	  entire	  data	  corpus	  collected	  in	  the	  course	  introduction	  and	  place	  value	  and	  fraction	  modules,	  which	  allowed	  for	  the	  development	  of	  initial	  conjectures	  and	  the	  testing	  and	  refinement	  of	  those	  conjectures.	  This	  data	  analysis	  used	  the	  guidelines	  for	  coding	  data	  that	  are	  created	  by	  Corbin	  and	  Strauss	  (2008)	  to	  denote	  theoretical	  constructs	  (plausible	  explanatory	  frameworks),	  derived	  from	  qualitative	  analysis	  of	  data.	  This	  analysis	  began	  with	  “modified”	  open	  coding	  of	  the	  data,	  which	  entailed	  utilizing	  predetermined	  initial	  conjectures	  to	  guide	  the	  analysis	  of	  the	  data.	  The	  conjectures	  that	  initially	  guided	  the	  “modified”	  open	  coding	  of	  the	  data	  were	  derived	  from	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  that	  were	  described	  in	  the	  literature	  review	  of	  this	  dissertation.	  Teachers	  who	  have	  built	  an	  understanding	  of	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  and	  use	  these	  key	  ideas	  in	  their	  explanations	  are	  capable	  of	  (1)	  referencing	  a	  quantity	  in	  terms	  of	  different	  units,	  (2)	  referencing	  relationships	  between	  units,	  and	  (3)	  referencing	  relationships	  between	  units	  when	  grouping	  and	  regrouping.	  	  The	  figures	  that	  identify	  the	  initial	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conjectures	  that	  guided	  the	  “modified”	  open	  coding	  of	  the	  data	  can	  be	  found	  in	  Appendix	  A.	  	  In	  addition	  to	  using	  these	  initial	  conjectures,	  new	  codes	  were	  derived	  and	  developed	  from	  the	  data	  when	  appropriate.	  These	  new	  codes	  were	  developed	  based	  on	  the	  unanticipated	  phrases	  that	  teachers	  used	  to	  explain	  the	  problems.	  Throughout	  the	  coding	  of	  the	  data,	  observable	  utterances	  that	  were	  indicative	  of	  the	  teacher’s	  understandings	  were	  used	  to	  test	  and	  refine	  plausible	  explanatory	  frameworks.	  	  	   During	  the	  “modified”	  open	  coding,	  the	  researcher	  created	  memos	  that	  include	  thick	  descriptions	  of	  potentially	  significant	  events,	  interactions,	  or	  utterances	  along	  with	  a	  narrative	  description	  of	  why	  it	  was	  significant.	  The	  potentially	  significant	  utterances	  from	  the	  recorded	  data	  for	  each	  teacher	  were	  transcribed.	  Each	  of	  these	  memos	  were	  dated	  and	  labeled	  with	  a	  pseudonym	  in	  order	  to	  maintain	  a	  chronological	  record	  of	  the	  researcher’s	  propositions	  regarding	  the	  data,	  along	  with	  maintaining	  confidentiality	  for	  each	  teacher.	  In	  the	  memos,	  the	  researcher	  asked	  questions,	  made	  comparisons,	  brainstormed	  ideas,	  and	  tested	  and	  refined	  conjectures	  in	  order	  to	  stimulate	  her	  thinking	  process	  and	  direct	  the	  inquiry	  through	  suggesting	  further	  areas	  for	  data	  collection	  (Corbin	  &	  Strauss,	  2008),	  such	  as	  modifying	  or	  adding	  to	  the	  semi-­‐structured	  interview	  questions	  based	  on	  the	  explanations	  of	  the	  teachers	  in	  their	  recorded	  explanations,	  their	  critiques	  of	  their	  classmate’s	  explanations,	  and	  their	  responses	  in	  the	  discussion	  board	  forums.	  The	  creation	  of	  these	  memos	  resulted	  in	  a	  detailed,	  chronological	  log	  of	  codes,	  propositions,	  insights	  about	  the	  data,	  and	  reasons	  for	  methodological	  decisions	  that	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help	  to	  establish	  credibility,	  transferability,	  dependability,	  and	  confirmability	  of	  the	  research	  (Erlandson	  et	  al.,	  1993)	  through	  documentation	  of	  every	  decision	  throughout	  the	  data	  analysis.	  Once	  the	  researcher	  completed	  the	  “modified”	  open	  coding	  of	  all	  of	  the	  recorded	  explanations,	  critiques,	  and	  discussion	  board	  posts	  from	  each	  teacher,	  axial	  coding	  (Corbin	  &	  Strauss,	  2008)	  was	  used	  to	  make	  comparisons	  among	  teachers	  based	  on	  the	  codes	  that	  emerged	  and	  developed	  categories	  of	  ways	  that	  teachers	  make	  sense	  of	  place	  value,	  fractions,	  and	  multiplicative	  reasoning.	  Making	  comparisons	  based	  on	  the	  codes	  that	  emerged	  allowed	  the	  researcher	  to	  begin	  to	  recognize	  similarities	  and	  differences	  in	  each	  case	  and	  move	  toward	  the	  creation	  of	  a	  theory	  (Eisenhardt,	  1989;	  Yin,	  1994).	  In	  this	  research	  study	  the	  researcher	  developed	  a	  theory	  about	  how	  teachers	  build	  a	  KDU	  of	  multiplicative	  reasoning.	  Throughout	  this	  analysis	  the	  researcher	  engaged	  in	  constant	  comparisons	  as	  each	  incident	  in	  the	  data	  was	  compared	  to	  other	  incidents	  for	  similarities	  and	  differences	  (Corbin	  &	  Strauss,	  2008).	  	  During	  the	  axial	  coding,	  the	  researcher’s	  propositions	  about	  the	  data	  continually	  evolved	  because	  she	  had	  already	  analyzed	  the	  recorded	  explanations,	  critiques,	  and	  discussion	  board	  posts	  through	  “modified”	  open	  coding.	  As	  more	  data	  was	  continually	  analyzed,	  it	  created	  a	  larger	  picture	  of	  each	  teacher’s	  understanding	  of	  place	  value,	  fractions,	  and	  multiplicative	  reasoning.	  In	  addition	  to	  modifying	  the	  original	  interpretations	  of	  the	  data,	  based	  on	  the	  fact	  that	  the	  researcher	  had	  already	  done	  an	  initial	  coding	  of	  the	  entire	  data	  set,	  the	  researcher	  was	  also	  be	  able	  to	  verify	  her	  interpretations	  (Corbin	  &	  Strauss,	  2008).	  The	  researcher	  was	  able	  to	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verify	  her	  interpretations	  of	  how	  a	  teacher	  understands	  place	  value,	  fractions,	  and	  multiplicative	  reasoning	  through	  constantly	  comparing	  each	  teacher’s	  responses	  to	  the	  problems	  in	  the	  recorded	  explanations,	  critiques,	  and	  discussion	  board	  forums.	  Following	  axial	  coding,	  the	  researcher	  began	  integrating	  categories.	  According	  to	  Corbin	  and	  Strauss	  (2008),	  this	  is	  “the	  process	  of	  linking	  categories	  around	  a	  core	  category	  and	  refining	  and	  trimming	  the	  resulting	  theoretical	  construction”	  (p.	  263).	  This	  involved	  going	  back	  and	  analyzing	  the	  transcribed	  recorded	  explanations,	  critiques,	  and	  discussion	  board	  posts	  again,	  along	  with	  the	  memos	  that	  were	  created,	  in	  order	  to	  propose	  a	  theory	  for	  teachers’	  understanding	  of	  multiplicative	  reasoning	  within	  the	  contexts	  of	  place	  value	  and	  fractions,	  and	  how	  these	  understandings	  are	  related.	  	  
Phase	  2.	  Phase	  2	  entailed	  the	  analysis	  of	  the	  semi-­‐structured	  interview	  data	  that	  was	  collected	  the	  year	  following	  the	  teachers’	  participation	  in	  the	  course.	  Conducting	  the	  semi-­‐structured	  interviews	  after	  an	  extensive	  analysis	  of	  the	  data	  from	  phase	  1	  allowed	  the	  researcher	  to	  confirm	  or	  disprove,	  in	  whole	  or	  in	  part,	  the	  plausible	  explanatory	  frameworks	  for	  each	  teacher	  as	  well	  as	  the	  developing	  theory	  resulting	  from	  cross-­‐case	  analysis.	  During	  the	  semi-­‐structured	  interviews	  the	  researcher	  used	  member	  checks	  to	  verify	  her	  interpretation	  of	  the	  teacher’s	  responses	  throughout	  the	  intervention	  as	  well	  as	  during	  the	  interview	  to	  establish	  credibility	  of	  the	  research	  (Erlandson	  et	  al.,	  1993).	  	  During	  the	  second	  phase	  of	  data	  analysis	  the	  researcher	  began	  coding	  the	  interview	  data	  using	  “modified”	  open	  coding,	  axial	  coding,	  constant	  comparisons,	  and	  integration	  of	  categories,	  as	  described	  in	  phase	  1	  of	  the	  data	  analysis.	  The	  goal	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of	  this	  analysis	  was	  to	  verify	  teacher	  understanding	  of	  multiplicative	  reasoning	  to	  understand	  if	  the	  teachers	  applied	  their	  understanding	  of	  multiplicative	  reasoning	  to	  the	  new	  contexts	  in	  the	  semi-­‐structured	  interview	  questions.	  The	  results	  from	  this	  research	  study	  include	  plausible	  explanatory	  frameworks,	  that	  are	  stable	  conjectures	  about	  each	  teacher’s	  understanding	  of	  place	  value,	  fractions,	  and	  multiplicative	  reasoning,	  that	  are	  described	  in	  detail	  including	  excerpts	  from	  the	  transcribed	  teachers’	  recorded	  explanations,	  discussion	  board	  posts,	  critiques,	  and	  semi-­‐structured	  interview	  transcriptions	  and	  written	  responses.	  As	  each	  case	  was	  analyzed	  and	  a	  plausible	  explanatory	  framework	  was	  created	  for	  each	  teacher,	  the	  researcher	  drew	  cross-­‐case	  conclusions	  to	  develop	  a	  theory	  surrounding	  how	  teachers	  build	  a	  KDU	  of	  multiplicative	  reasoning.	  	  
Learning	  Theory	  
	   The	  learning	  theory	  that	  guides	  this	  research	  study	  is	  radical	  constructivism.	  This	  learning	  theory	  is	  guided	  by	  two	  principles:	  1. Knowledge	  is	  not	  passively	  received,	  but	  actively	  built	  up	  by	  the	  cognizing	  subject	  (Jaworski,	  1996;	  Von	  Glasersfeld,	  1991).	  2. The	  function	  of	  cognition	  is	  adaptive	  and	  serves	  the	  organization	  of	  the	  experiential	  world,	  not	  the	  discovery	  of	  ontological	  reality	  (Jaworski,	  1996;	  Von	  Glasersfeld,	  1991).	  	  All	  constructivists	  recognize	  the	  first	  principal,	  whereas	  the	  second	  principal	  is	  representative	  of	  radical	  constructivism.	  This	  learning	  theory	  recognizes	  that	  mathematics	  has	  a	  history,	  a	  tradition,	  and	  a	  culture	  that	  is	  socially	  constructed	  through	  human	  activity;	  however,	  each	  individual	  constructs	  their	  own	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understanding	  (Richards,	  1991;	  Sfard,	  2008).	  These	  understandings	  are	  built	  from	  the	  accumulation	  of	  experiences,	  where	  each	  experience	  either	  builds	  upon	  or	  challenges	  previous	  experiences.	  This	  results	  in	  the	  organization	  of	  an	  experiential	  world	  for	  each	  individual,	  as	  opposed	  to	  the	  discovery	  of	  an	  outside	  real	  world	  (Jaworski,	  1996).	  	  	  This	  research	  is	  guided	  by	  the	  learning	  theory	  of	  radical	  constructivism	  because	  it	  recognizes	  that	  one’s	  experiential	  world	  is	  constantly	  evolving	  (Jaworski,	  1996;	  Richards,	  1991;	  Sfard,	  2008;	  Von	  Glasersfeld,	  1991).	  The	  researcher’s	  experiential	  world	  includes	  the	  KDU	  of	  multiplicative	  reasoning	  and	  the	  supports	  that	  led	  to	  the	  development	  of	  the	  KDU;	  however	  radical	  constructivism	  recognizes	  that	  these	  understandings	  may	  be	  strengthened	  or	  challenged	  throughout	  the	  research	  experience	  (Jaworski,	  1996;	  Richards,	  1991;	  Sfard,	  2008;	  Von	  Glasersfeld,	  1991).	  For	  example,	  challenges	  in	  developing	  this	  understanding	  that	  were	  not	  foreseen	  may	  become	  apparent.	  This	  research	  begins	  to	  understand	  how	  to	  support	  teachers	  to	  develop	  a	  KDU	  of	  multiplicative	  reasoning	  through	  experiencing	  the	  KDU	  in	  different	  contexts.	  Teachers	  who	  develop	  a	  KDU	  may	  be	  capable	  of	  supporting	  their	  students	  to	  develop	  similar	  understandings.	  	  In	  this	  research	  teachers	  are	  supported	  to	  develop	  a	  particular	  understanding	  of	  multiplicative	  reasoning	  in	  which	  one	  conceives	  of	  the	  systematic	  creation	  of	  multiples	  of	  units.	  While	  this	  understanding	  exists	  within	  the	  researcher’s	  experiential	  world,	  it	  may	  not	  exist	  in	  the	  teachers’	  experiential	  worlds.	  Therefore,	  the	  researcher’s	  role	  is	  to	  design	  experiences	  that	  may	  allow	  the	  teachers	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to	  build	  upon	  or	  challenge	  their	  previous	  experiences	  in	  a	  way	  that	  they	  build	  an	  understanding	  of	  the	  KDU	  of	  multiplicative	  reasoning.	  	  In	  designing	  these	  experiences	  there	  are	  two	  assumptions	  that	  underlie	  how	  an	  individual	  constructs	  their	  understandings.	  These	  include:	  1. Students	  learn	  mathematics	  through	  interactions	  with	  their	  environment	  but	  they	  are	  not	  free	  to	  choose	  the	  meanings	  they	  construct.	  These	  meanings	  should	  be	  efficient	  in	  solving	  problems,	  as	  well	  as	  coherent,	  both	  with	  their	  existing	  understandings	  and	  with	  those	  socially	  recognized	  (Balacheff,	  1991;	  Sfard,	  2008).	  	  2. Particular	  mathematical	  ideas	  and	  understandings	  cannot	  be	  learned	  through	  encounters	  with	  a	  physical	  environment,	  and	  require	  a	  perturbation	  for	  the	  learner,	  which	  often	  happens	  when	  a	  student’s	  cognitive	  model	  is	  confronted	  with	  that	  of	  other	  students	  or	  of	  the	  teacher	  in	  the	  context	  of	  a	  given	  mathematical	  activity	  (Balacheff,	  1991;	  Confrey,	  1991;	  Sfard,	  2008;	  Skemp,	  1987).	  The	  focus	  of	  radical	  constructivism	  is	  on	  understanding,	  rather	  than	  competent	  performance.	  Therefore	  individuals	  who	  are	  solving	  a	  problem	  to	  build	  their	  understanding,	  as	  opposed	  to	  finding	  the	  correct	  answer,	  produce	  a	  solution	  that	  makes	  sense	  to	  them	  at	  the	  time	  (Von	  Glasersfeld,	  1991).	  If	  the	  goal	  of	  a	  research	  project	  is	  to	  find	  ways	  and	  means	  of	  modifying	  learners’	  thinking	  toward	  a	  particular	  kind	  of	  mathematics	  to	  be	  learned,	  then	  the	  researcher	  needs	  to	  understand	  how	  the	  learner	  made	  sense	  of	  their	  solution	  (Von	  Glasersfeld,	  1991).	  Through	  understanding	  how	  a	  learner	  makes	  sense	  of	  their	  solution,	  it	  is	  possible	  to	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determine	  if	  the	  learner	  understands	  the	  particular	  kind	  of	  mathematics	  that	  the	  researcher	  is	  focusing	  on,	  or	  if	  further	  perturbations	  may	  support	  the	  learner	  to	  modify	  their	  thinking	  toward	  the	  desired	  understanding	  of	  a	  particular	  mathematical	  idea.	  In	  this	  research	  study	  the	  researcher	  builds	  her	  understanding	  of	  how	  teachers	  make	  sense	  of	  multiplicative	  reasoning	  in	  order	  to	  find	  ways	  and	  means	  of	  modifying	  their	  thinking	  toward	  a	  particular	  understanding	  of	  multiplicative	  reasoning.	  	   To	  document	  the	  ways	  in	  which	  the	  learner	  is	  developing	  their	  understanding	  of	  multiplicative	  reasoning,	  the	  discussions,	  recorded	  explanations,	  and	  classmate	  critiques	  throughout	  the	  course	  will	  provide	  evidence	  of	  their	  developing	  understanding.	  In	  this	  research,	  in	  accordance	  with	  the	  research	  conducted	  by	  Ben-­‐Zvi	  and	  Sfard	  (2007)	  and	  Sfard	  (2008),	  learning	  is	  defined	  as	  occurring	  when	  the	  discourse	  that	  one	  uses	  changes.	  The	  discussions,	  recorded	  explanations,	  and	  classmate	  critiques	  are	  evidence	  of	  the	  discourse	  that	  the	  learning	  uses	  when	  explaining	  multiplicative	  reasoning.	  Learning	  occurs	  as	  an	  expansion	  of	  the	  vocabulary,	  routines,	  narratives,	  and	  so	  forth	  that	  guide	  the	  discourse	  or	  involves	  a	  change	  such	  that	  what	  was	  once	  familiar	  is	  now	  different	  (Ben-­‐Zvi	  &	  Sfard,	  2007;	  Sfard,	  2008).	  The	  main	  opportunity	  for	  learning	  that	  involves	  a	  change	  in	  which	  what	  was	  once	  familiar	  is	  now	  different	  is	  when	  one	  experiences	  a	  perturbation	  as	  described	  by	  radical	  constructivism	  above	  (Balacheff,	  1991;	  Ben-­‐Zvi	  &	  Sfard,	  2007;	  Confrey,	  1991;	  Sfard,	  2008;	  Von	  Glasersfeld,	  1991).	  These	  perturbations	  occur	  when	  one	  encounters	  a	  discourse	  that	  is	  incommensurable	  with	  their	  own.	  In	  this	  research	  these	  encounters	  may	  occur	  during	  the	  exemplar	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explanation,	  the	  discussions,	  when	  creating	  a	  recorded	  explanation,	  or	  when	  critiquing	  a	  classmate’s	  recorded	  explanation.	  These	  aspects	  of	  the	  course	  are	  described	  in	  greater	  detail	  in	  the	  following	  section	  of	  this	  chapter.	  	  
Course	  Design:	  Site	  Description	  This	  research	  study	  was	  conducted	  in	  the	  Making	  Sense	  of	  Elementary	  
Mathematics	  Course	  that	  was	  offered	  for	  eight	  weeks	  in	  Spring	  2011.	  In	  order	  to	  support	  the	  development	  of	  a	  KDU	  of	  multiplicative	  reasoning,	  the	  course	  design	  provides	  learners	  with	  repeated	  exposure	  to	  the	  three	  key	  ideas	  included	  in	  this	  particular	  understanding	  of	  multiplicative	  reasoning	  in	  a	  variety	  of	  contexts,	  as	  theorized	  by	  Simon	  (2006).	  Silverman	  and	  Thompson	  (2008)	  further	  theorized	  that	  the	  development	  of	  KDUs	  is	  most	  probable	  when	  instruction	  supports	  reflective	  conversations.	  In	  the	  course	  the	  teachers	  reflected	  upon	  the	  clarity	  and	  effectiveness	  of	  their	  explanations	  of	  the	  key	  ideas	  of	  multiplicative	  reasoning	  as	  they	  used	  the	  critiques	  from	  their	  classmates	  to	  revise	  their	  explanations.	  The	  Online	  Asynchronous	  Collaboration	  (OAC)	  model	  (Clay	  &	  Silverman,	  2009;	  Silverman	  &	  Clay,	  2010)	  creates	  a	  space	  where	  learners	  can	  engage	  in	  reflective	  conversations	  about	  their	  mathematical	  activity	  in	  order	  to	  support	  their	  development	  of	  KDUs.	  	  The	  instructional	  interventions	  were	  conducted	  using	  Online	  Asynchronous	  Collaboration,	  a	  model	  designed	  for	  supporting	  teachers	  to	  develop	  deep,	  connected	  understandings	  of	  school	  mathematics	  through	  using	  the	  teachers’	  learning	  as	  a	  context	  for	  subsequent	  mathematical	  and	  pedagogical	  development	  (Clay	  &	  Silverman,	  2009;	  Silverman	  &	  Clay,	  2010).	  At	  its	  core,	  OAC	  consists	  of	  five	  stages.	  In	  the	  first	  stage,	  the	  teachers	  examine	  an	  exemplar	  solution	  and	  explanation	  for	  a	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typical	  school	  mathematics	  task.	  This	  example	  presents	  a	  scheme	  of	  mathematical	  ideas	  and	  meanings	  that	  is	  both	  generative	  and	  consistent	  with	  the	  broader	  mathematical	  canon.	  It	  is	  likely	  that	  the	  exemplar	  is	  very	  different	  from	  how	  the	  teachers	  are	  used	  to	  thinking	  about	  the	  mathematical	  concepts	  and	  is	  likely	  to	  create	  a	  perturbation	  for	  the	  teachers.	  After	  the	  teachers	  view	  the	  exemplar,	  they	  create	  and	  record	  an	  initial	  explanation	  of	  a	  similar	  problem	  using	  a	  screen	  and	  voice	  capturing	  software	  package.	  These	  explanations	  are	  posted	  in	  a	  private	  space	  that	  only	  the	  author	  and	  the	  instructor	  can	  view.	  When	  teachers	  create	  their	  own	  personal	  explanation	  prior	  to	  engaging	  in	  group	  discussion,	  they	  are	  more	  likely	  to	  recognize	  differences	  between	  their	  work	  and	  the	  work	  of	  others.	  This	  recognition	  may	  result	  in	  developing	  their	  explanation	  further.	  	  Once	  teachers	  have	  had	  time	  to	  post	  their	  initial	  explanations,	  the	  individual	  postings	  become	  available	  to	  the	  entire	  class	  for	  public	  discussion	  (Clay	  &	  Silverman,	  2009;	  Silverman	  &	  Clay,	  2010).	  During	  stage	  two,	  critiquing	  guidelines	  that	  focus	  on	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  are	  posted.	  Teachers	  then	  comment	  on	  and	  discuss	  the	  various	  interpretations	  of	  the	  problems,	  strategies,	  and	  representations	  employed	  as	  they	  attempt	  to	  critique	  their	  classmates’	  explanations	  using	  the	  guidelines.	  The	  teachers	  may	  watch	  and	  critique	  as	  many	  of	  their	  classmates’	  explanations	  as	  they	  would	  like;	  however,	  they	  are	  required	  to	  critique	  at	  least	  two	  responses.	  These	  dyadic	  interactions	  serve	  to	  confront	  learner’s	  cognitive	  model	  with	  that	  of	  other	  learners	  in	  the	  context	  of	  the	  given	  mathematical	  activity	  (Balacheff,	  1991;	  Confrey,	  1991;	  Sfard,	  2008;	  Skemp,	  1976).	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In	  the	  third	  stage	  of	  the	  OAC	  the	  teachers	  examine	  a	  second	  exemplar	  of	  an	  explanation	  within	  a	  different	  typical	  problem.	  This	  exemplar	  again	  serves	  to	  present	  mathematical	  meanings	  that	  are	  coherent	  with	  those	  socially	  recognized,	  and	  indicative	  of	  the	  kind	  of	  mathematics	  to	  be	  learned	  (Balacheff,	  1991;	  Sfard,	  2008;	  Von	  Glasersfeld,	  1991).	  After	  the	  teachers	  examine	  the	  exemplar	  they	  create	  and	  record	  a	  second	  initial	  explanation	  of	  a	  problem	  similar	  to	  the	  one	  modeled	  by	  the	  instructor.	  These	  explanations	  are	  again	  posted	  in	  a	  private	  space	  that	  only	  the	  author	  and	  the	  instructor	  can	  view.	  When	  the	  teachers	  are	  making	  their	  second	  explanation	  they	  have	  access	  to	  both	  exemplars,	  the	  initial	  explanations	  of	  the	  first	  problem,	  as	  well	  as	  the	  critiquing	  guidelines	  for	  the	  first	  problem;	  therefore	  their	  explanations	  may	  be	  influenced	  by	  these	  supports	  as	  they	  assimilate	  understandings	  (relate	  new	  understanding	  to	  their	  prior	  knowledge),	  accommodate	  understandings	  (change	  prior	  understandings	  in	  order	  to	  account	  for	  new	  knowledge),	  or	  disregard	  understandings.	  	  	  During	  the	  fourth	  stage	  of	  OAC	  the	  second	  set	  of	  initial	  explanations	  are	  posted	  for	  teachers	  to	  engage	  in	  another	  public	  discussion.	  During	  this	  stage	  a	  second	  set	  of	  critiquing	  guidelines	  around	  the	  KDU	  are	  posted.	  The	  teachers	  have	  opportunities	  to	  comment	  on	  and	  discuss	  the	  various	  interpretations	  of	  the	  problems,	  strategies,	  and	  representations	  employed	  as	  they	  attempt	  to	  critique	  at	  least	  two	  of	  their	  classmates’	  explanations	  using	  the	  guidelines;	  however,	  they	  may	  watch	  and	  critique	  as	  many	  of	  their	  classmates’	  explanations	  as	  they	  would	  like.	  These	  public	  discussions	  again	  serve	  to	  confront	  the	  learner’s	  cognitive	  model	  with	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that	  of	  other	  learners	  in	  the	  context	  of	  the	  given	  mathematical	  activity	  (Balacheff,	  1991;	  Confrey,	  1991;	  Sfard,	  2008;	  Skemp,	  1976).	  In	  the	  fifth	  stage	  of	  OAC,	  the	  teacher	  creates	  a	  reflective	  revision	  of	  their	  original	  work.	  In	  this	  stage	  the	  teachers	  have	  access	  to	  two	  exemplars,	  two	  class	  sets	  of	  initial	  explanations,	  two	  sets	  of	  critiquing	  guidelines,	  and	  at	  least	  four	  critiques	  from	  their	  peers	  (two	  for	  each	  initial	  explanation),	  that	  they	  may	  begin	  to	  synthesize	  as	  they	  revise	  both	  of	  their	  explanations.	  These	  revisions	  serve	  as	  evidence	  of	  a	  more	  advanced	  state	  of	  the	  teachers’	  understandings	  and	  can	  be	  used	  to	  analyze	  the	  ways	  in	  which	  the	  teachers’	  understandings	  are	  evolving.	  The	  following	  subsections	  detail	  how	  the	  OAC	  model	  is	  used	  specifically	  in	  this	  intervention.	  	  
Course	  Introduction	  (4	  days)	  During	  the	  first	  4	  days	  of	  the	  intervention	  the	  teachers	  become	  familiar	  with	  the	  format	  and	  use	  of	  the	  Blackboard	  Course	  Management	  System.	  In	  particular,	  the	  teachers	  post	  an	  introduction	  of	  themselves	  and	  any	  questions	  they	  have	  about	  the	  course	  to	  one	  discussion	  board	  forum	  and	  discuss	  a	  set	  of	  readings	  in	  a	  second	  discussion	  board	  forum.	  To	  familiarize	  themselves	  with	  the	  screen	  and	  voice	  capturing	  software	  package	  used	  throughout	  the	  course	  and	  the	  collaborating	  and	  critiquing	  environment,	  teachers	  create	  an	  explanation	  for	  the	  problems	  34	  *	  78	  and	  
⅔ +	  ¾.	  In	  addition	  to	  serving	  as	  an	  introductory	  experience	  for	  participating	  teachers,	  these	  explanations	  also	  serve	  as	  a	  baseline	  of	  the	  teachers’	  initial	  understandings	  of	  explaining	  these	  problems	  before	  any	  instruction	  has	  occurred.	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Place	  Value	  Module:	  Stage	  1	  (3	  days)	  During	  this	  stage	  the	  teachers	  examine	  an	  exemplar	  explanation	  that	  was	  created	  by	  the	  instructor,	  which	  uses	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  to	  solve	  multi-­‐digit	  addition	  and	  subtraction	  problems	  using	  partial	  sums	  and	  partial	  differences.	  These	  problems,	  as	  well	  as	  all	  of	  the	  problems	  throughout	  the	  intervention,	  were	  chosen	  because	  they	  are	  typical	  textbook	  problems	  that	  the	  teachers	  may	  have	  to	  teach	  in	  their	  classrooms.	  The	  teachers	  then	  create	  their	  own	  explanation	  of	  addition	  of	  multi-­‐digit	  numbers.	  During	  this	  stage,	  the	  teachers	  participate	  in	  a	  discussion	  board	  forum	  where	  they	  reflect	  upon	  the	  differences	  between	  being	  a	  learner	  of	  mathematics	  and	  being	  a	  teacher	  of	  mathematics,	  discuss	  their	  thoughts	  about	  the	  instructor	  explanation	  and	  creating	  their	  own	  recorded	  explanation,	  and	  ask	  questions	  about	  the	  algorithms	  if	  they	  are	  struggling	  to	  make	  sense	  out	  of	  them.	  
Place	  Value	  Module:	  Stage	  2	  (3	  days)	  During	  this	  stage	  the	  teachers’	  explanations	  of	  multi-­‐digit	  addition	  are	  made	  public.	  The	  teachers	  use	  the	  critiquing	  guidelines	  (See	  Appendix	  B)	  to	  comment	  on	  at	  least	  two	  of	  their	  classmate’s	  explanations.	  As	  the	  teachers	  critique	  the	  explanations	  they	  focus	  on	  the	  clarity	  and	  consistency	  of	  the	  key	  ideas	  of	  multiplicative	  reasoning	  within	  the	  explanation.	  The	  critiquing	  guidelines	  include	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning,	  which	  further	  exposes	  the	  teachers	  to	  these	  ideas.	  See	  Appendix	  B	  for	  critiquing	  guidelines.	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Place	  Value	  Module:	  Stage	  3	  (3	  days)	  	  During	  this	  stage	  the	  teachers	  examine	  another	  exemplar	  explanation	  that	  was	  created	  by	  the	  instructor,	  which	  includes	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  to	  solve	  a	  multi-­‐digit	  multiplication	  problem	  using	  partial	  products.	  This	  is	  further	  exposure	  to	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  in	  a	  new	  mathematical	  problem.	  The	  teachers	  then	  create	  their	  own	  explanation	  of	  multiplication	  of	  multi-­‐digit	  numbers	  using	  either	  of	  the	  following	  problems:	  38	  *	  45	  or	  381	  *	  453.	  During	  this	  stage	  the	  teachers	  continue	  to	  respond	  to	  the	  discussion	  board	  forum	  from	  stage	  1,	  as	  well	  as	  share	  their	  insights	  from	  making	  their	  second	  recorded	  explanation.	  The	  following	  prompts	  guide	  these	  discussions:	  	  
• In	  what	  ways	  was	  the	  multiplication	  explanation	  harder	  or	  easier	  than	  the	  addition	  explanation?	  	  
• What	  from	  addition	  did	  you	  carry	  over	  into	  your	  work	  with	  multiplication?	  
• Did	  you	  recognize	  that	  the	  underlying	  mathematics	  in	  both	  problems	  is	  the	  same	  even	  though	  the	  procedures	  are	  different?	  
• Did	  you	  learn	  anything	  in	  the	  second	  recorded	  explanation	  that	  you	  can	  now	  use	  to	  improve	  your	  first	  recorded	  explanation?	  
• Do	  you	  see	  how	  the	  procedures	  can	  be	  derived	  from	  your	  knowledge	  of	  the	  place	  value	  that	  underlies	  them?	  	  These	  questions	  are	  designed	  to	  support	  teachers	  to	  look	  across	  problem	  types	  (addition	  and	  multiplication)	  and	  reflect	  upon	  the	  conceptual	  similarities	  that	  exist	  when:	  (1)	  representing	  a	  quantity	  in	  terms	  of	  different	  units,	  (2)	  understanding	  the	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relationships	  between	  units,	  and	  (3)	  grouping	  and	  regrouping	  with	  different	  units,	  within	  each	  explanation	  of	  the	  problems.	  	  
Place	  Value	  Module:	  Stage	  4	  (3	  days)	  	  During	  this	  stage	  the	  teachers’	  explanations	  of	  multi-­‐digit	  multiplication	  become	  public.	  The	  teachers	  use	  the	  critiquing	  guidelines	  (See	  Appendix	  B)	  to	  comment	  on	  at	  least	  two	  of	  their	  classmate’s	  explanations.	  These	  critiquing	  guidelines	  again	  offer	  repeated	  exposure	  to	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning.	  	  
Place	  Value	  Module:	  Stage	  5	  (2	  days)	  In	  this	  final	  stage	  of	  the	  place	  value	  module	  the	  teachers	  revise	  both	  their	  multi-­‐digit	  addition	  explanation	  and	  their	  multi-­‐digit	  multiplication	  explanation.	  The	  teachers	  personally	  comment	  on	  the	  changes	  that	  they	  made	  in	  their	  revision	  and	  what	  they	  focused	  on	  based	  on	  the	  reflective	  conversations	  throughout	  the	  discussion	  board	  forums	  and	  critiquing.	  	  
Fractions	  Module:	  Stage	  1	  (3	  days)	  	  This	  fractions	  module	  is	  designed	  with	  the	  same	  structure	  as	  the	  place	  value	  module	  to	  enable	  repeated	  exposure	  to	  the	  key	  ideas	  of	  multiplicative	  reasoning	  in	  multiple	  contexts	  (place	  value	  and	  fractions)	  to	  support	  teachers	  to	  recognize	  the	  conceptual	  similarities	  between	  place	  value	  and	  fractions.	  During	  this	  stage,	  the	  teachers	  examine	  an	  exemplar	  explanation	  that	  was	  created	  by	  the	  instructor,	  which	  includes	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  to	  use	  unit	  fractions	  and	  the	  unit	  square	  to	  figure	  out	  fraction	  addition	  and	  subtraction	  problems.	  The	  teachers	  then	  create	  their	  own	  explanation	  of	  adding	  the	  fractions	  ⅖	  +	  ¾	  using	  unit	  fractions	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and	  the	  unit	  square	  (See	  Figure	  3-­‐1).	  During	  this	  stage	  the	  teachers	  also	  have	  access	  to	  a	  new	  discussion	  board	  forum	  where	  they	  continue	  to	  reflect	  upon	  the	  differences	  between	  learning	  mathematics	  and	  teaching	  mathematics,	  discuss	  their	  thoughts	  after	  examining	  the	  exemplar	  explanations	  and	  creating	  their	  recorded	  explanation,	  and	  ask	  questions	  about	  fractions	  if	  they	  are	  struggling	  to	  make	  sense	  of	  them.	  	  	  	  	  	  	   	  
	  
	  
Figure	  3-­‐1.	  Unit	  fractions	  and	  the	  unit	  square	  
	  
Fractions	  Module:	  Stage	  2	  (3	  days)	  During	  this	  stage	  the	  teachers’	  explanations	  of	  fraction	  addition	  become	  public.	  Teachers	  use	  the	  critiquing	  guidelines	  (See	  Appendix	  B)	  to	  comment	  on	  at	  least	  two	  of	  their	  classmate’s	  explanations.	  These	  critiquing	  guidelines	  include	  repeated	  exposure	  to	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning.	  An	  additional	  exemplar	  explanation	  focusing	  on	  moving	  from	  improper	  fractions	  to	  mixed	  numbers	  using	  the	  unit	  square	  representation	  is	  also	  provided	  to	  the	  teachers	  during	  this	  stage.	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Fractions	  Module:	  Stage	  3	  (3	  days)	  During	  this	  stage	  the	  teachers	  examine	  an	  exemplar	  explanation	  that	  was	  created	  by	  the	  instructor,	  which	  focuses	  on	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  when	  using	  unit	  fractions	  and	  a	  unit	  square	  to	  explain	  multiplication	  and	  division	  with	  fractions.	  This	  explanation	  provides	  an	  example	  of	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  a	  new	  mathematical	  problem.	  The	  teachers	  then	  create	  their	  own	  explanation	  of	  multiplication	  of	  fractions	  using	  unit	  fractions	  and	  the	  unit	  square.	  	  
Fractions	  Module:	  Stage	  4	  (3	  days)	  	  During	  this	  stage	  the	  teachers’	  explanations	  of	  fraction	  multiplication	  become	  public	  and	  they	  use	  the	  critiquing	  guidelines	  (See	  Appendix	  B)	  to	  comment	  on	  at	  least	  two	  of	  their	  classmate’s	  explanations,	  again	  providing	  repeated	  exposure	  to	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning.	  	  During	  this	  stage	  the	  teachers	  also	  respond	  to	  the	  discussion	  board	  forum	  from	  stage	  1	  and	  share	  their	  insights	  from	  making	  their	  second	  recorded	  explanation.	  These	  discussions	  are	  prompted	  with	  the	  following	  questions:	  	  
• Are	  you	  starting	  to	  see	  how	  the	  same	  ideas	  can	  support	  more	  than	  one	  procedure?	  
• Having	  done	  the	  second	  recorded	  explanation,	  did	  it	  make	  anything	  in	  the	  first	  recorded	  explanation	  easier	  to	  understand?	  
• Do	  you	  see	  how	  the	  procedures	  can	  be	  derived	  from	  your	  knowledge	  of	  the	  place	  value	  that	  underlies	  them?	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• Do	  you	  see	  any	  commonalities	  between	  representations	  or	  language	  you	  used	  in	  place	  value	  and	  that	  which	  you	  used	  in	  fractions,	  for	  example:	  10	  x	  10	  rectangle	  to	  show	  100;	  ⅓	  x	  ¼	  rectangle	  to	  show	  ½;	  1/10	  x	  1/10	  rectangle	  to	  show	  1/100	  or	  .1	  x	  .1	  rectangle	  to	  show	  .01?	  	  These	  questions	  are	  designed	  to	  support	  teachers	  to	  look	  across	  contexts	  (place	  value,	  fractions,	  and	  decimals)	  and	  reflect	  upon	  the	  conceptual	  similarities	  that	  exist	  when	  utilizing	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  each	  explanation	  of	  the	  problems.	  	  
Fractions	  Module:	  Stage	  5	  (2	  days)	  In	  this	  final	  stage	  of	  the	  fraction	  module	  the	  teachers	  revise	  both	  their	  fraction	  addition	  and	  their	  fraction	  multiplication	  explanations.	  The	  teachers	  include	  personal	  comments	  about	  what	  they	  focused	  on	  in	  their	  revision	  and	  the	  changes	  that	  they	  made	  from	  their	  initial	  explanation	  based	  on	  the	  reflective	  conversations	  throughout	  the	  module.	  
Semi-­‐Structured	  Interview	  Protocol	  The	  use	  of	  a	  semi-­‐structured	  interview	  allows	  some	  of	  the	  questions	  to	  be	  pre-­‐determined	  while	  also	  allowing	  for	  the	  use	  of	  additional	  questions	  at	  the	  time	  of	  the	  interview	  based	  on	  the	  responses	  of	  the	  teachers.	  It	  also	  allows	  for	  the	  questions	  to	  be	  asked	  in	  different	  ways	  for	  different	  teachers	  (Corbin	  &	  Strauss,	  2008).	  The	  questions	  were	  designed	  based	  on	  the	  content	  needed	  to	  demonstrate	  an	  understanding	  of	  the	  KDU	  of	  multiplicative	  reasoning.	  The	  framework	  that	  guides	  the	  semi-­‐structured	  interviews	  can	  be	  found	  in	  Appendix	  C.	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During	  the	  2011-­‐2012	  school	  year,	  when	  the	  teachers	  were	  completing	  their	  first	  year	  of	  teaching,	  the	  researcher	  asked	  them	  to	  participate	  in	  a	  semi-­‐structured	  interview.	  Conducting	  this	  interview	  when	  the	  teachers	  were	  working	  in	  a	  school	  allowed	  the	  researcher	  to	  analyze	  how	  their	  experience	  working	  with	  students	  may	  have	  influenced	  their	  understanding	  of	  multiplicative	  reasoning.	  Mathematics	  education	  research	  has	  shown	  that	  teachers	  who	  learn	  to	  teach	  mathematics	  content	  while	  they	  are	  engaged	  in	  working	  with	  students	  build	  more	  content	  knowledge	  than	  when	  learning	  to	  teach	  mathematics	  content	  in	  an	  environment	  that	  does	  not	  include	  school	  students	  (Philipp	  et	  al.,	  2007).	  By	  waiting	  to	  interview	  the	  teachers	  when	  they	  were	  teaching,	  the	  researcher	  begins	  to	  understand	  how	  their	  explanations	  of	  mathematical	  problems	  may	  be	  influenced	  by	  their	  experience	  in	  a	  classroom.	  The	  goal	  of	  these	  interviews	  is	  to	  reaffirm	  the	  results	  that	  were	  gathered	  during	  the	  modules	  of	  the	  course,	  as	  well	  as	  to	  further	  question	  the	  teachers	  about	  their	  understanding	  of	  multiplicative	  reasoning	  to	  determine	  if	  they	  are	  capable	  of	  recognizing	  the	  conceptual	  similarities	  that	  exist	  when	  applying	  this	  understanding	  of	  multiplicative	  reasoning	  to	  different	  mathematical	  contexts.	  	  
Conclusion	  of	  Part	  One	  
	  	   This	  research	  begins	  to	  allow	  the	  researcher	  to	  understand	  the	  ways	  in	  which	  teachers	  can	  build	  a	  KDU	  of	  a	  mathematical	  concept	  that	  carries	  through	  the	  school	  curriculum	  and	  is	  foundational	  for	  learning	  other	  ideas.	  Understanding	  multiplicative	  reasoning	  as	  the	  systematic	  creation	  of	  multiples	  of	  units	  supports	  teachers	  to	  recognize	  the	  conceptual	  similarities	  that	  exist	  throughout	  the	  school	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mathematics	  curriculum.	  This	  understanding	  allows	  teachers	  to	  provide	  coherent	  explanations	  that	  emphasize	  and	  build	  on	  these	  conceptual	  similarities.	  	  
	  	  
PART	  TWO	  
	  
	  DATA	  ANALYSIS	  AND	  RESULTS	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INTRODUCTION	  	  	  In	  the	  chapters	  of	  Part	  II,	  the	  researcher	  analyzes	  the	  development	  of	  an	  understanding	  of	  multiplicative	  reasoning	  as	  the	  systematic	  creation	  of	  multiples	  of	  units	  among	  the	  teachers	  in	  this	  study.	  Using	  the	  research	  questions	  as	  a	  framework	  for	  the	  analysis,	  each	  chapter	  presents	  different	  cases	  of	  teacher’s	  understandings	  of	  multiplicative	  reasoning	  within	  the	  different	  mathematical	  contexts	  and	  how	  the	  teacher’s	  understandings	  changed	  throughout	  the	  course	  and	  between	  the	  time	  of	  completion	  of	  the	  course	  and	  the	  semi-­‐structured	  interview.	  Following	  the	  discussion	  of	  each	  teacher’s	  understanding	  within	  each	  of	  the	  mathematical	  contexts	  there	  will	  be	  a	  discussion	  of	  the	  connections	  that	  the	  teacher	  makes	  between	  the	  mathematical	  contexts	  and	  how	  these	  connections	  illustrate	  an	  understanding	  of	  multiplicative	  reasoning	  as	  a	  key	  developmental	  understanding.	  The	  decision	  to	  describe	  each	  chapter	  by	  the	  cases	  follows	  the	  process	  of	  building	  theory	  from	  case	  study	  research	  as	  outlined	  by	  Eisenhardt	  (1989)	  and	  Yin	  (1994).	  Each	  chapter	  will	  provide	  within	  case	  analysis	  followed	  by	  a	  discussion	  of	  the	  patterns	  that	  emerged	  through	  cross-­‐case	  analysis.	  The	  final	  chapter	  of	  this	  dissertation	  summarizes	  the	  findings	  and	  discusses	  the	  significance	  of	  the	  research	  and	  the	  limitations	  of	  the	  study.	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CHAPTER	  4:	  A	  LIMITED	  UNDERSTANDING	  	  	  Chapter	  4	  analyzes	  the	  data	  from	  two	  cases	  that	  the	  researcher	  argues	  illustrate	  a	  limited	  understanding	  of	  the	  KDU	  of	  multiplicative	  reasoning.	  In	  these	  cases,	  two	  cases	  will	  provide	  insights	  into	  teachers	  who	  use	  of	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  in	  mathematical	  explanations	  was	  both	  limited	  and	  short-­‐lived.	  The	  data	  also	  provides	  evidence	  of	  the	  limited	  connections	  that	  these	  teachers	  make	  between	  the	  mathematical	  contexts.	  The	  researcher	  argues	  that	  the	  teachers’	  limited	  use	  of	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning,	  combined	  with	  the	  limited	  connections	  that	  they	  make	  between	  the	  contexts,	  indicates	  that	  they	  do	  not	  understand	  multiplicative	  reasoning	  as	  a	  KDU.	  
The	  Case	  of	  Kerry	  	   Kerry	  is	  currently	  teaching	  high	  school	  history.	  During	  the	  course	  she	  completed	  a	  minimal	  number	  of	  required	  assignments.	  The	  assignments	  that	  she	  completed	  are	  used	  to	  begin	  to	  analyze	  they	  ways	  in	  which	  she	  uses	  multiplicative	  reasoning	  to	  explain	  place	  value	  and	  fraction	  problems,	  along	  with	  any	  connections	  that	  she	  makes	  between	  these	  two	  contexts.	  After	  the	  course	  Kerry	  participated	  in	  a	  semi-­‐structured	  interview.	  The	  data	  from	  this	  interview	  is	  used	  to	  analyze	  the	  ways	  in	  which	  Kerry	  references	  multiplicative	  reasoning	  when	  spontaneously	  explaining	  the	  mathematical	  contexts	  of	  place	  value,	  fractions,	  measurement,	  and	  percent.	  The	  interview	  data	  is	  also	  analyzed	  for	  the	  connections	  that	  Kerry	  makes	  between	  the	  mathematical	  contexts.	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Place	  Value	  
	   In	  the	  place	  value	  module	  of	  the	  course,	  Kerry	  completed	  an	  initial	  recorded	  explanation	  of	  a	  problem	  using	  partial	  sums	  and	  a	  problem	  using	  partial	  products.	  She	  critiqued	  two	  of	  her	  classmates’	  place	  value	  explanations	  and	  her	  explanations	  were	  critiqued	  by	  two	  of	  her	  classmates.	  Kerry	  did	  not	  revise	  her	  recorded	  explanations	  after	  her	  explanations	  were	  critiqued.	  She	  also	  did	  not	  respond	  to	  any	  of	  the	  discussion	  board	  prompts.	  Prior	  to	  the	  start	  of	  the	  place	  value	  module	  Kerry	  was	  asked	  to	  complete	  a	  recorded	  explanation	  of	  a	  multi-­‐digit	  multiplication	  problem.	  The	  purpose	  of	  this	  recorded	  explanation	  was	  to	  document	  the	  ways	  in	  which	  teachers	  explained	  place	  value	  problems	  prior	  to	  engaging	  in	  the	  course.	  	  Kerry	  did	  not	  complete	  this	  initial	  assignment,	  so	  the	  researcher	  is	  unable	  to	  determine	  the	  ways	  in	  which	  Kerry’s	  explanations	  may	  have	  been	  influenced	  by	  the	  course.	  The	  following	  sections	  use	  the	  course	  work	  and	  the	  place	  value	  semi-­‐structured	  interview	  questions	  to	  determine	  the	  ways	  in	  which	  Kerry’s	  place	  value	  explanations	  use	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning.	  	  
Coursework.	  This	  section	  begins	  to	  answer	  the	  first	  research	  question	  of	  this	  study:	  How	  do	  teachers	  explain	  multiplicative	  reasoning	  within	  the	  context	  of	  place	  value	  in	  a	  course	  that	  focuses	  on	  multiplicative	  reasoning	  as	  the	  systematic	  creation	  of	  multiples	  of	  units?	  The	  recorded	  explanations	  that	  Kerry	  created	  in	  the	  place	  value	  module	  of	  the	  course	  provide	  evidence	  of	  how	  she	  explains	  place	  value	  problems.	  The	  problem	  that	  Kerry	  explained	  in	  her	  recorded	  explanation	  of	  partial	  sums	  was	  424	  +	  235.	  Her	  explanation	  states	  that	  she	  is	  going	  to	  solve	  the	  problem	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using	  partial	  sums	  and	  then	  she	  proceeds	  to	  state	  the	  numbers	  in	  expanded	  notation.	  The	  following	  excerpt	  is	  from	  her	  explanation:	  The	  same	  goes	  for	  two	  hundred	  and	  thirty	  five	  [text	  235	  appears	  under	  1	   problem	  on	  the	  right].	  This	  can	  also	  be	  written	  as	  two	  hundred,	  plus	  2	   thirty,	  plus	  five	  [text	  200	  +	  30	  +	  5	  appears].	  Meaning	  we	  have	  2	  3	   hundreds,	  3	  tens,	  and	  5	  ones	  [text	  2	  hundreds,	  3	  tens,	  5	  ones	  appears].	  4	   When	  each	  number	  is	  broken	  down	  according	  to	  place	  value	  it	  is	  called	  5	   expanded	  notation,	  which	  is	  what	  we	  see	  here.	  Now	  that	  we	  have	  6	   expanded	  the	  numbers,	  our	  next	  step	  is	  to	  go	  ahead	  and	  add	  the	  7	   numbers	  with	  the	  same	  place	  value.	  4	  hundreds,	  from	  four	  hundred	  8	   twenty	  four,	  plus	  two	  hundreds	  from	  2	  hundred	  thirty	  five,	  give	  us	  a	  9	   total	  of	  6	  hundreds	  [plus	  sign	  appears	  between	  4	  hundreds	  and	  2	  10	   hundreds,	  then	  =	  6	  appears].	  (Coursework, 3/21/2011)	  11	  	  The	  symbolic	  representation	  that	  accompanied	  this	  explanation	  can	  be	  found	  in	  Figure	  4-­‐1.	  	  	  	  	  
	  
	  
	  	   	  	  
Figure	  4	  -­‐1.	  Kerry’s	  partial	  sums	  symbolic	  representation	  	  In	  this	  explanation	  Kerry	  references	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  (recognizing	  quantities	  in	  terms	  of	  different	  units)	  in	  lines	  1	  –	  4	  when	  she	  states	  that	  in	  the	  quantity	  two	  hundred	  thirty	  five	  “we	  have	  2	  hundreds,	  3	  tens,	  and	  5	  ones.”	  This	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explanation	  references	  that	  each	  quantity	  is	  a	  combination	  of	  units	  –	  hundreds,	  tens,	  and	  ones.	  She	  continues	  to	  use	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  when	  she	  adds	  the	  like	  units	  together	  in	  lines	  7	  –	  11	  when	  she	  states,	  “Our	  next	  step	  is	  to	  go	  ahead	  and	  add	  the	  numbers	  with	  the	  same	  place	  value.	  4	  hundreds,	  from	  four	  hundred	  twenty	  four,	  plus	  2	  hundreds	  from	  two	  hundred	  thirty	  five,	  give	  us	  a	  total	  of	  
6	  hundreds.”	  In	  this	  explanation	  Kerry	  uses	  the	  units	  that	  she	  created	  within	  each	  quantity	  in	  order	  to	  combine	  the	  like	  units.	  The	  researcher	  is	  unable	  to	  determine	  if	  Kerry	  references	  the	  second	  and	  third	  key	  ideas	  of	  multiplicative	  reasoning	  when	  explaining	  partial	  sums	  addition	  because	  the	  problem	  that	  Kerry	  chose	  to	  explain	  does	  not	  require	  regrouping	  of	  units	  in	  order	  to	  solve.	  Analysis	  of	  Kerry’s	  partial	  products	  explanations	  allows	  the	  researcher	  to	  determine	  how	  Kerry	  references	  the	  second	  and	  third	  key	  ideas	  of	  multiplicative	  reasoning	  (recognizing	  relationships	  between	  units	  and	  using	  those	  units	  to	  group	  and	  regroup).	  	  In	  Kerry’s	  recorded	  explanation	  of	  partial	  products	  she	  explains	  the	  problem	  38	  x	  45.	  In	  this	  explanation	  states,	  “As	  a	  reminder	  thirty	  eight	  is	  thirty	  plus	  eight,	  or	  
3	  tens	  and	  8	  ones.	  Forty	  five	  is	  forty	  plus	  five	  or	  4	  tens	  and	  5	  ones”	  (Coursework,	  5/25/2011).	  This	  explanation	  references	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  when	  she	  refers	  to	  each	  quantity	  as	  a	  combination	  of	  units.	  In	  Kerry’s	  partial	  sums	  and	  partial	  products	  recorded	  explanations	  she	  references	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  in	  a	  similar	  way	  when	  she	  refers	  to	  each	  quantity	  as	  a	  combination	  of	  units.	  	  After	  Kerry	  references	  each	  quantity	  as	  a	  combination	  of	  units	  in	  her	  partial	  products	  recorded	  explanation,	  she	  proceeds	  to	  break	  the	  problem	  into	  four	  smaller	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problems.	  When	  Kerry	  is	  multiplying	  five	  times	  thirty	  she	  says,	  “Next	  we	  want	  to	  know	  what	  number	  is	  5	  times	  larger	  than	  3	  tens.	  So	  we	  have	  5	  groups	  of	  3	  tens	  or	  a	  total	  of	  15	  tens,	  also	  a	  hundred	  and	  fifty	  ones.	  So	  our	  second	  partial	  product	  is	  one	  hundred	  and	  fifty”	  (Coursework,	  5/25/2011).	  Figure	  4-­‐2	  shows	  the	  symbolic	  representation	  that	  accompanied	  this	  dialogue.	  	  
	   	  	  
	  
	  
	  
	  
	  
	  
Figure	  4-­‐2.	  Kerry’s	  partial	  products	  symbolic	  representation	  	  Each	  of	  the	  explanations	  for	  the	  other	  three	  smaller	  problems	  is	  similar.	  Kerry	  references	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  when	  she	  states	  that	  “15	  tens	  [is]	  also	  a	  hundred	  and	  fifty	  ones.”	  In	  this	  statement	  she	  is	  stating	  that	  a	  group	  of	  tens	  can	  be	  equivalent	  to	  a	  group	  of	  ones.	  This	  explanation	  does	  not	  use	  the	  second	  and	  third	  key	  ideas	  of	  multiplicative	  reasoning,	  to	  reference	  the	  relationships	  between	  the	  units	  and	  how	  these	  relationships	  are	  used	  to	  group	  and	  regroup.	  Instead	  she	  states	  that	  quantities	  are	  equivalent	  (15	  tens	  is	  150	  ones)	  with	  no	  reference	  to	  the	  relationships	  between	  the	  units.	  To	  reference	  the	  relationships	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between	  the	  units	  Kerry	  could	  have	  said	  that	  1	  ten	  is	  equal	  to	  10	  ones.	  She	  could	  then	  use	  this	  relationship	  to	  illustrate	  that	  10	  tens	  is	  equal	  to	  100	  ones	  and	  5	  tens	  is	  equal	  to	  50	  ones.	  However,	  Kerry’s	  explanation	  does	  not	  use	  these	  ideas	  to	  reference	  the	  second	  and	  third	  key	  ideas	  of	  multiplicative	  reasoning,	  indicating	  a	  limited	  understanding	  of	  the	  KDU	  of	  multiplicative	  reasoning.	  In	  addition	  to	  the	  recorded	  explanations,	  Kerry	  also	  critiqued	  two	  of	  her	  classmate’s	  place	  value	  explanations.	  These	  critiques	  were	  very	  complementary	  and	  focused	  on	  the	  formatting	  of	  the	  symbolic	  and	  pictorial	  representations.	  This	  data	  source	  did	  not	  provide	  further	  evidence	  of	  Kerry’s	  use	  of	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning.	  	  This	  data	  from	  Kerry’s	  recorded	  explanations	  provides	  evidence	  that	  she	  references	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  within	  the	  course.	  It	  is	  unknown	  whether	  Kerry	  referenced	  this	  idea	  prior	  to	  taking	  the	  course	  or	  if	  this	  idea	  was	  learned	  in	  the	  course	  because	  Kerry	  did	  not	  complete	  the	  course	  introduction	  recorded	  explanations;	  however,	  she	  clearly	  demonstrates	  facility	  with	  using	  the	  first	  key	  idea	  of	  multiplicative	  reasoning.	  During	  the	  course	  Kerry	  does	  not	  reference	  the	  second	  and	  third	  key	  ideas	  of	  multiplicative	  reasoning	  when	  explaining	  place	  value	  problems.	  	  
Semi-­‐structured	  interview.	  A	  year	  following	  the	  course,	  Kerry	  was	  asked	  to	  participate	  in	  a	  semi-­‐structured	  interview.	  This	  interview	  asked	  teachers	  to	  explain	  problems	  involving	  place	  value	  with	  whole	  numbers	  and	  decimals,	  fractions,	  measurement,	  and	  percent.	  The	  whole	  number	  place	  value	  and	  fractions	  questions	  are	  introductory	  questions	  that	  the	  teachers	  explained	  during	  the	  course.	  The	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purpose	  of	  these	  questions	  is	  to	  ease	  the	  teachers	  into	  explaining	  problems	  through	  explaining	  familiar	  contexts	  before	  explaining	  contexts	  that	  may	  be	  unfamiliar.	  The	  decimal,	  measurement,	  and	  percent	  contexts	  provide	  evidence	  of	  each	  teacher’s	  ability	  to	  apply	  the	  concepts	  from	  the	  course	  to	  new	  contexts.	  The	  evidence	  of	  each	  teacher’s	  ability	  to	  apply	  the	  concepts	  from	  the	  course	  to	  new	  contexts	  begins	  to	  answer	  the	  third	  research	  questions	  of	  this	  study:	  How	  do	  teacher’s	  explanations	  of	  multiplicative	  reasoning	  serve	  as	  a	  KDU	  that	  allows	  them	  to	  apply	  their	  understanding	  of	  multiplicative	  reasoning	  to	  different	  mathematical	  contexts?	  During	  the	  semi-­‐structured	  interview	  Kerry	  was	  asked	  how	  she	  would	  explain	  the	  problem	  52	  x	  37	  to	  a	  student	  who	  was	  struggling	  with	  multi-­‐digit	  multiplication.	  Kerry	  responded:	  	  Well…I	  don’t	  know	  what	  I	  would	  do	  other	  than	  just	  model	  it,	  fifty-­‐two	  1	   times	  thirty-­‐seven?	  Yeah,	  I	  would	  just	  explain,	  all	  right,	  first	  you	  2	   multiply	  over	  here	  –	  so	  you	  got	  fourteen,	  and	  then	  you	  carry	  your	  one,	  3	   so	  –	  thirty-­‐five	  –	  I	  don’t	  know	  if	  I	  even	  remember	  this.	  Then	  you	  put	  4	   your	  zero,	  and	  then	  you	  do	  it	  again,	  so	  three	  times	  two	  is	  six,	  three	  5	   times	  five	  is	  fifteen,	  and	  you	  add	  it	  together	  –	  did	  I	  even	  do	  that	  6	   problem	  right?	  That	  doesn’t	  look	  right.	  (Interview,	  3/13/2012)	  7	  	  Kerry	  realizes	  that	  she	  forgot	  to	  add	  the	  one	  that	  was	  carried	  in	  the	  hundreds	  place	  and	  changes	  the	  eight	  to	  a	  nine.	  She	  then	  says,	  “Nine,	  great.	  So	  yeah,	  but	  modeling	  is	  really	  my	  number	  one	  strategy	  when	  it	  comes	  to	  math.	  So	  I	  don’t	  know	  –	  I	  wouldn’t	  know	  how	  to	  break	  it	  down	  other	  than	  that.	  Yeah”	  (Interview,	  3/13/2012).	  Figure	  4-­‐3	  shows	  the	  written	  work	  that	  accompanied	  this	  explanation.	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Figure	  4-­‐3.	  Kerry’s	  written	  work	  from	  interview	  for	  the	  problem	  52	  x	  37	  	   In	  this	  explanation	  Kerry	  does	  not	  utilize	  any	  of	  the	  key	  ideas	  of	  multiplicative	  reasoning.	  She	  utilizes	  the	  standard	  multi-­‐digit	  multiplication	  algorithm	  and	  states	  the	  steps	  that	  she	  is	  following	  (lines	  2	  –	  7).	  Her	  statement	  that	  she	  wouldn’t	  know	  how	  else	  to	  explain	  the	  problem	  beyond	  modeling	  how	  to	  solve	  it	  (lines	  1	  –	  2),	  indicates	  that	  the	  partial	  products	  method	  that	  was	  taught	  in	  the	  course	  did	  not	  perturb	  her	  existing	  understanding	  and,	  rather	  than	  explaining	  this	  problem	  using	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  as	  she	  did	  in	  the	  course2,	  she	  returned	  to	  more	  traditional	  explanations	  that	  relied	  on	  memorized	  procedures.	  	  
	   Through	  analyzing	  the	  explanations	  from	  the	  coursework	  and	  the	  semi-­‐structured	  interview	  that	  Kerry	  provides	  to	  solve	  place	  value	  problems	  she	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  2	  Kerry	  was	  not	  asked	  to	  solve	  a	  problem	  involving	  decimal	  place	  value	  because	  she	  did	  not	  apply	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  to	  a	  whole	  number	  place	  value	  problem	  and	  stated	  that	  modeling	  is	  her	  number	  one	  strategy	  for	  explaining	  mathematics.	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referenced	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  when	  she	  was	  asked	  to	  do	  so	  in	  the	  course	  as	  evidenced	  in	  her	  recorded	  explanations,	  however,	  this	  way	  of	  explaining	  the	  problem	  is	  not	  how	  she	  spontaneously	  explained	  the	  problem	  following	  the	  completion	  of	  the	  course	  as	  evidenced	  in	  her	  explanation	  during	  the	  semi-­‐structured	  interview.	  Kerry’s	  understanding	  of	  the	  KDU	  of	  multiplicative	  reasoning	  within	  the	  context	  of	  place	  value	  is	  limited	  because	  the	  memorized	  procedures	  that	  she	  used	  to	  solve	  the	  problem	  in	  the	  semi-­‐structured	  interview	  do	  not	  relate	  to	  the	  other	  mathematical	  contexts.	  	  	  
Fractions	  
	   In	  the	  fractions	  module	  Kerry	  completed	  an	  initial	  explanation	  of	  a	  fraction	  addition	  problem.	  This	  explanation	  was	  critiqued	  by	  two	  of	  her	  classmates.	  She	  did	  not	  use	  this	  critique	  to	  revise	  her	  explanation.	  Kerry	  did	  not	  critique	  any	  classmates’	  explanations	  and	  she	  did	  not	  respond	  to	  any	  of	  the	  discussion	  board	  prompts.	  Prior	  to	  the	  start	  of	  the	  fractions	  module	  Kerry	  was	  asked	  to	  complete	  a	  recorded	  explanation	  of	  a	  fraction	  addition	  problem.	  The	  purpose	  of	  this	  recorded	  explanation	  was	  to	  document	  the	  ways	  in	  which	  teachers	  explained	  fraction	  problems	  prior	  to	  engaging	  in	  the	  course.	  As	  with	  the	  place	  value	  module,	  Kerry	  did	  not	  complete	  this	  assignment,	  so	  the	  researcher	  is	  unable	  to	  determine	  the	  ways	  in	  which	  Kerry’s	  explanations	  were	  influenced	  by	  the	  course.	  The	  following	  sections	  use	  the	  course	  work	  and	  the	  fraction	  semi-­‐structured	  interview	  questions	  to	  determine	  the	  ways	  in	  which	  Kerry’s	  fraction	  explanations	  use	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning.	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   Coursework.	  The	  analysis	  of	  the	  data	  collected	  during	  the	  fractions	  module	  of	  the	  course	  begins	  to	  answer	  the	  second	  research	  question	  of	  this	  study:	  How	  do	  teachers	  explain	  multiplicative	  reasoning	  within	  the	  context	  of	  fractions	  in	  a	  course	  that	  focuses	  on	  multiplicative	  reasoning	  as	  the	  systematic	  creation	  of	  multiples	  of	  units?	  During	  the	  course	  Kerry	  created	  an	  initial	  fraction	  addition	  recorded	  explanation.	  This	  explanation	  provides	  evidence	  of	  how	  Kerry	  references	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  the	  context	  of	  fractions.	  In	  this	  explanation	  she	  solves	  the	  problem	  2/5	  +	  3/4.	  When	  she	  begins	  to	  solve	  the	  problem	  she	  defines	  a	  whole	  as	  “five	  of	  five	  columns”	  or”	  four	  of	  four	  rows”	  and	  says	  that	  “two-­‐fifths	  would	  be	  two	  of	  five	  columns	  shaded”	  and	  “three-­‐fourths	  would	  be	  three	  of	  four	  rows	  shaded”	  (Coursework,	  4/4/2011).	  The	  following	  excerpt	  is	  from	  Kerry’s	  fraction	  addition	  explanation:	  	  Because	  these	  pieces	  are	  different	  sizes	  and	  have	  different	  values,	  we	  1	   can’t	  just	  add	  the	  two	  columns	  and	  the	  three	  rows	  together.	  What	  we	  2	   can	  do	  is	  break	  the	  fifths	  into	  four	  rows	  and	  the	  fourths	  into	  five	  3	   columns	  so	  we	  create	  little	  boxes	  that	  are	  the	  same	  size	  that	  we	  can	  4	   add	  together.	  Let’s	  go	  ahead	  and	  divide	  our	  boxes.	  We	  now	  have	  a	  total	  5	   of	  twenty	  little	  squares	  in	  each	  of	  our	  two	  whole	  squares.	  So	  in	  two	  6	   fifths,	  we	  have	  twenty	  new	  little	  squares	  and	  in	  three	  fourths	  we	  have	  7	   twenty	  new	  little	  squares.	  To	  add	  two	  fifths	  and	  three	  fourths	  together	  8	   we	  can	  add	  the	  new	  little	  boxes	  or	  twentieths	  together	  to	  see	  how	  9	   many	  total	  twentieths	  we	  now	  have.	  Let’s	  take	  a	  look	  at	  two	  fifths,	  we	  10	   have	  1,	  2,	  3,	  4,	  5,	  6,	  7,	  8	  [points	  and	  counts]	  twentieths.	  In	  three	  fourths	  11	   we	  now	  have	  1,	  2,	  3,	  4,	  5,	  6,	  7,	  8,	  9,	  10,	  11,	  12,	  13,	  14,	  15	  twentieths	  12	   [points	  and	  counts].	  When	  we	  add	  8	  twentieths	  and	  15	  twentieths	  13	   together	  we	  get	  23	  twentieths.	  (Coursework,	  4/4/2011)14	   	  Figure	  4-­‐4	  shows	  the	  symbolic	  and	  pictorial	  representations	  that	  accompany	  this	  explanation.	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Figure	  4-­‐4.	  Kerry’s	  fraction	  addition	  symbolic	  &	  pictorial	  representations	  
	   In	  this	  explanation	  Kerry	  uses	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  to	  reference	  the	  quantities	  of	  two	  fifths	  and	  three	  fourths	  in	  terms	  of	  units	  of	  twentieths	  in	  lines	  6	  –	  8	  when	  she	  states,	  “So	  in	  two	  fifths,	  we	  have	  twenty	  new	  little	  
squares	  and	  in	  three	  fourths	  we	  have	  twenty	  new	  little	  squares.”	  Kerry	  then	  states,	  “To	  add	  two	  fifths	  and	  three	  fourths	  together	  we	  can	  add	  the	  new	  little	  boxes	  or	  
twentieths	  together	  to	  see	  how	  many	  total	  twentieths	  we	  now	  have.”	  This	  explanation	  is	  evidence	  that	  Kerry	  uses	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  to	  create	  units	  of	  twentieths	  from	  units	  of	  fifths	  and	  fourths.	  	  Kerry	  references	  the	  second	  key	  idea	  of	  multiplicative	  reasoning	  when	  she	  references	  the	  relationships	  between	  the	  units.	  In	  lines	  2	  –	  5	  she	  states,	  “What	  we	  can	  do	  is	  break	  the	  fifths	  into	  four	  rows	  and	  the	  fourths	  into	  five	  columns	  so	  we	  create	  little	  boxes	  that	  are	  the	  same	  size	  that	  we	  can	  add	  together.”	  After	  Kerry	  partitions	  the	  boxes	  (lines	  5	  –	  8)	  she	  states	  in	  lines	  8	  –	  11,	  “To	  add	  two	  fifths	  and	  three	  fourths	  together	  we	  can	  add	  the	  new	  little	  boxes	  or	  twentieths	  together	  to	  see	  how	  many	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total	  twentieths	  we	  now	  have.”	  In	  this	  explanation	  Kerry	  has	  created	  a	  new	  unit,	  or	  “new	  little	  boxes,”	  of	  twentieths	  when	  she	  “break[s]	  the	  fifths	  into	  four	  rows	  and	  the	  
fourths	  into	  five	  columns,”	  illustrating	  that	  there	  is	  a	  4	  x	  5	  relationship	  between	  the	  rows	  and	  the	  columns	  within	  the	  units	  of	  twentieths.	  This	  is	  evidence	  that	  she	  references	  the	  second	  key	  idea	  of	  multiplicative	  reasoning	  in	  her	  fraction	  addition	  explanation.	  	  Kerry	  references	  the	  third	  key	  idea	  of	  multiplicative	  reasoning	  when	  she	  groups	  the	  units	  of	  fifths	  and	  fourths	  into	  units	  of	  twentieths.	  In	  lines	  10	  –	  13	  she	  states,	  “Let’s	  take	  a	  look	  at	  two	  fifths,	  we	  have	  1,	  2,	  3,	  4,	  5,	  6,	  7,	  8	  (points	  and	  counts)	  
twentieths.	  In	  three	  fourths	  we	  now	  have	  1,	  2,	  3,	  4,	  5,	  6,	  7,	  8,	  9,	  10,	  11,	  12,	  13,	  14,	  15	  
twentieths.”	  This	  is	  evidence	  that	  Kerry	  uses	  the	  4	  x	  5	  unit	  that	  she	  created	  with	  the	  second	  key	  idea	  of	  multiplicative	  reasoning	  to	  group	  the	  units	  of	  fourths	  and	  fifths	  into	  twentieths.	  In	  this	  explanation	  Kerry	  references	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  as	  evidenced	  throughout	  her	  explanation.	  The	  following	  section	  analyses	  Kerry’s	  responses	  to	  the	  fraction	  questions	  within	  the	  semi-­‐structured	  interview.	  	  
Semi-­‐structured	  interview.	  During	  the	  semi-­‐structured	  interview	  Kerry	  was	  asked	  to	  solve	  problems	  involving	  fractions	  in	  order	  to	  see	  if	  she	  would	  continue	  to	  use	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  her	  explanations	  as	  she	  did	  in	  the	  course.	  When	  asked	  to	  solve	  a	  fraction	  multiplication	  problem	  Kerry	  responded,	  “I'm	  not	  sure	  if	  I	  could	  model	  that	  [fraction	  multiplication	  problem]	  for	  a	  student”	  (Interview,	  3/13/12).	  She	  was	  then	  asked	  if	  she	  would	  prefer	  to	  model	  a	  fraction	  addition	  problem	  because	  that	  was	  what	  she	  had	  done	  in	  the	  course.	  She	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responded,	  “Yeah,	  I'm	  trying	  to	  jog	  my	  memory	  about	  how	  to	  do	  fraction	  addition.	  I	  mean,	  I	  know	  that	  you	  would	  tell	  the	  students	  to	  find	  the	  common	  denominator,	  so	  you	  would	  have	  to	  figure	  out	  what	  that	  is”	  (Interview, 3/13/2012).	  She	  was	  then	  asked	  why	  would	  she	  need	  to	  find	  a	  common	  denominator	  and	  responded,	  “Because	  that’s	  what	  I	  learned	  to	  do	  when	  I	  took	  math”	  (Interview, 3/13/2012).	  She	  then	  continues	  to	  solve	  the	  problem:	  Yeah,	  I	  mean	  if	  I	  were	  to	  add	  this,	  I	  would	  tell	  him	  he	  had	  to	  find	  a	  1	   common	  denominator,	  which	  here	  would	  be	  twenty.	  So	  we	  would	  have,	  2	   let’s	  see	  –	  less	  twelve	  –	  right,	  and	  then	  when	  you	  add	  them	  –	  but	  I	  3	   mean,	  I	  still,	  I	  can’t	  really	  think	  about	  how	  I	  would	  explain	  this	  to	  4	   students	  very	  well.	  (Interview, 3/13/2012) 5	  	  Figure	  4-­‐5	  shows	  the	  written	  work	  that	  accompanied	  this	  explanation.	  	  	   	  	  	   	  	  	   	  
Figure	  4-­‐5.	  Kerry’s	  written	  work	  from	  interview	  for	  the	  problem	  3/4	  +	  2/5	  	  In	  this	  explanation	  Kerry	  does	  not	  reference	  any	  of	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  as	  she	  did	  in	  her	  recorded	  explanations	  during	  the	  course.	  Kerry	  solves	  the	  problem	  using	  a	  standard	  algorithm	  by	  finding	  a	  common	  denominator	  (lines	  1	  –	  2)	  and	  then	  adding	  the	  fractions	  together	  (line	  3).	  During	  the	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interview	  Kerry	  said	  that	  she	  was	  not	  able	  to	  explain	  the	  fraction	  multiplication	  problem	  and	  she	  was	  unable	  to	  explain	  the	  fraction	  addition	  problem	  beyond	  using	  a	  standard	  algorithm.	  This	  evidence	  along	  with	  the	  statement	  that	  she	  is	  solving	  the	  problem	  in	  this	  manner	  “Because	  that’s	  what	  I	  learned	  to	  do	  when	  I	  took	  math,”	  indicates	  that	  using	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  to	  make	  sense	  of	  fraction	  computation,	  as	  was	  taught	  in	  the	  course,	  did	  not	  perturb	  her	  existing	  understanding	  and	  rather	  than	  using	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  to	  make	  sense	  of	  the	  problem,	  she	  solved	  the	  problem	  using	  a	  memorized	  procedure.	  Through	  analyzing	  the	  explanations	  that	  Kerry	  provides	  to	  solve	  fraction	  problems	  it	  is	  clear	  that	  she	  explained	  the	  problems	  using	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning,	  in	  the	  course,	  however,	  this	  way	  of	  thinking	  is	  not	  how	  she	  spontaneously	  thought	  about	  it.	  The	  following	  section	  analyzes	  how	  Kerry	  applies	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  to	  the	  new	  context	  of	  measurement.	  	  
Measurement	  	  
 The	  measurement	  context	  data	  is	  from	  the	  semi-­‐structured	  interview.	  The	  data	  provides	  evidence	  of	  teachers’	  ability	  to	  apply	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  from	  the	  course	  to	  a	  new	  context,	  which	  begins	  to	  answer	  the	  third	  research	  question	  of	  the	  study:	  How	  do	  teacher’s	  explanations	  of	  multiplicative	  reasoning	  serve	  as	  a	  KDU	  that	  allows	  them	  to	  apply	  their	  understanding	  of	  multiplicative	  reasoning	  to	  different	  mathematical	  contexts.	  During	  the	  semi-­‐structured	  interview	  Kerry	  was	  asked	  to	  solve	  a	  measurement	  problem	  that	  involved	  finding	  the	  total	  length	  of	  paper	  if	  three	  rolls	  of	  paper	  that	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were	  each	  four	  feet	  five	  inches	  long,	  were	  lined	  up	  end	  to	  end.	  When	  solving	  this	  problem	  Kerry	  said	  that	  she	  would	  draw	  it	  out.	  When	  she	  started	  solving	  the	  problem	  she	  said:	  Oh,	  so	  how	  long	  would	  the	  paper	  extend.	  All	  right,	  so	  you’ve	  got	  your	  1	   four-­‐feet	  five-­‐inches	  –	  five-­‐inches	  plus	  again,	  plus	  again	  –	  see,	  I	  guess	  2	   you’re	  –	  yeah,	  how	  do	  you	  break	  down	  feet	  and	  inches?	  Well,	  I	  guess	  3	   you	  would	  have	  to	  explain	  that	  4	  feet	  is	  the	  same	  as	  12	  inches.	  So	  4	   you’ve	  got	  12	  inches	  plus	  12	  inches	  plus	  12	  inches	  plus	  12	  inches	  plus	  5	   5,	  and	  then	  you	  do	  it	  again,	  and	  then	  you	  do	  it	  again.	  So	  breaking	  down	  6	   these	  units	  of	  feet	  and	  inches	  would	  probably	  the	  best	  way	  to	  go	  about	  7	   this.	  So,	  if	  I	  were	  to	  complete	  the	  problem	  I	  would	  probably,	  you	  know,	  8	   do	  that.	  (Interview, 3/13/2012)9	  	  Figure	  4-­‐6	  shows	  the	  written	  work	  that	  accompanied	  Kerry’s	  explanation.	  	  	  
	  
	  
	  
	  
Figure	  4-­‐6.	  Kerry’s	  written	  work	  from	  interview	  for	  the	  problem	  4’	  5”	  x	  3	  
	   In	  this	  explanation	  Kerry	  references	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  when	  she	  says	  that	  she	  would	  break	  the	  feet	  down	  into	  inches	  (line	  3).	  In	  this	  explanation	  she	  is	  referencing	  a	  quantity	  in	  terms	  of	  units	  of	  inches	  and	  feet.	  She	  also	  uses	  the	  second	  key	  idea	  of	  multiplicative	  reasoning	  to	  reference	  the	  relationship	  between	  the	  units	  in	  lines	  3	  –	  4	  and	  uses	  the	  third	  key	  idea	  of	  multiplicative	  reasoning	  to	  group	  the	  units	  in	  lines	  4-­‐6	  when	  she	  says,	  “So	  you’ve	  got	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12	  inches	  plus	  12	  inches	  plus	  12	  inches	  plus	  12	  inches	  plus	  5,	  and	  then	  you	  do	  it	  again,	  and	  then	  you	  do	  it	  again.”	  In	  this	  statement	  she	  is	  using	  the	  relationship	  that	  12	  inches	  is	  1	  foot	  to	  group	  the	  units	  of	  feet	  and	  inches	  together.	  This	  explanation	  is	  the	  first	  time	  that	  Kerry	  has	  used	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  to	  explain	  how	  to	  solve	  a	  problem	  in	  the	  semi-­‐structured	  interview,	  indicating	  that	  she	  has	  an	  understanding	  of	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  the	  context	  of	  measurement.	  	  
Percent	  During	  the	  semi-­‐structured	  interview	  Kerry	  was	  also	  asked	  to	  solve	  a	  problem	  involving	  percent.	  This	  question	  also	  provides	  evidence	  of	  teachers’	  ability	  to	  apply	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  from	  the	  course	  to	  a	  new	  context,	  which	  begins	  to	  answer	  the	  third	  research	  question	  of	  the	  study.	  When	  asked	  to	  solve	  the	  problem,	  what	  is	  23%	  of	  34,	  Kerry	  responded:	  	  I	  would	  say,	  oh	  gosh,	  where	  is	  the	  calculator?	  Twenty-­‐three	  percent	  of	  1	   thirty-­‐four.	  I	  think	  that	  you	  would	  like	  have	  to	  try	  to	  break	  thirty-­‐four	  2	   down	  into	  some	  sort	  of	  unit	  where	  you	  could	  pull	  twenty-­‐three	  percent	  3	   out	  of	  it.	  So	  if	  you	  could	  put	  thirty-­‐four	  into	  –	  I	  don’t	  know,	  like	  that	  –	  I	  4	   was	  –	  the	  percent	  I	  always	  thought	  of	  out	  of	  a	  hundred,	  of	  course.	  So,	  5	   yeah,	  I	  don’t	  know	  how	  I	  would	  explain	  that	  to	  a	  student.	  That’s	  tough.	  6	  
(Interview, 3/13/2012)	  7	  	  This	  response	  indicates	  that	  Kerry	  is	  unsure	  of	  how	  to	  explain	  a	  problem	  involving	  percent	  to	  a	  student	  beyond	  using	  a	  calculator	  (line	  1).	  She	  attempts	  to	  use	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  to	  create	  a	  unit	  of	  the	  quantity	  34	  (lines	  2	  –	  4)	  in	  order	  to	  “pull	  twenty	  three	  percent	  out	  of	  it”	  (lines	  3	  –	  4);	  however,	  she	  is	  unable	  to	  use	  this	  idea	  to	  solve	  the	  problem	  and	  gives	  up	  (lines	  5	  -­‐6).	  While	  Kerry	  references	  the	  first	  key	  idea	  of	  multiplicative	  reasoning,	  she	  is	  unable	  to	  use	  the	  idea	  to	  solve	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the	  problem	  and	  she	  does	  not	  reference	  the	  second	  and	  third	  key	  ideas	  of	  multiplicative	  reasoning	  within	  the	  explanation.	  This	  evidence	  indicates	  that	  she	  does	  not	  apply	  the	  key	  ideas	  of	  multiplicative	  reasoning	  to	  the	  context	  of	  percent	  when	  spontaneously	  explaining	  the	  problem.	  	  
Connections	  Through	  analyzing	  the	  data	  from	  Kerry’s	  recorded	  explanations	  and	  semi-­‐structured	  interview	  responses	  it	  is	  clear	  that	  she	  does	  not	  illustrate	  a	  KDU	  of	  multiplicative	  reasoning	  that	  allows	  her	  to	  recognize	  the	  same	  mathematical	  concepts	  within	  different	  contexts.	  She	  relied	  on	  a	  standard	  algorithm	  to	  solve	  the	  place	  value	  and	  fraction	  addition	  problems	  and	  when	  she	  didn’t	  know	  an	  algorithm	  to	  use	  to	  solve	  the	  problem,	  she	  was	  unable	  to	  solve	  it,	  as	  evidenced	  in	  her	  fraction	  multiplication	  and	  percent	  responses	  in	  the	  semi-­‐structured	  interview.	  	  After	  Kerry	  solved	  the	  problems	  she	  was	  presented	  with	  prompts	  (See	  Appendix	  C)	  that	  used	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  to	  solve	  the	  problems.	  When	  asked	  what	  connections	  she	  makes	  between	  each	  of	  the	  problems	  she	  responded	  that	  they	  were	  very	  visual.	  She	  continued	  to	  expand	  upon	  this	  connection	  in	  the	  following	  excerpt:	  	  I	  think	  that	  having	  visual	  aids	  is	  really	  helpful	  to	  students.	  I	  mean	  this	  1	   helps	  me	  understand	  why	  we	  do	  fractions.	  I	  think	  when	  students	  can	  2	   see	  similarly	  pictures	  and	  videos	  in	  a	  history	  class,	  that	  sort	  of	  –	  it	  3	   activates	  a	  different	  part	  of	  the	  brain	  when	  you’re	  using	  visual	  aids	  4	   instead	  of	  just	  verbal	  instructions.	  So	  I	  think	  that	  that’s	  helpful.	  And	  5	   really	  breaking	  stuff	  down.	  It’s	  one	  thing	  to	  tell	  the	  students	  that	  there	  6	   is	  a	  Revolutionary	  War,	  but	  it’s	  another	  thing	  to	  explain	  how	  we	  got	  to	  7	   that	  war.	  And	  I	  think	  that	  that’s	  similar	  with	  the	  math,	  you	  know,	  it’s	  8	   one	  thing	  to	  tell	  them	  this	  is	  how	  you	  do	  this	  problem,	  and	  another	  to	  9	   explain	  the	  fifths	  –	  I'm	  sorry,	  the	  tens	  and	  the	  ones	  and	  you	  put	  them	  10	   back	  together	  after	  you’ve	  already	  broken	  them	  apart.	  (Interview, 11	  
3/13/2012)	  	  12	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  In	  this	  response	  Kerry	  identifies	  that	  the	  use	  of	  visuals	  supports	  students	  to	  think	  differently	  about	  concepts	  (lines	  3	  –	  5).	  She	  says	  that	  the	  visual	  of	  the	  fraction	  problem	  helps	  her	  to	  better	  understand	  the	  fraction	  problem	  (lines	  1-­‐	  2)	  and	  she	  has	  also	  seen	  in	  her	  history	  class	  that	  the	  students	  are	  able	  to	  understand	  ideas	  better	  when	  there	  is	  a	  visual	  component	  (lines	  6	  –	  8).	  In	  this	  response	  Kerry	  sees	  that	  there	  is	  a	  visual	  way	  to	  teach	  mathematics	  that	  is	  “helpful;”	  however,	  she	  has	  not	  demonstrated	  that	  she	  is	  capable	  of	  using	  these	  ideas	  when	  explaining	  the	  problems	  to	  bring	  coherence	  to	  her	  mathematical	  explanations.	  Her	  understanding	  of	  these	  concepts	  is	  limited	  in	  that	  she	  is	  unable	  to	  spontaneously	  explain	  the	  problems	  using	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning.	  	  Later	  in	  the	  interview	  Kerry	  was	  asked	  what	  connections	  she	  makes	  with	  the	  way	  that	  she	  explained	  the	  measurement	  problem	  and	  the	  way	  that	  the	  prompts	  introduced	  the	  concepts	  of	  place	  value	  and	  fractions.	  Kerry	  responded	  that:	  	  Especially	  in	  this	  [measurement	  problem]	  when	  you’ve,	  yeah,	  when	  1	   you	  got	  the	  place	  value	  with	  the	  fractions,	  you	  kind	  of	  have	  to	  figure	  2	   out	  what	  fraction is this or what	  piece	  of	  the	  foot	  is	  the	  five	  inches	  and	  3	   then	  go	  from	  there.	  Or,	  kind	  alternatively,	  what	  pieces	  make	  up	  this	  4	   foot.	  So	  then	  you	  would	  be	  breaking	  it	  down	  like	  you	  have	  done	  over	  5	   there	  [points	  to	  fraction	  and	  place	  value	  prompts],	  so	  all	  the	  units	  are	  6	   the	  same.	  I	  think	  that’s	  important.	  And	  then	  when	  you	  can	  see	  how	  7	   they’re	  the	  same,	  and	  that’s	  interesting.	  (Interview, 3/13/2012)	  8	  	  In	  this	  response	  Kerry	  says	  that	  it	  is	  important	  that	  all	  of	  the	  units	  are	  the	  same	  and	  finds	  it	  interesting	  when	  you	  can	  see	  how	  they’re	  the	  same	  (lines	  6	  –	  8).	  While	  she	  references	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  when	  she	  mentions	  breaking	  the	  units	  down	  so	  they	  are	  the	  same	  (lines	  6	  –	  8),	  it	  is	  not	  a	  concept	  that	  she	  has	  referenced	  spontaneously	  in	  her	  explanations.	  Kerry	  recognizes	  the	  first	  key	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idea	  of	  multiplicative	  reasoning	  in	  the	  interview	  prompts,	  but	  does	  not	  apply	  this	  idea	  in	  her	  own	  spontaneous	  explanations,	  indicating	  that	  her	  understanding	  is	  limited.	  	  The	  idea	  that	  the	  units	  need	  to	  be	  the	  same	  in	  order	  to	  combine	  them	  is	  an	  idea	  that	  Kerry	  used	  in	  her	  explanations	  within	  the	  course	  and	  within	  her	  response	  to	  the	  measurement	  question	  in	  the	  semi-­‐structured	  interview.	  In	  her	  recorded	  explanations	  of	  the	  partial	  sums	  addition	  problem	  she	  referenced	  that	  the	  units	  that	  were	  the	  same	  could	  be	  added.	  In	  her	  recorded	  explanation	  of	  the	  partial	  products	  multiplication	  problem,	  she	  converted	  each	  product	  into	  a	  unit	  of	  ones	  (See	  Figure	  4-­‐2).	  In	  her	  fraction	  addition	  recorded	  explanation	  in	  the	  course	  and	  her	  connections	  in	  the	  semi-­‐structured	  interview,	  she	  referenced	  creating	  units	  that	  were	  the	  same	  size.	  Kerry	  also	  converted	  all	  of	  the	  units	  to	  inches	  so	  that	  all	  of	  the	  units	  were	  the	  same	  when	  solving	  the	  measurement	  problem.	  Kerry’s	  response	  to	  the	  interview	  question,	  as	  well	  as	  the	  way	  that	  she	  solves	  the	  problems,	  indicates	  that	  she	  has	  an	  understanding	  of	  the	  first	  key	  of	  idea	  of	  multiplicative	  reasoning	  within	  the	  contexts	  of	  whole	  number	  place	  value,	  fractions,	  and	  measurement.	  While	  she	  references	  this	  idea	  in	  the	  problems	  that	  she	  is	  capable	  of	  solving,	  she	  only	  spontaneously	  uses	  the	  second	  and	  third	  key	  ideas	  of	  multiplicative	  reasoning	  when	  she	  solves	  the	  semi-­‐structured	  interview	  measurement	  question.	  Thanheiser	  (2009)	  and	  Ma	  (1999)	  illustrate	  that	  only	  understanding	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  in	  the	  context	  of	  place	  value	  is	  not	  sufficient	  for	  explaining	  the	  underlying	  mathematics	  of	  the	  problem.	  Likewise,	  Steffe	  and	  Olive	  (2010),	  Mack	  (2001),	  and	  Behr	  et	  al.	  (1992)	  illustrate	  that	  only	  understanding	  the	  first	  key	  idea	  of	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multiplicative	  reasoning	  in	  the	  context	  of	  fractions	  is	  not	  sufficient	  for	  explaining	  the	  underlying	  mathematics	  of	  the	  problem.	  The	  case	  of	  Kerry	  verifies	  these	  findings	  in	  the	  contexts	  of	  place	  value,	  fractions,	  and	  percent.	  	  
The	  Case	  of	  Kristy	  Kristy	  is	  currently	  a	  Kindergarten	  teacher.	  She	  was	  a	  very	  active	  participant	  in	  the	  course	  and	  participated	  in	  a	  semi-­‐structured	  interview	  the	  year	  following	  the	  course.	  The	  following	  sections	  discuss	  Kristy’s	  use	  of	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  the	  different	  mathematical	  contexts.	  	  
Place	  Value	  In	  the	  place	  value	  module	  Kristy	  completed	  an	  initial	  and	  a	  revised	  recorded	  explanation	  of	  partial	  sums	  and	  partial	  products,	  she	  commented	  about	  what	  she	  focused	  on	  in	  her	  revisions,	  she	  critiqued	  four	  of	  her	  classmate’s	  recorded	  explanations,	  she	  was	  critiqued	  by	  four	  of	  her	  classmates,	  and	  she	  posted	  one	  response	  in	  the	  discussion	  board.	  Kristy	  also	  completed	  the	  place	  value	  recorded	  explanation	  in	  the	  course	  introduction.	  This	  explanation	  provides	  evidence	  of	  how	  Kristy	  explains	  place	  value	  problems	  prior	  to	  engaging	  in	  the	  course.	  These	  data	  sources	  and	  the	  semi-­‐structured	  interview	  responses	  are	  analyzed	  to	  determine	  how	  Kristy	  uses	  and	  understands	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  the	  context	  of	  place	  value.	  	  
	   Coursework.	  During	  the	  course	  introduction	  Kristy	  completed	  a	  recorded	  explanation	  of	  the	  problem	  78	  x	  34.	  The	  following	  excerpt	  is	  from	  her	  explanation:	  So	  let’s	  take	  the	  four	  and	  multiply	  it	  by	  the	  eight	  and	  what	  do	  we	  get?	  1	   We	  get	  thirty	  two	  right,	  but	  we	  can’t	  put	  that	  two,	  I	  mean	  we	  can	  put	  2	   the	  two	  here,	  but	  we	  can’t	  put	  that	  three	  there	  because	  this	  is	  the	  ones	  3	   place.	  So	  we	  need	  to	  share	  that	  three	  with	  the	  seven	  in	  the	  tens	  place	  4	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here.	  So	  we	  are	  going	  to	  put	  that	  three	  up	  there.	  Now	  we	  are	  going	  to	  5	   multiply	  four	  by	  seven.	  So	  four	  by	  seven	  is	  twenty	  eight	  as	  we	  know,	  6	   and	  then	  we	  have	  to	  remember	  to	  add	  this	  three,	  so	  we	  are	  sharing	  the	  7	   three	  with	  the	  seven,	  so	  we	  have	  got	  thirty	  one,	  when	  we	  add	  three	  to	  8	   twenty	  eight.	  So	  now	  our	  first	  part	  of	  our	  answer	  is	  done,	  three	  9	   hundred	  and	  twelve.	  (Coursework,	  3/17/11)	  10	  	  Figure	  4-­‐7	  shows	  the	  symbolic	  representation	  that	  accompanied	  this	  explanation.	  	  	   	  	   	  	  	  	  	  	  
Figure	  4-­‐7.	  Kristy’s	  course	  introduction	  place	  value	  symbolic	  representation	  	   In	  this	  explanation	  Kristy	  uses	  a	  standard	  algorithm	  to	  solve	  the	  problem.	  She	  references	  the	  columns	  in	  terms	  of	  place	  value	  in	  lines	  2	  –	  4	  when	  she	  says	  that	  the	  three	  cannot	  go	  in	  the	  one’s	  place	  and	  needs	  to	  be	  put	  in	  the	  ten’s	  place.	  Despite	  this	  reference	  to	  place	  value,	  she	  references	  the	  digits	  in	  each	  quantity	  without	  referencing	  the	  unit	  when	  she	  states,	  “Now	  we	  are	  going	  to	  multiply	  four	  by	  seven”	  (lines	  5	  –	  6).	  She	  does	  not	  use	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  to	  reference	  the	  4	  as	  4	  ones	  and	  the	  7	  as	  7	  tens.	  Kerry	  also	  does	  not	  use	  the	  second	  and	  third	  key	  ideas	  of	  multiplicative	  reasoning	  to	  reference	  relationships	  between	  units	  and	  use	  those	  relationships	  to	  group	  and	  regroup.	  Instead	  she	  states	  the	  steps	  that	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she	  follows	  in	  lines	  5	  –	  7	  and	  does	  not	  explain	  why	  these	  steps	  produce	  a	  correct	  solution.	  This	  explanation	  does	  not	  use	  any	  of	  the	  key	  ideas	  of	  multiplicative	  reasoning.	  During	  the	  place	  value	  module	  of	  the	  course,	  Kristy	  completed	  a	  recorded	  explanation	  for	  the	  problem	  422	  +	  254.	  In	  her	  initial	  recorded	  explanation	  of	  this	  problem	  Kristy	  says:	  	  Now	  so	  we	  can	  just	  see	  in	  a	  more	  visual	  way	  how	  these	  are	  made	  up.	  1	   We	  can	  see	  we	  have	  4	  hundreds	  in	  four	  hundred	  and	  twenty	  two	  [4	  2	   hundreds	  blocks	  appear	  on	  screen	  individually],	  2	  tens	  [2	  ten	  sticks	  3	   appear	  on	  screen	  individually],	  and	  2	  ones	  [2	  one	  blocks	  appear	  on	  4	   screen	  individually].	  There	  we	  go,	  the	  number	  broken	  down.	  5	   (Coursework,	  3/20/2011)	  	  6	  	  Figure	  4-­‐8	  shows	  the	  symbolic	  and	  pictorial	  representation	  that	  accompanied	  Kristy’s	  explanation.	  	  	  	   	  
	  
	  	  	  
Figure	  4-­‐8.	  Kristy’s	  place	  value	  symbolic	  &	  pictorial	  representation	  1	  	  In	  this	  explanation	  Kristy	  uses	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  to	  reference	  each	  quantity	  as	  a	  combination	  of	  units	  (lines	  1	  –	  5).	  Instead	  of	  referencing	  the	  place	  value	  of	  the	  column,	  as	  she	  did	  in	  her	  course	  introduction	  explanation,	  she	  references	  the	  unit	  of	  each	  digit	  within	  each	  quantity.	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The	  problems	  that	  Kristy	  solves	  for	  her	  partial	  products	  recorded	  explanations	  require	  regrouping	  and	  illustrate	  how	  Kristy	  references	  the	  second	  and	  third	  key	  ideas	  of	  multiplicative	  reasoning.	  In	  solving	  the	  problem	  381	  x	  453	  she	  uses	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  to	  reference	  each	  quantity	  as	  a	  combination	  of	  units	  as	  she	  did	  in	  her	  partial	  sums	  recorded	  explanation.	  	  	  
Figure	  4-­‐9.	  Kristy’s	  place	  value	  symbolic	  &	  pictorial	  representations	  (Part	  2)	  	  When	  Kristy	  begins	  to	  multiply	  the	  quantities	  together	  she	  breaks	  the	  problem	  381	  x	  453	  into	  nine	  separate	  problems.	  The	  following	  excerpt	  is	  an	  example	  of	  how	  she	  explains	  one	  of	  these	  nine	  multiplication	  problems:	  What	  number	  is	  three	  times	  as	  large	  as	  three	  hundred	  and	  1	   eighty	  one?	  Or	  even,	  let’s	  look	  now	  at	  this	  tens	  place	  here	  [circles	  5	  2	   with	  mouse	  in	  problem]	  what	  number	  is	  3	  times	  as	  large	  as	  8	  tens?	  [3rd	  3	   question	  appears]	  So	  we	  need	  3	  groups	  of	  8	  tens	  [ten	  sticks	  appear	  in	  4	   groups	  of	  8	  individually	  as	  she	  counts	  to	  three]	  and	  then	  we	  add	  up	  all	  5	   of	  our	  tens	  and	  what	  do	  we	  get?	  We	  get	  24	  tens	  or	  2	  hundreds	  and	  4	  6	   tens	  [blue	  text	  appears].	  There’s	  our	  2	  hundreds	  and	  there’s	  our	  4	  tens	  7	   [2	  hundreds	  squares	  and	  4	  tens	  sticks	  appear	  individually]	  BUT	  WAIT!	  	  8	   What	  is	  one	  hundred?	  [hundred	  square	  appears]	  Remember	  in	  9	   our	  last	  problem	  we	  talked	  about	  this	  hundreds	  block,	  made	  up	  of	  10	  10	   ten	  sticks,	  remember?	  But	  we	  have	  24	  tens,	  so	  if	  10	  tens	  makes	  1	  11	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hundred,	  then	  20	  tens	  will	  make	  2	  hundreds	  and	  we	  have	  4	  tens	  left	  12	   over,	  so	  we	  have	  2	  hundreds	  and	  4	  tens,	  or	  two	  hundred	  and	  forty.	  13	   (Coursework,	  4/1/2011)	  14	  	  Figure	  4-­‐9	  (above)	  shows	  the	  symbolic	  and	  pictorial	  representations	  that	  accompanied	  this	  explanation.	  	  In	  this	  explanation	  Kristy	  references	  the	  second	  key	  idea	  of	  multiplicative	  reasoning	  when	  she	  explains	  that	  1	  hundred	  block	  is	  made	  up	  of	  10	  ten	  sticks	  in	  lines	  9	  –	  11.	  She	  then	  uses	  this	  relationship	  to	  group	  the	  ten	  sticks	  into	  hundreds	  units	  in	  lines	  11	  –	  13.	  This	  explanation	  provides	  evidence	  that	  Kristy	  references	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  her	  partial	  products	  recorded	  explanations.	  Kristy	  also	  references	  key	  ideas	  of	  multiplicative	  reasoning	  when	  she	  critiques	  each	  of	  four	  of	  her	  classmate’s	  recorded	  explanations.	  In	  one	  of	  these	  critiques	  she	  suggests:	  When	  it	  came	  to	  adding	  your	  partial	  sums,	  I	  suggest	  writing	  the	  1	   answer	  in	  expanded	  notation	  and	  then	  summing	  up	  your	  podcast	  with	  2	   the	  actual	  number.	  So	  if	  you	  bring	  all	  of	  your	  visuals	  for	  the	  partial	  3	   sums	  back	  the	  students	  can	  count	  and	  see	  that	  there	  are	  15	  hundreds	  4	   all	  together	  and	  so	  on.	  This	  also	  gives	  you	  a	  chance	  to	  explain	  that	  5	   when	  you	  add	  all	  of	  the	  hundreds	  (or	  whatever	  base	  block)	  you	  have	  6	   more	  than	  10	  so	  that's	  why	  there's	  an	  extra	  thousand.	  (Coursework,	  7	   3/29/22)	  8	  	  In	  this	  critique	  Kristy	  references	  the	  second	  and	  third	  key	  ideas	  of	  multiplicative	  reasoning	  when	  she	  recommends	  that	  her	  classmate	  should	  add	  an	  explanation	  about	  using	  relationships	  to	  group	  units	  together	  (lines	  5	  –	  7).	  	  In	  another	  one	  of	  her	  critiques	  she	  mentions,	  “I	  think	  when	  first	  learning	  about	  carrying	  and	  borrowing,	  I	  remember	  feeling	  like	  it	  was	  the	  wrench	  in	  my	  easy-­‐going	  math	  experience”	  (Coursework,	  3/29/22).	  This	  response	  suggests	  that	  Kristy	  finds	  it	  important	  to	  use	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the	  second	  and	  third	  key	  ideas	  of	  multiplicative	  reasoning	  to	  explain	  how	  the	  relationships	  between	  the	  units	  are	  used	  to	  group	  units	  together	  because	  she	  struggled	  with	  this	  as	  a	  student.	  	  	   This	  section	  illustrates	  that	  prior	  to	  participating	  in	  the	  course	  Kristy	  explained	  place	  value	  problems	  by	  referencing	  the	  columns	  in	  a	  problem	  according	  to	  their	  place	  value.	  During	  the	  course,	  Kristy	  references	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  in	  her	  partial	  sums	  explanations	  and	  she	  references	  all	  of	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  her	  partial	  products	  recorded	  explanations.	  She	  also	  references	  the	  importance	  of	  using	  these	  concepts	  when	  explaining	  the	  problems	  when	  she	  critiques	  her	  classmate’s	  recorded	  explanations.	  It	  is	  clear	  that	  the	  course	  supported	  Kristy	  to	  explicitly	  use	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  place	  value	  problems.	  	  
Semi-­‐structured	  interview.	  During	  the	  semi-­‐structured	  interview	  Kristy	  explains	  the	  problem	  52	  x	  37.	  The	  following	  is	  an	  excerpt	  from	  her	  explanation:	  	  What	  I'm	  using	  is	  place	  values.	  So	  I'm	  starting	  with	  multiplying	  it	  as	  if	  1	   it's	  fifty-­‐two	  times	  seven.	  Seven	  times	  two	  is	  fourteen.	  Well,	  we	  know	  2	   that's	  1	  ten	  and	  4	  ones.	  So,	  we	  put	  the	  four	  into	  the	  ones	  column.	  But	  3	   then	  we	  need	  to	  add	  that	  one	  into	  the	  tens	  column,	  because	  we	  have	  a	  4	   ten	  there.	  Now	  this	  [ten’s	  digit	  in	  top	  number]	  becomes	  six.	  Six	  times	  5	   seven	  is	  forty-­‐two.	  So	  we	  add	  that	  and	  now	  we	  know	  what	  fifty	  two	  6	   times	  seven	  is,	  it's	  four	  hundred	  and	  twenty-­‐four.	  Now	  we	  can	  go	  down	  7	   to	  thirty	  times	  fifty-­‐two.	  So	  in	  this	  case,	  we	  have	  to	  add	  the	  zero	  8	   because	  whatever	  it	  is,	  it's	  going	  to	  be	  an	  additional	  tens	  place	  above	  9	   because	  we're	  multiplying	  by	  thirty,	  not	  by	  three.	  But	  it	  is	  easier	  to	  10	   think	  of	  three	  times	  two	  than	  thirty	  times	  two.	  So	  we	  know	  three	  times	  11	   two	  is	  six.	  This	  is	  actually	  thirty	  times	  two	  is	  sixty,	  but	  we're	  just	  going	  12	   to	  put	  six	  because	  we	  already	  have	  added	  that	  zero	  for	  ourselves.	  Then	  13	   we	  could	  do	  five	  times	  three,	  which	  is	  fifteen.	  We	  know	  that	  the	  five	  14	   goes	  here,	  the	  one	  then	  comes	  out	  to	  that	  thousands	  place	  because	  15	   that's	  an	  additional	  tens	  place	  above,	  because	  we	  have	  ten,	  which	  is	  16	   really	  a	  hundred	  and	  fifty.	  So,	  then	  we	  just	  add	  the	  two	  together,	  so	  17	   we're	  adding	  fifty-­‐two	  times	  seven	  by	  fifty-­‐two	  times	  thirty.	  And	  we	  18	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get	  one	  thousand	  nine	  hundred	  and	  eighty-­‐four.	  (Interview,	  19	   3/19/2012)	  20	  	  Figure	  4-­‐10	  shows	  the	  written	  work	  that	  accompanied	  this	  explanation.	  	  
	   	  	  
	  
	  
	  
	   	  	  
Figure	  4-­‐10.	  Kristy’s	  written	  work	  from	  interview	  for	  the	  problem	  52	  x	  37	  	   In	  this	  explanation	  Kristy	  does	  not	  explain	  the	  concepts	  using	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  as	  she	  did	  in	  her	  recorded	  explanations	  from	  the	  course.	  She	  references	  the	  columns	  of	  the	  problem	  according	  to	  their	  place	  value	  as	  she	  did	  in	  her	  course	  introduction	  recorded	  explanation	  (lines	  3	  –	  5,	  9,	  and	  15).	  Kristy	  uses	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  to	  reference	  the	  quantity	  14	  as	  1	  ten	  and	  4	  ones	  (lines	  2	  –	  3),	  however	  she	  generally	  references	  quantities	  without	  referencing	  the	  unit,	  as	  evidenced	  when	  she	  says	  three	  times	  two	  instead	  of	  three	  tens	  times	  two	  ones	  (line	  11).	  Further	  examples	  where	  Kristy	  references	  digits	  without	  referencing	  the	  unit	  are	  in	  lines	  2,	  5	  –	  6,	  and	  14.	  Kristy	  solves	  the	  problem	  using	  the	  standard	  algorithm	  incorrectly	  because	  she	  adds	  the	  one	  that	  was	  carried	  before	  multiplying	  the	  ones	  and	  the	  tens	  places	  together	  (lines	  3	  –	  5).	  Kristy’s	  one	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time	  use	  of	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  may	  indicate	  that	  the	  course	  influenced	  the	  way	  she	  explains	  place	  value	  problems,	  however,	  Kristy	  does	  not	  consistently	  use	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  when	  spontaneously	  explaining	  place	  value	  problems,	  illustrating	  a	  limited	  understanding	  of	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning.	  The	  final	  place	  value	  question	  that	  Kristy	  is	  asked	  to	  solve	  is	  the	  problem	  6	  x	  2.4.	  Kristy	  responds:	  	  The	  way	  that	  I	  would	  do	  it	  is	  take	  away	  these	  guys	  [decimal	  points],	  1	   and	  then	  think	  about	  how	  this	  is	  –	  this	  six	  is	  actually	  –	  all	  right,	  yeah	  2	   [changes	  6	  to	  6.0].	  So	  then	  just	  take	  away	  those	  guys	  [removes	  decimal	  3	   points].	  Basically	  what	  you're	  doing	  is,	  multiply	  it	  by	  itself,	  so	  in	  this	  4	   case,	  like	  we	  just	  went	  over.	  We're	  going	  to	  do	  four	  times	  zero,	  which	  is	  5	   zero.	  Six	  times	  four,	  which	  is	  twenty-­‐four	  –	  we	  get	  two	  hundred	  and	  6	   forty.	  Now	  we	  have	  to	  go	  over	  and	  multiply	  from	  this	  tens	  place,	  so	  7	   again	  we	  add	  that	  zero,	  because	  we	  know	  that	  we're	  multiplying	  from	  8	   the	  tens	  place,	  not	  the	  ones	  place.	  So,	  we	  have	  two	  times	  zero,	  which	  is	  9	   again,	  zero.	  Six	  times	  two,	  which	  is	  twelve.	  Now	  we	  can	  add	  these	  10	   together	  just	  to	  get	  the	  answer	  to	  this	  problem	  if	  there	  were	  no	  11	   decimals.	  And	  we	  have	  fourteen-­‐forty.	  We	  know	  that	  we're	  missing	  12	   two	  decimal	  places	  here.	  What	  you	  do	  is	  you	  count	  up	  the	  numbers	  13	   that	  were	  before	  the	  decimal	  place	  –	  the	  decimal	  point,	  or	  I	  guess,	  and	  14	   then	  after	  the	  decimal	  point	  –	  depending	  on	  the	  way	  you	  look	  at	  it.	  And	  15	   you	  move	  that	  decimal	  point	  that	  many	  spaces	  so	  that	  we	  have	  the	  16	   answer	  is	  fourteen	  point	  four,	  so	  fourteen	  and	  –	  fourteen	  point	  four.	  17	   (Interview,	  3/19/2012)18	  	  Figure	  4-­‐11	  shows	  the	  written	  work	  that	  accompanied	  this	  explanation.	  In	  this	  explanation	  Kristy	  continues	  to	  reference	  the	  columns	  according	  to	  their	  place	  value	  (lines	  7	  –	  9),	  however	  she	  does	  not	  use	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  to	  solve	  the	  problem.	  	  Instead,	  Kristy	  uses	  a	  standard	  algorithm	  of	  removing	  and	  replacing	  the	  decimal	  points	  (lines	  1	  –	  4	  and	  10	  –	  17)	  to	  solve	  the	  problem.	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Figure	  4-­‐11.	  Kristy’s	  written	  work	  from	  interview	  for	  the	  problem	  6	  x	  2.4	  	   Through	  analyzing	  the	  explanations	  that	  Kristy	  provides	  to	  solve	  place	  value	  problems	  she	  did	  not	  reference	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  prior	  to	  participating	  in	  the	  course.	  During	  the	  course	  she	  references	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  her	  recorded	  explanations,	  however,	  this	  way	  of	  explaining	  the	  problems	  did	  not	  perturb	  her	  existing	  understanding	  and	  rather	  than	  using	  these	  ideas	  when	  spontaneously	  explaining	  the	  problems,	  she	  relied	  on	  a	  memorized	  procedure.	  This	  is	  evidenced	  during	  the	  semi-­‐structured	  interview	  when	  Kristy	  does	  not	  reference	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  as	  she	  did	  in	  the	  course.	  	  
Fractions	  During	  the	  fractions	  module	  of	  the	  course	  Kristy	  completed	  an	  initial	  and	  a	  revised	  recorded	  explanation	  of	  fraction	  addition	  and	  fraction	  multiplication.	  She	  commented	  about	  what	  she	  focused	  on	  in	  her	  revisions,	  she	  critiqued	  six	  of	  her	  classmate’s	  recorded	  explanations,	  and	  her	  explanations	  were	  critiqued	  by	  three	  of	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her	  classmates.	  Kristy	  did	  not	  respond	  to	  any	  of	  the	  prompts	  in	  the	  discussion	  board.	  She	  also	  completed	  a	  fraction	  addition	  recorded	  explanation	  during	  the	  course	  introduction	  that	  occurred	  prior	  to	  any	  instruction	  during	  the	  course.	  The	  analysis	  of	  Kristy’s	  critiques	  of	  her	  classmates	  did	  not	  provide	  evidence	  of	  her	  ability	  to	  reference	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  the	  context	  of	  fractions.	  She	  was	  very	  complimentary	  of	  her	  classmate’s	  recorded	  explanations	  and	  made	  comments	  about	  their	  ability	  to	  connect	  the	  problems	  to	  real	  life	  and	  the	  layout	  of	  the	  slides.	  Therefore	  the	  recorded	  explanations	  and	  the	  semi-­‐structured	  interview	  responses	  will	  be	  used	  to	  analyze	  how	  Kristy	  references	  and	  understands	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  the	  context	  of	  fractions.	  	  	  
	   Coursework.	  During	  the	  course	  introduction	  Kristy	  submitted	  a	  recorded	  explanation	  for	  the	  problem	  2/3	  +	  3/4.	  The	  following	  excerpt	  is	  from	  her	  explanation:	   Now	  the	  first	  thing	  that	  we	  need	  to	  do	  when	  we	  add	  fractions	  is	  we	  1	   need	  to	  find	  a	  common	  denominator	  between	  these	  two	  numbers.	  2	   Basically	  what	  that	  means	  is	  we	  need	  to	  find	  a	  way	  to	  make	  the	  3	   numbers	  in	  the	  denominator	  for	  these	  fractions	  the	  same.	  We	  can	  do	  4	   that	  however	  we	  want	  by	  multiplying,	  by	  multiplying	  whatever	  5	   numbers	  we	  like.	  	  So	  what	  we	  are	  going	  to	  do	  first	  is	  the	  quickest	  and	  6	   easiest	  way	  to	  get	  these	  numbers	  to	  match.	  And	  that	  would	  mean	  7	   multiplying	  four	  by	  two	  thirds	  and	  then	  three	  by	  three-­‐fourths,	  8	   because	  we	  know	  when	  we	  multiply	  four	  by	  three	  and	  then	  three	  by	  9	   four	  we	  are	  going	  to	  get	  the	  same	  answer	  because	  those	  are	  the	  same,	  10	   it’s	  the	  same	  multiplication	  problem.	  So	  let’s	  start	  first	  with	  four	  times	  11	   two	  thirds.	  Four	  times	  two	  is	  eight,	  as	  we	  know,	  and	  then	  four	  times	  12	   three	  is	  twelve.	  Now	  let’s	  move	  over	  to	  the	  three	  fourths.	  Three	  times	  13	   three	  is	  nine	  and	  then	  four	  times	  three	  is	  twelve.	  So	  now	  that	  we	  have	  14	   eight	  twelfths	  plus	  nine	  twelfths,	  we	  have	  a	  common	  denominator,	  all	  15	   we	  have	  to	  do	  is	  add	  the	  nine	  to	  the	  eight,	  which	  is	  seventeen,	  and	  then	  16	   we	  bring	  this	  twelve	  over	  here	  [in	  the	  denominator	  of	  the	  solution].	  17	   (Coursework,	  3/17/11)	  18	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  Figure	  4-­‐12	  shows	  the	  symbolic	  representation	  that	  accompanied	  this	  explanation.	  	  	   	  	  	  	  	  
Figure	  4-­‐12.	  Kristy’s	  course	  introduction	  fraction	  symbolic	  representation	  	  In	  this	  explanation	  Kristy	  uses	  a	  standard	  algorithm	  to	  find	  a	  common	  denominator	  and	  then	  adds	  the	  fractions	  together	  (lines	  3	  –	  16).	  	  She	  does	  not	  use	  any	  of	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning.	  In	  Kristy’s	  recorded	  explanations	  for	  fraction	  addition	  she	  solves	  the	  problem	  2/5	  +	  3/4.	  The	  following	  excerpt	  is	  from	  her	  revised	  fraction	  addition	  recorded	  explanation:	  	  But	  what	  about	  if	  the	  two	  numbers	  are	  different	  sizes?	  We	  need	  to	  find	  1	   what	  is	  called	  a	  common	  denominator.	  We’re	  going	  to	  use	  that	  using	  2	   the	  unit	  square.	  The	  unit	  square	  is	  basically,	  we’re	  gonna	  look	  at	  both	  3	   of	  our	  fractions	  in	  one	  whole	  [unit	  square	  of	  twentieths	  appears],	  so	  4	   we	  broke	  this	  unit	  square	  down	  into	  fourths	  and	  fifths.	  Let’s	  find	  our	  5	   fourths	  [vertical	  text	  Here	  are	  our	  4ths!	  appears].	  Right	  here	  going	  6	   across,	  so	  we	  have	  1,	  2,	  3,	  4	  [moves	  mouse	  across	  fourths]	  and	  our	  7	   fifths	  going	  up	  and	  down	  [horizontal	  text	  appears]	  1,	  2,	  3,	  4,	  5	  [moves	  8	   mouse	  up	  and	  down	  fifths].	  And	  look,	  by	  making,	  by	  showing	  both	  our	  9	   fourths	  and	  fifths	  at	  the	  same	  time,	  we’ve	  created	  a	  new	  fraction,	  which	  10	   are	  these	  little	  block	  rights	  here	  [block	  becomes	  pink].	  And	  there	  are	  11	   twenty	  of	  them	  in	  the	  whole	  that	  means	  this	  [points	  to	  pink	  block]	  is	  12	   one	  twentieth	  [speech	  bubble	  with	  I’m	  1/20	  appears].	  So	  all	  of	  these	  13	   20	  one-­‐twentieths	  make	  up	  our	  new	  unit	  square	  whole.	  (Coursework,	  14	   4/15/2011)	  15	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  Figure	  4-­‐13	  shows	  the	  pictorial	  representation	  that	  accompanied	  this	  explanation.	  	  	  
	  	  	  	   	  	  
Figure	  4-­‐13.	  Kristy’s	  fraction	  addition	  pictorial	  representation	  (Part	  1)	  	  In	  this	  explanation,	  Kristy	  references	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  when	  she	  recognizes	  the	  fractional	  quantities	  in	  terms	  of	  different	  units	  in	  lines	  2	  –	  13.	  In	  these	  lines	  she	  creates	  a	  new	  unit	  of	  twentieths	  and	  illustrates	  that	  within	  the	  twentieths	  units	  that	  the	  units	  of	  one-­‐fourth	  and	  the	  units	  of	  one-­‐fifth	  are	  still	  visible.	  Kristy	  also	  uses	  the	  second	  key	  idea	  of	  multiplicative	  reasoning	  when	  she	  references	  the	  relationships	  between	  the	  units	  in	  her	  statement,	  “And	  there	  are	  
twenty	  of	  them	  in	  the	  whole	  that	  means	  that	  this	  [points	  to	  pink	  block]	  is	  one	  
twentieth”	  (lines	  11	  –	  13)(Coursework,	  4/15/2011).	  This	  statement	  recognizes	  that	  when	  a	  whole	  is	  partitioned	  into	  20	  pieces,	  each	  piece	  is	  one-­‐twentieth.	  These	  references	  indicate	  that	  Kristy	  references	  the	  first	  two	  key	  ideas	  of	  multiplicative	  reasoning	  in	  her	  fraction	  addition	  explanations.	  Kristy’s	  revised	  fraction	  addition	  recorded	  explanation	  continues	  in	  the	  following	  excerpt	  when	  she	  states,	  “So	  now	  let’s	  look	  at	  our	  numbers,	  we	  have	  our	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one	  fifth	  here,	  and	  it	  is	  made	  up	  of	  1,	  2,	  3,	  4	  one	  twentieths,	  so	  that	  one	  fifth	  is	  the	  same	  as	  4	  one	  twentieths	  or	  4	  twentieths	  [pink	  disappears	  and	  1/5	  is	  the	  same	  as	  4/20	  text	  appears]”	  (Coursework,	  4/15/2011).	  Figure	  4-­‐14	  shows	  the	  pictorial	  representations	  that	  accompany	  this	  explanation.	  	  
	  
	  
Figure	  4-­‐14.	  Kristy’s	  fraction	  addition	  pictorial	  representations	  (Part	  2)	  	  In	  this	  explanation	  Kristy	  uses	  the	  third	  key	  idea	  of	  multiplicative	  reasoning	  to	  group	  the	  units	  of	  fifths	  into	  units	  of	  twentieths.	  Following	  this	  explanation	  Kristy	  proceeds	  to	  use	  similar	  language	  to	  reference	  the	  units	  of	  one	  fourth	  as	  units	  of	  twentieths.	  The	  analysis	  of	  Kristy’s	  fraction	  addition	  recorded	  explanation	  illustrates	  that	  she	  references	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  her	  explanation.	  	  Kristy	  solves	  the	  problem	  2/5	  x	  3/4	  in	  her	  fraction	  multiplication	  recorded	  explanations.	  In	  the	  following	  excerpt	  from	  her	  revised	  fraction	  multiplication	  recorded	  explanation	  she	  states:	  
	  	  
90	  
Two-­‐fifths	  times	  three	  fourths,	  instead	  let’s	  say	  two	  fifths	  of	  three	  1	   fourths.	  So	  really	  what	  we	  want	  is	  three	  fourths	  of	  our	  pizza	  and	  then	  2	   to	  find	  two	  fifths	  of	  it.	  So	  remember	  this?	  [remember	  this	  appears]	  3	   Remember	  when	  we	  talked	  about	  addition	  of	  fractions	  and	  we	  had	  our	  4	   unit	  square	  to	  find	  our	  common	  denominator?	  And	  what	  we	  did	  we	  5	   had	  our	  fourths	  [moves	  mouse	  along	  rows	  of	  20ths]	  going	  across	  and	  6	   our	  fifths	  going	  up	  and	  down	  [moves	  mouse	  along	  columns	  of	  20ths]	  7	   and	  we	  made	  a	  new	  fraction	  which	  was	  the	  twentieths	  [pink	  square	  8	   appears].	  We’re	  going	  to	  deal	  with	  those	  one	  twentieths	  again	  [bubble	  9	   appears].	  Let’s	  look	  at	  our	  pizza.	  So	  here’s	  our	  pizza,	  we’ve	  broken	  it	  10	   down	  again	  and	  our	  fourths	  going	  across	  and	  our	  fifths	  up	  and	  down,	  11	   and	  here’s	  our	  one-­‐twentieth	  right	  here	  [top	  square	  turns	  pink].	  12	   (Coursework,	  4/15/11)	  13	  	  Figure	  4-­‐15	  shows	  the	  pictorial	  representations	  that	  accompanied	  this	  explanation.	  	  	  
	  
	  
Figure	  4-­‐15.	  Kristy’s	  fraction	  multiplication	  pictorial	  representations	  part	  1	  	  	  	  In	  this	  explanation	  Kristy	  uses	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  when	  she	  references	  the	  units	  of	  one-­‐fourth	  and	  units	  of	  one-­‐fifth	  in	  terms	  of	  units	  of	  one-­‐twentieths	  (lines	  5	  –	  9).	  She	  also	  references	  the	  second	  key	  idea	  of	  multiplicative	  reasoning	  in	  lines	  5	  –	  9	  where	  she	  explains	  that	  the	  new	  unit	  of	  twentieths	  is	  created	  from	  the	  units	  of	  fourths	  and	  fifths.	  This	  is	  a	  unit	  of	  twentieths	  because	  it	  is	  partitioned	  into	  a	  4	  x	  5	  array	  of	  twenty	  pieces.	  These	  references	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illustrate	  how	  Kristy	  uses	  the	  first	  and	  second	  key	  ideas	  of	  multiplicative	  reasoning	  within	  a	  fraction	  multiplication	  problem.	  	  Kristy’s	  revised	  fraction	  multiplication	  explanation	  continues	  in	  the	  following	  excerpt	  as	  she	  explains:	  So	  pretend	  for	  a	  minute	  that	  we	  have	  three	  fourths	  of	  the	  pizza	  1	   because	  my	  brother	  Jimmy	  swept	  on	  through	  and	  ate	  that	  last	  fourth	  2	   [light	  pink	  appears	  on	  2/5	  of	  ¾].	  So	  pretend	  it’s	  not	  there,	  it’s	  gone	  3	   [Jimmy	  turns	  gray	  and	  slide	  changes].	  And	  now	  we	  need	  to	  find	  two-­‐4	   fifths	  of	  the	  three-­‐fourths.	  So	  we	  ignore	  the	  piece	  that’s	  gone	  and	  we	  5	   have	  two	  fifths	  [2/5	  turns	  light	  pink]	  so	  two	  fifths	  right	  here.	  And	  now	  6	   let’s	  count	  how	  may	  one-­‐twentieths	  make	  up	  that	  fifth	  [counts	  by	  one	  7	   twentieths	  as	  text	  appears	  on	  each	  twentieth].	  Okay,	  so	  two	  fifths	  of	  8	   three	  fourths	  is	  six	  twentieths	  [yellow	  star	  appears].	  (Coursework,	  9	   4/15/11)	  10	  	  Figure	  4-­‐16	  shows	  the	  pictorial	  representations	  that	  accompanied	  this	  explanation.	  	  	  
	  
Figure	  4-­‐16.	  Kristy’s	  fraction	  multiplication	  pictorial	  representations	  part	  2	  	   In	  this	  explanation	  Kristy	  references	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  when	  she	  says	  that	  the	  two	  fifths	  are	  made	  up	  of	  twentieths	  (lines	  5	  –	  7)	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because	  she	  is	  illustrating	  that	  the	  units	  of	  fifths	  can	  also	  be	  created	  into	  units	  of	  twentieths.	  She	  also	  uses	  the	  third	  key	  idea	  of	  multiplicative	  reasoning	  to	  group	  the	  units	  of	  fourths	  and	  fifths	  together	  when	  she	  says	  that	  she	  is	  going	  to	  find	  two	  fifths	  of	  the	  three	  fourths	  (lines	  8	  –	  9).	  These	  statements	  are	  evidence	  of	  Kristy’s	  ability	  to	  reference	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  a	  fraction	  multiplication	  problem.	  	   Semi-­‐structured	  interview.	  In	  the	  semi-­‐structured	  interview	  Kristy	  was	  asked	  how	  she	  would	  explain	  the	  problem	  two-­‐fifths	  times	  three-­‐fourths.	  She	  responded:	   Three-­‐fourths	  times	  two-­‐fifths.	  So	  the	  way	  that	  we	  do	  three-­‐fourths	  1	   times	  two-­‐fifths	  is	  –	  you	  have	  to	  cross-­‐multiply,	  right?	  Is	  this	  –	  am	  I	  2	   crazy?	  Or	  is	  that	  when	  you	  do	  how	  many	  equal?	  I'm	  pretty	  sure	  you	  3	   cross-­‐multiply.	  Hold	  on,	  let	  me	  think.	  I	  did	  that	  as	  fifteen	  –	  or	  twelve	  –	  4	   actually	  –	  so	  that	  –	  does	  that	  make	  sense?	  Because	  you	  still	  have	  to	  5	   have	  the	  common	  denominator,	  that's	  when	  you	  add	  and	  subtract.	  So	  6	   in	  this	  case,	  just	  cross-­‐multiply.	  I	  think	  this	  is	  what	  you	  do	  –	  I'm	  really	  7	   bad	  at	  fractions.	  But	  what	  you	  do	  is	  you	  have	  to	  think	  about	  it	  as	  if	  8	   you're	  taking	  all	  sides	  of	  this	  equation,	  all	  sides	  of	  this	  fraction	  into	  9	   account.	  We	  break	  down	  into	  an	  easier	  problem	  for	  them,	  it's	  just	  three	  10	   times	  five	  over	  four	  times	  two.	  So,	  three	  times	  five	  is	  fifteen,	  we	  know	  11	   that.	  Four	  times	  two	  is	  twelve.	  Then	  we	  have	  fifteen	  over	  twelve.	  Well,	  12	   that's	  not	  a	  simplified	  fraction,	  we	  need	  to	  simplify	  that	  so	  that	  we	  can	  13	   know	  exactly	  what	  the	  mixed	  number	  is,	  so	  that	  makes	  a	  little	  bit	  more	  14	   sense.	  The	  way	  we	  do	  that	  is	  we	  find	  the	  least	  common	  denominator,	  15	   which	  we	  know	  is	  three,	  because	  four	  times	  three	  is	  twelve,	  and	  five	  16	   times	  three	  is	  fifteen.	  We	  can	  easily	  divide	  both	  of	  those	  because	  it's	  17	   easy	  basic	  math.	  Divide	  it	  by	  three,	  we	  get	  five	  over	  four.	  Well,	  five	  over	  18	   four,	  that's	  you	  know	  is	  going	  to	  be	  a	  mixed	  number	  because	  five	  is	  19	   greater	  than	  four.	  Well,	  we	  know	  that	  four	  out	  of	  four	  is	  one,	  and	  then	  20	   we'll	  have	  one	  left	  over	  because	  five	  minus	  four	  is	  in	  fact	  one.	  So	  we	  21	   have	  one	  over	  four.	  One	  and	  one	  fourth	  would	  be	  our	  answer.	  22	   (Interview,	  3/19/2012)	  23	  	  Figure	  4-­‐17	  shows	  the	  written	  work	  that	  accompanied	  this	  explanation.	  In	  this	  explanation	  Kristy	  has	  confused	  which	  algorithm	  she	  should	  use	  to	  multiply	  
	  	  
93	  
fractions	  and	  she	  cross-­‐multiplies	  to	  get	  an	  answer	  (lines	  6	  –	  7).	  She	  does	  not	  reference	  any	  of	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning.	  	  
	   	  	  
	  
	  
	  
	  
	  
Figure	  4-­‐17.	  Kristy’s	  written	  work	  from	  interview	  for	  the	  problem	  3/4	  x	  2/5	  	  	   Through	  analyzing	  the	  explanations	  that	  Kristy	  provides	  to	  solve	  the	  fraction	  problems	  she	  did	  not	  use	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  prior	  to	  participating	  in	  the	  course.	  During	  the	  course	  she	  references	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  her	  fraction	  addition	  and	  fraction	  multiplication	  recorded	  explanations.	  This	  way	  of	  explaining	  the	  problem	  did	  not	  perturb	  her	  existing	  understanding	  and	  rather	  than	  using	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning,	  Kristy	  spontaneously	  explains	  the	  problems	  using	  a	  memorized	  procedure.	  This	  is	  evidenced	  during	  the	  semi-­‐structured	  interview	  when	  Kristy	  is	  unable	  to	  correctly	  solve	  the	  fraction	  problem	  using	  the	  standard	  algorithm	  and	  cross-­‐multiplies	  instead.	  Kristy	  has	  a	  limited	  understanding	  of	  multiplicative	  reasoning	  as	  a	  KDU	  because	  she	  does	  not	  reference	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  her	  spontaneous	  explanations.	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Measurement	  The	  data	  used	  to	  analyze	  Kristy’s	  understanding	  of	  the	  KDU	  of	  multiplicative	  reasoning	  within	  measurement	  includes	  her	  response	  to	  the	  measurement	  question	  in	  the	  semi-­‐structured	  interview.	  When	  solving	  this	  question	  that	  asked	  Kristy	  to	  find	  the	  total	  length	  of	  paper	  if	  three	  rolls	  of	  paper	  there	  were	  each	  four	  feet	  five	  inches	  long,	  were	  lined	  up	  end	  to	  end,	  she	  responded:	  Okay,	  so	  four	  feet,	  five	  inches	  –	  let's	  start	  with	  4	  feet,	  5	  inches.	  We	  know	  1	   they're	  not	  the	  same	  unit,	  because	  this	  is	  feet	  and	  this	  is	  inches,	  so	  we	  2	   can't	  really	  do	  forty-­‐five,	  that	  doesn't	  make	  any	  sense	  at	  all.	  We	  can't	  3	   even	  line	  them	  up	  in	  the	  same	  way.	  What	  I	  would	  do	  first	  is	  take	  –	  look	  4	   at	  just	  the	  smallest	  portion	  of	  it,	  which	  is	  the	  inches,	  and	  I	  would	  5	   multiply	  that	  times	  three	  to	  see	  if	  we	  can	  get	  another	  foot	  out	  of	  it,	  6	   because	  right	  now	  we	  have	  4	  feet.	  So,	  we	  have	  five	  times	  three,	  which	  7	   we	  know	  is	  fifteen.	  We	  also	  know	  that	  1	  foot	  equals	  12	  inches.	  So,	  in	  8	   this	  case,	  we	  do	  have	  another	  foot.	  We	  have	  another	  foot	  because	  9	   twelve	  is	  1	  foot.	  So	  we	  have	  1	  foot	  and	  then	  3	  inches	  left	  over.	  So	  we	  can	  10	   add	  that	  now	  into	  our	  total	  in	  the	  end.	  And	  first,	  I'm	  going	  to	  come	  over	  11	   here	  and	  multiply	  –	  remember,	  we	  have	  to	  leave	  that	  there	  –	  we	  can't	  –	  12	   we've	  already	  multiplied	  five	  by	  three,	  so	  we	  can't	  bring	  that	  back	  over	  13	   to	  the	  four	  feet	  here	  yet.	  We'll	  add	  it	  in	  the	  end,	  so	  leave	  that	  there.	  14	   Let’s	  multiply	  this	  one	  times	  three;	  four	  times	  three	  –	  that's	  twelve,	  15	   easy.	  	  So,	  we	  have	  twelve,	  we're	  going	  to	  add	  our	  1	  foot	  back	  in,	  plus	  16	   one	  is	  thirteen,	  and	  then	  we	  have	  the	  3	  inches.	  So,	  13	  feet	  and	  3	  inches,	  17	   that's	  how	  far	  it	  would	  span	  across	  the	  wall.	  (Interview	  3/19/2012)	  18	  	   Figure	  4-­‐18	  shows	  the	  written	  work	  that	  accompanied	  this	  explanation.	  In	  this	  explanation	  Kristy	  uses	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  when	  she	  references	  that	  the	  feet	  and	  the	  inches	  are	  not	  the	  same	  unit	  (lines	  1	  –	  3).	  In	  this	  explanation	  she	  is	  recognizing	  that	  the	  units	  are	  not	  the	  same,	  but	  are	  related	  because	  an	  amount	  of	  one	  quantity	  is	  equal	  to	  an	  amount	  of	  the	  other.	  She	  uses	  the	  second	  key	  idea	  of	  multiplicative	  reasoning	  when	  she	  says	  that	  1	  foot	  is	  equal	  to	  12	  inches	  (line	  8).	  Kristy	  also	  uses	  the	  third	  key	  idea	  of	  multiplicative	  reasoning	  when	  she	  groups	  12	  of	  the	  inches	  together	  to	  make	  a	  foot	  and	  says	  that	  there	  is	  1	  foot	  and	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3	  inches	  left	  over	  from	  the	  15	  inches	  (lines	  8	  –	  10).	  In	  this	  explanation	  she	  is	  using	  the	  1	  foot	  is	  equal	  to	  12	  inches	  relationship	  to	  figure	  out	  how	  many	  feet	  are	  in	  15	  inches.	  These	  references	  indicate	  that	  Kristy	  has	  an	  understanding	  of	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  the	  context	  of	  measurement.	  	  	  	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
Figure	  4-­‐18.	  Kristy’s	  written	  work	  from	  interview	  for	  the	  problem	  4’	  5”	  x	  3	  
	  
	  
Percent	  
	   	  The	  data	  used	  to	  analyze	  Kristy’s	  use	  of	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  the	  context	  of	  percent	  includes	  her	  response	  to	  the	  percent	  question	  in	  the	  semi-­‐structured	  interview.	  During	  the	  interview	  Kristy	  is	  asked	  to	  solve	  the	  problem,	  what	  is	  23%	  of	  34.	  She	  explains:	  	  Twenty-­‐three	  percent	  of	  thirty-­‐four.	  The	  way	  we	  can	  do	  this	  is	  1	   we	  can	  multiply	  –	  well,	  first	  of	  all,	  we	  could	  turn	  twenty-­‐three	  percent	  2	   into	  a	  decimal,	  because	  you’re	  just	  looking	  at	  twenty-­‐three,	  that	  not	  3	   going	  to	  do	  nothing	  for	  you	  –	  anything	  for	  you.	  So	  if	  you	  look	  at	  twenty-­‐4	   three,	  let’s	  turn	  that	  into	  a	  decimal.	  Twenty-­‐three	  percent	  becomes	  5	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point	  –	  oh,	  percentages	  –	  eight	  point	  two-­‐three	  –	  I	  might	  be	  very	  6	   wrong,	  point	  zero	  two-­‐three,	  that’s	  what	  it	  is.	  You	  always	  got	  to	  add	  a	  7	   zero	  because	  the	  twenty	  has	  got	  to	  be	  in	  the	  decimal	  tens	  place	  so	  we	  8	   got	  hundreds,	  tens,	  ones.	  So,	  this	  is	  not	  two	  hundred	  and	  thirty	  percent,	  9	   it	  is	  twenty-­‐three	  percent.	  That’s	  why,	  if	  you	  think	  about	  it,	  a	  hundred	  10	   percent	  translates	  to	  point	  one,	  I	  think.	  So,	  in	  this	  case,	  we	  need	  to	  have	  11	   a	  zero-­‐two-­‐three,	  because	  it’s	  in	  the	  tens	  place.	  You	  have	  tens	  –	  no	  12	   hundreds.	  	  	  13	   So,	  we	  have	  point	  zero-­‐two-­‐three	  times	  thirty-­‐four,	  and	  let’s	  fill	  14	   out	  those	  decimals	  just	  so	  that	  it’s	  even.	  And	  what	  we	  can	  do	  is	  let’s	  flip	  15	   this	  problem	  because	  that’s	  just	  easier,	  let’s	  put	  the	  bigger	  number	  on	  16	   top.	  Thirty-­‐four	  thousand	  –	  take	  out	  that	  decimal,	  just	  like	  we	  talked	  17	   about,	  and	  times	  –	  thirty-­‐four	  thousand	  times	  twenty-­‐three.	  Now,	  18	   notice	  –	  I	  mean	  I	  could	  put	  zeros	  here,	  but	  I'm	  taking	  them	  out	  because	  19	   they’re	  not	  really	  worth	  anything.	  Notice	  that	  I	  waited	  –	  that	  I	  filled	  out	  20	   the	  zeros	  first	  so	  that	  they	  match	  the	  number	  of	  spaces	  that	  we	  had	  21	   here	  –	  the	  hundreds,	  tens,	  and	  ones	  place	  in	  hundredths,	  tenths,	  and	  22	   ones	  –	  oneths	  place,	  I	  guess,	  in	  the	  decimal.	  So	  we	  need	  to	  make	  sure	  23	   that	  the	  thirty-­‐four	  is	  actually	  covering	  the	  whole	  length	  of	  this	  24	   decimal,	  because	  that’s	  going	  to	  tell	  us	  whether	  it’s	  thirty-­‐four	  25	   thousand,	  three	  hundred	  and	  forty,	  three	  thousand	  four-­‐hundred,	  26	   whatever	  it	  is,	  we	  need	  to	  know	  how	  many	  zeros	  for	  when	  we	  take	  out	  27	   that	  decimal.	  So	  if	  we	  took	  out	  this	  decimal	  now,	  we’d	  think	  it’s	  just	  28	   thirty-­‐four.	  We	  need	  to	  make	  sure	  that	  it’s	  thirty-­‐four	  thousandths,	  29	   because	  this	  is	  hundredths	  of	  places	  away	  from	  thirty-­‐four	  as	  far	  as	  the	  30	   whole	  number	  goes	  and	  the	  half	  number.	  You	  need	  to	  remember	  how	  31	   much	  they’re	  worth.	  (Interview,	  3/19/2012)	  32	  	  Kristy	  continues	  to	  solve	  this	  problem	  by	  using	  the	  standard	  algorithm	  to	  multiply	  34,000	  times	  23	  (lines	  17	  –	  18).	  When	  she	  finishes	  the	  multiplication	  she	  counts	  the	  number	  of	  decimal	  places	  that	  she	  “took	  away”	  (lines	  27	  –	  28)	  and	  proceeds	  to	  put	  them	  back	  to	  obtain	  a	  solution	  of	  0.782.	  Kristy	  does	  not	  think	  that	  this	  answer	  makes	  sense.	  When	  she	  is	  asked	  why	  it	  doesn’t	  make	  sense	  to	  her	  she	  responds:	  	  Well,	  I'm	  looking	  at	  twenty-­‐three	  percent	  of	  thirty-­‐four	  is	  going	  1	   to	  be	  a	  number	  less	  than	  thirty-­‐four.	  My	  first	  red	  flag	  is	  that	  I've	  gone	  2	   ahead	  and	  did	  my	  rule	  from	  before	  where	  you	  count	  the	  numbers	  that	  3	   you’ve	  turned	  in	  –	  turned	  away	  from	  the	  decimal.	  And	  that’s	  six	  –	  I've	  4	   moved	  up	  six,	  I	  don’t	  even	  have	  six	  digits.	  It	  would	  be	  like	  point-­‐seven-­‐5	   eight.	  That’s	  not	  what	  the	  answer	  is	  because	  the	  number	  is	  too	  big	  for	  6	   it	  to	  be	  just	  seventy-­‐eight,	  point-­‐seven-­‐eight.	  	  	  7	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On	  top	  of	  that,	  if	  I	  just	  count	  these	  three,	  then	  I	  have	  seven	  8	   hundred	  eighty-­‐two,	  which	  is	  a	  number	  bigger	  than	  thirty-­‐four,	  so	  9	   that’s	  not	  possible.	  I'm	  thinking	  the	  answer	  might	  be	  seven-­‐point-­‐10	   eight-­‐two,	  but	  I'm	  not	  exactly	  sure	  how	  I'm	  going	  to	  get	  to	  that	  answer	  11	   from	  here.	  I'm	  thinking	  maybe	  –	  I	  did	  something	  wrong	  –	  <zero,	  zero	  12	   times	  three	  is	  zero,	  zero	  times	  ...	  is	  zero.	  	  Four	  times	  two	  is	  eight,	  three	  13	   times	  two	  is	  six>.	  (Interview,	  3/19/2012)14	  	  Kristy	  continues	  to	  try	  to	  find	  her	  mistake,	  when	  the	  researcher	  asks	  her	  if	  she	  would	  like	  to	  look	  at	  a	  visual	  prompt	  of	  the	  picture	  (See	  Appendix	  C).	  After	  looking	  at	  the	  prompt	  Kristy	  determines	  that	  she	  should	  have	  changed	  the	  23%	  to	  0.23	  instead	  of	  0.023.	  This	  change	  would	  produce	  the	  answer	  of	  7.82,	  which	  is	  what	  she	  thought	  would	  make	  sense.	  Figure	  4-­‐19	  shows	  the	  written	  work	  that	  accompanied	  Kristy’s	  explanation	  of	  the	  percent	  problem.	  	  
	   	  	  	  
	  
	  
	  
	  
	  
	   	  
Figure	  4-­‐19.	  Kristy’s	  written	  work	  from	  interview	  for	  the	  problem	  23%	  of	  34	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Through	  analyzing	  the	  explanation	  that	  Kristy	  provides	  to	  solve	  the	  percent	  problem	  she	  does	  not	  use	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning.	  She	  solves	  the	  problem	  using	  a	  standard	  algorithm	  and	  when	  the	  solution	  does	  not	  seem	  correct	  to	  her,	  she	  is	  unable	  to	  explain	  the	  problem	  in	  a	  different	  way.	  Kristy	  does	  not	  explain	  this	  problem	  using	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning,	  even	  after	  the	  researcher	  presented	  Kristy	  with	  a	  prompt	  that	  used	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  to	  explain	  percent	  she	  continues	  to	  not	  reference	  these	  ideas	  in	  her	  explanation.	  Kristy’s	  understanding	  of	  percent	  is	  limited	  because	  she	  is	  only	  capable	  of	  solving	  this	  problem	  using	  the	  standard	  algorithm.	  	  
Connections	  Through	  analyzing	  the	  data	  from	  Kristy’s	  recorded	  explanations	  and	  semi-­‐structured	  interview	  responses	  it	  is	  clear	  that	  her	  understanding	  of	  multiplicative	  reasoning	  is	  not	  a	  KDU	  that	  allows	  her	  to	  recognize	  the	  same	  mathematical	  concepts	  within	  different	  contexts.	  She	  often	  relied	  on	  a	  standard	  algorithm	  to	  solve	  the	  problems,	  as	  opposed	  to	  using	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning.	  	  During	  the	  semi-­‐structured	  interview	  Kristy	  was	  asked	  if	  there	  were	  connections	  that	  she	  focused	  on	  within	  the	  whole	  number	  place	  value	  and	  decimal	  place	  value	  problems.	  She	  responded:	  Well,	  it's	  using	  the	  same	  exact	  tactics	  except	  for	  that	  last	  decimal	  point.	  1	   It's	  easier	  to	  make	  them	  [students]	  do	  the	  same	  thing,	  because	  they	  2	   already	  know	  how	  to	  do	  it.	  And	  then	  just	  say,	  all	  you	  got	  to	  do	  is	  count	  3	   these	  things	  up	  [decimal	  places],	  add	  them	  over,	  that	  way,	  you	  know,	  4	   it's	  easier	  for	  them	  instead	  of	  keep	  teaching	  them	  a	  whole	  different	  5	   process	  –	  it's	  the	  same	  exact	  theme.	  And	  it's	  scary	  to	  look	  at	  decimal	  6	   points,	  but	  if	  you	  just	  take	  it	  out,	  it's	  not	  as	  scary.	  (Interview,	  7	   3/19/2012)	  8	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In	  this	  explanation	  Kristy	  notes	  that	  the	  whole	  number	  place	  value	  and	  the	  decimal	  place	  value	  problems	  are	  connected	  because	  they	  use	  the	  same	  procedure	  to	  solve	  both	  problems.	  Once	  the	  decimal	  point	  is	  removed	  then	  the	  problem	  is	  solved	  in	  the	  same	  way	  as	  a	  whole	  number	  multi-­‐digit	  multiplication	  problem,	  however,	  it	  is	  important	  that	  one	  remembers	  to	  put	  the	  decimal	  point	  back	  in.	  This	  connection	  does	  not	  focus	  on	  the	  same	  mathematical	  concepts	  that	  underlie	  the	  problems,	  but	  instead	  focuses	  on	  a	  similar	  procedure.	  	  	   Kristy	  continues	  to	  make	  connections	  between	  the	  problems	  when	  she	  is	  asked	  what	  connections	  she	  makes	  between	  the	  fraction	  and	  the	  place	  value	  problems.	  She	  states:	  This	  one	  [fraction	  problem]	  is	  a	  little	  bit	  removed	  because	  you're	  not	  1	   working	  with	  double	  digits.	  But	  you	  are	  working	  with	  like	  basic	  2	   multiplication.	  And	  the	  similarity	  is	  that	  you're	  breaking	  it	  down	  to	  its	  3	   simplest	  form.	  So	  that	  you're	  not	  having	  them	  look	  at	  sixty	  times	  4	   twenty-­‐four	  –	  six-­‐point-­‐o	  times	  two	  point	  four,	  or	  three-­‐fourths	  times	  5	   two-­‐fifths.	  You're	  looking	  at	  them	  five	  times	  three,	  four	  times	  two,	  6	   those	  are	  really	  easy	  concepts	  for	  the	  kids	  that	  are	  going	  on	  to	  math	  7	   multiplication.	  So,	  once	  we	  get	  there,	  then	  we're	  focusing	  here	  [fraction	  8	   problem]	  on	  easy	  division	  –	  simple	  division	  problems.	  Taking	  these	  9	   kind	  of	  complicated	  scary-­‐looking	  problems,	  breaking	  them	  down	  into	  10	   something	  really	  easy.	  (Interview,	  3/19/2012)	  11	  	  In	  this	  explanation	  Kristy	  discusses	  breaking	  each	  problem	  down	  into	  a	  simpler	  problem	  (lines	  3	  –	  4).	  When	  she	  was	  solving	  the	  whole	  number	  place	  value	  problem	  she	  references	  50	  x	  30	  as	  5	  x	  3	  (line	  6).	  In	  the	  decimal	  problem	  she	  references	  6	  x	  2.4	  as	  60	  x	  24	  (lines	  4	  –	  5).	  The	  fraction	  problem	  was	  made	  easier	  because	  once	  you	  know	  the	  procedure	  then	  it	  is	  simple	  multiplication	  and	  division	  (lines	  7	  –	  9).	  Kristy	  also	  used	  the	  same	  algorithm	  that	  she	  used	  with	  the	  decimal	  problem	  in	  the	  percent	  problem	  as	  evidenced	  in	  the	  percent	  section	  of	  the	  case	  of	  Kristy.	  	  
	  	  
100	  
	   The	  overarching	  connections	  that	  Kristy	  makes	  between	  these	  problems	  consist	  of	  making	  the	  problems	  simpler	  so	  that	  the	  same	  procedure	  can	  be	  used	  from	  one	  problem	  to	  the	  next.	  When	  she	  made	  the	  measurement	  problem	  into	  a	  simpler	  problem,	  she	  methodically	  explained	  it	  using	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning,	  but	  she	  was	  unable	  to	  relate	  these	  ideas	  to	  the	  other	  problems.	  Kristy’s	  understanding	  of	  the	  KDU	  of	  multiplicative	  reasoning	  is	  limited	  because	  she	  does	  not	  see	  that	  the	  different	  mathematical	  contexts	  are	  connected	  using	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning.	  	  
Conclusions	  from	  the	  Cases	  of	  Kerry	  and	  Kristy	  
	   The	  first	  research	  question	  of	  this	  study	  asks	  how	  teachers	  explain	  multiplicative	  reasoning	  within	  the	  context	  of	  place	  value	  in	  a	  course	  that	  focuses	  on	  multiplicative	  reasoning	  as	  the	  systematic	  creation	  of	  multiples	  of	  units.	  Through	  analyzing	  the	  partial	  sums	  recorded	  explanations	  Kerry	  and	  Kristy	  referenced	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  when	  explaining	  the	  problems.	  They	  referenced	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  by	  referring	  to	  each	  quantity	  in	  the	  problem	  as	  a	  combination	  of	  units	  of	  ones,	  tens,	  and	  hundreds.	  It	  is	  not	  known	  if	  they	  would	  reference	  the	  second	  and	  third	  key	  ideas	  of	  multiplicative	  reasoning	  from	  analyzing	  this	  data	  because	  they	  both	  explained	  problems	  that	  did	  not	  require	  regrouping.	  	  	   The	  analysis	  of	  the	  partial	  products	  recorded	  explanations	  revealed	  that	  only	  Kristy	  referenced	  the	  second	  and	  third	  key	  ideas	  of	  multiplicative	  reasoning.	  When	  Kristy	  explained	  the	  regrouping	  of	  units	  she	  explained	  how	  many	  of	  one	  unit	  were	  equivalent	  to	  the	  next	  higher	  unit	  and	  then	  used	  this	  relationship	  to	  group	  lower	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value	  units	  into	  higher	  value	  units.	  Kristy	  did	  not	  use	  the	  second	  and	  third	  key	  ideas	  of	  multiplicative	  reasoning	  to	  explain	  her	  problem	  and	  instead	  stated	  that	  quantities	  were	  equivalent	  without	  explaining	  the	  underlying	  relationships.	  During	  the	  course	  Kristy	  was	  an	  active	  participant	  and	  Kerry	  was	  not	  as	  active,	  suggesting	  that	  participation	  may	  influence	  how	  teachers	  references	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning.	  	  	   The	  second	  research	  question	  of	  this	  study	  is	  how	  do	  teachers	  explain	  multiplicative	  reasoning	  within	  the	  context	  of	  fractions	  in	  a	  course	  that	  focuses	  on	  multiplicative	  reasoning	  as	  the	  systematic	  creation	  of	  multiples	  of	  units.	  Kerry	  and	  Kristy	  both	  referenced	  all	  three	  of	  the	  key	  ideas	  of	  multiplicative	  reasoning	  within	  the	  recorded	  explanations	  that	  they	  created.	  One	  reason	  as	  to	  why	  both	  of	  the	  teachers	  referenced	  all	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  the	  context	  of	  fractions	  may	  be	  because	  this	  was	  the	  second	  module	  in	  which	  they	  had	  encountered	  the	  concepts.	  Repeated	  exposure	  to	  concepts	  within	  multiple	  contexts	  supports	  one	  to	  build	  an	  understanding	  of	  a	  KDU	  (Silverman	  &	  Thompson,	  2008;	  Simon,	  2006).	  However,	  repeated	  exposure	  is	  not	  significant	  for	  the	  development	  of	  a	  KDU.	  Following	  the	  analysis	  of	  all	  of	  the	  data	  the	  researcher	  explores	  other	  characteristics	  that	  enable	  teachers	  to	  develop,	  and	  teach	  for,	  a	  KDU	  of	  Multiplicative	  Reasoning.	  	  	   The	  third	  research	  question	  of	  this	  study	  asks:	  How	  do	  teacher’s	  explanations	  of	  multiplicative	  reasoning	  serve	  as	  a	  KDU	  that	  allows	  them	  to	  apply	  their	  understanding	  of	  multiplicative	  reasoning	  to	  different	  mathematical	  contexts?	  The	  data	  used	  to	  answer	  this	  question	  includes	  the	  teachers’	  responses	  to	  the	  semi-­‐
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structured	  interview	  questions.	  Kerry	  and	  Kristy	  used	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  the	  context	  of	  measurement,	  however	  they	  did	  not	  use	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  the	  contexts	  of	  place	  value	  (whole	  number	  and	  decimal),	  fractions,	  or	  percent.	  While	  they	  understood	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  one	  context,	  they	  did	  not	  apply	  their	  understanding	  to	  the	  other	  contexts,	  indicating	  that	  they	  do	  not	  understand	  multiplicative	  reasoning	  as	  a	  KDU.	  	  	  	   The	  teachers	  in	  this	  chapter	  did	  not	  use	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  the	  contexts	  of	  place	  value	  (whole	  number	  and	  decimal),	  fractions,	  and	  percent	  as	  was	  emphasized	  in	  the	  course.	  This	  suggests	  that	  the	  understandings	  that	  the	  teachers	  developed	  during	  the	  course	  were	  fragile	  and	  short-­‐lived.	  These	  teachers	  may	  have	  continued	  to	  develop	  their	  understandings	  if	  they	  were	  currently	  teaching	  mathematics	  and	  in	  an	  environment	  that	  supported	  them	  to	  explore	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  further.	  	  	   The	  analysis	  of	  the	  cases	  in	  this	  chapter	  revealed	  that	  the	  teachers	  were	  capable	  of	  referencing	  all	  or	  some	  of	  the	  key	  ideas	  of	  multiplicative	  reasoning	  within	  the	  course,	  however	  when	  spontaneously	  explaining	  the	  problems	  following	  the	  course,	  they	  rarely	  referenced	  the	  key	  ideas	  of	  multiplicative	  reasoning.	  These	  teachers	  are	  considered	  to	  have	  a	  limited	  understanding	  of	  multiplicative	  reasoning	  because	  they	  were	  unable	  to	  make	  sense	  of	  the	  mathematical	  contexts	  of	  place	  value,	  fractions,	  and	  percent	  beyond	  explaining	  the	  steps	  that	  they	  followed	  to	  solve	  the	  problems.	  The	  following	  chapter	  will	  present	  the	  cases	  of	  teachers	  who	  are	  developing	  an	  understanding	  of	  the	  KDU	  of	  multiplicative	  reasoning.	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CHAPTER	  5:	  DEVELOPING	  UNDERSTANDING	  	  	  There	  are	  two	  teachers	  in	  this	  study	  who	  the	  researcher	  presents	  as	  developing	  their	  understanding	  of	  the	  KDU	  of	  multiplicative	  reasoning.	  This	  chapter	  will	  illustrate	  the	  ways	  that	  the	  teachers	  reference	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  and	  the	  connections	  that	  they	  make	  between	  the	  mathematical	  contexts.	  	  
The	  Case	  of	  Sharon	  Sharon	  is	  currently	  a	  Middle	  School	  science	  teacher.	  She	  was	  an	  active	  participant	  in	  the	  course	  and	  completed	  a	  semi-­‐structured	  interview	  the	  year	  following	  the	  course.	  The	  following	  sections	  use	  the	  data	  from	  the	  course	  and	  the	  semi-­‐structured	  interview	  to	  illustrate	  how	  she	  is	  developing	  her	  understanding	  of	  the	  KDU	  of	  multiplicative	  reasoning.	  	  
Place	  Value	  Prior	  to	  the	  place	  value	  module	  of	  the	  course	  Sharon	  completed	  a	  recorded	  explanation	  of	  a	  multi-­‐digit	  multiplication	  problem.	  This	  recorded	  explanation	  illustrates	  how	  Sharon	  explained	  a	  place	  value	  problem	  prior	  to	  engaging	  in	  the	  course.	  In	  the	  place	  value	  module	  Sharon	  completed	  initial	  and	  revised	  recorded	  explanations	  of	  partial	  sums	  and	  partial	  products,	  she	  commented	  about	  the	  changes	  that	  she	  focused	  on	  within	  her	  revised	  recorded	  explanations,	  she	  was	  critiqued	  by	  four	  of	  her	  classmates,	  she	  critiqued	  four	  of	  her	  classmates,	  and	  she	  posted	  one	  response	  in	  the	  discussion	  board.	  Sharon	  also	  responded	  to	  the	  whole	  number	  and	  decimal	  place	  value	  problems	  in	  the	  semi-­‐structured	  interview.	  These	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data	  sources	  will	  be	  used	  to	  analyze	  Sharon’s	  understanding	  of	  the	  KDU	  of	  multiplicative	  reasoning	  within	  the	  context	  of	  place	  value.	  	  
	   Coursework.	  During	  the	  course	  introduction	  Sharon	  completed	  a	  recorded	  explanation	  of	  the	  problem	  78	  x	  34.	  The	  following	  excerpt	  is	  from	  this	  recorded	  explanation:	   The	  first	  thing	  we	  are	  going	  to	  do	  is	  eight	  times	  four	  and	  eight	  times	  1	   four	  is	  thirty	  two.	  So	  we	  can	  put	  our	  two	  here	  and	  then	  we	  have	  to	  2	   carry	  the	  three	  over	  here,	  because	  we	  can’t	  put	  it	  here	  because	  that	  3	   space	  needs	  to	  be	  left	  for	  eight	  times	  three.	  So	  we	  are	  going	  to	  do	  eight	  4	   times	  three	  and	  that	  is	  twenty	  four.	  Twenty	  four	  plus	  three	  is	  twenty	  5	   seven.	  So	  that	  twenty	  seven	  goes	  right	  here.	  So	  that	  is	  the	  first	  part	  of	  6	   our	  problem,	  multiplying	  thirty	  four	  times	  eight	  and	  that	  gave	  us	  two	  7	   hundred	  and	  seventy	  two.	  (Coursework,	  3/17/11)	  8	  	  Figure	  5-­‐1	  shows	  the	  symbolic	  representation	  that	  accompanied	  this	  explanation.	  	  	  	   	  	  	  	  	  	  
	  
Figure	  5	  -­‐1.	  Sharon’s	  course	  introduction	  place	  value	  symbolic	  representation	  	  In	  this	  explanation	  Sharon	  states	  the	  steps	  that	  she	  follows	  to	  multiply	  using	  the	  standard	  algorithm	  and	  refers	  to	  the	  digits	  without	  referencing	  their	  place	  value	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(lines	  1	  –	  8).	  She	  does	  not	  use	  any	  of	  the	  key	  ideas	  of	  multiplicative	  reasoning	  prior	  to	  engaging	  in	  the	  course.	  	  	   In	  Sharon’s	  initial	  partial	  sums	  recorded	  explanation	  she	  explains	  the	  problem	  415	  +	  277.	  The	  following	  excerpt	  is	  from	  this	  recorded	  explanation:	  The	  first	  thing	  you	  have	  to	  do	  in	  partial	  sums	  addition	  is	  you	  have	  to	  1	   separate	  the	  numbers	  into	  their	  place	  values.	  And	  since	  we	  have	  three	  2	   numbers	  here,	  we	  are	  going	  to	  be	  separating	  it	  into	  their	  ones,	  tens,	  3	   and	  hundreds	  place	  values.	  So	  our	  first	  number	  is	  four	  hundred	  and	  4	   fifteen	  [text	  415	  =	  400	  	  10	  	  5	  appears].	  And	  the	  place	  values	  for	  that	  are	  5	   4	  hundreds	  [4	  hundreds	  blocks	  appear],	  which	  we	  have	  our	  4	  6	   hundreds	  right	  here,	  ten	  [1	  ten	  stick	  appears],	  and	  here’s	  1	  ten,	  and	  5	  7	   [5	  ones	  blocks	  appear],	  and	  here’s	  5	  ones.	  (Coursework,	  3/21/11)	  8	  	  Figure	  5-­‐2	  shows	  the	  symbolic	  and	  pictorial	  representation	  that	  accompanied	  this	  explanation.	  	  	  	   	  
	  	  	  	  	  	  	  
Figure	  5-­‐2.	  Sharon’s	  place	  value	  symbolic	  &	  pictorial	  representation	  (Part	  1)	  	   In	  this	  explanation	  Sharon	  uses	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  to	  reference	  each	  quantity	  as	  a	  combination	  of	  units	  in	  lines	  5	  –	  8	  when	  she	  states	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that	  the	  number	  415	  is	  made	  up	  of	  4	  hundreds,	  1	  ten,	  and	  5	  ones.	  	  Sharon’s	  other	  recorded	  explanations	  use	  similar	  language	  to	  reference	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  when	  she	  represents	  each	  quantity	  as	  a	  combination	  of	  units.	  	   In	  Sharon’s	  partial	  products	  recorded	  explanation	  she	  explains	  the	  problem	  38	  x	  45.	  The	  following	  excerpt	  is	  from	  her	  revised	  partial	  products	  explanation:	  So	  you	  are	  probably	  asking	  how	  did	  we	  get	  1	  hundred	  and	  5	  tens	  from	  1	   15	  tens?	  So	  let’s	  look	  at	  what	  a	  hundred	  is	  so	  I	  can	  explain	  this	  to	  you.	  2	   So	  here	  is	  a	  hundred	  base	  block	  and	  there	  is	  1	  set	  of	  ten,	  [numbers	  3	   appear	  on	  first	  ten	  stick]	  which	  I	  counted	  one	  through	  ten	  for	  you.	  And	  4	   there’s	  a	  second,	  a	  third,	  a	  fourth,	  a	  fifth,	  a	  sixth,	  a	  seventh,	  an	  eighth,	  a	  5	   ninth,	  and	  a	  tenth	  [counts	  subsequent	  ten	  sticks	  in	  the	  hundred	  block].	  6	   So	  there	  are	  10	  sets	  of	  ten	  in	  the	  hundred.	  So	  we	  know	  that	  10	  tens	  7	   equals	  to	  1	  hundred	  [green	  text	  appears]	  and	  we	  have	  15	  tens,	  so	  let’s	  8	   break	  it	  down	  into	  10	  tens	  and	  we	  have	  our	  5	  left	  over	  [second	  line	  of	  9	   green	  text	  appears].	  So	  we	  know	  that	  that	  10	  tens	  can	  be	  replaced	  with	  10	   1	  hundred	  [3rd	  line	  of	  green	  text	  appears],	  because	  up	  here	  they	  are	  11	   equal	  [circles	  line	  above],	  so	  15	  tens	  equal	  1	  hundred	  and	  5	  tens.	  12	   (Coursework,	  4/2/11)13	  	  Figure	  5-­‐3	  shows	  the	  pictorial	  representation	  that	  accompanied	  this	  explanation.	  	  	   	  
	  
	   	  
	  	   	  	  
Figure	  5-­‐3.	  Sharon’s	  place	  value	  pictorial	  representation	  (Part	  2)	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In	  this	  explanation	  Sharon	  references	  the	  second	  key	  idea	  of	  multiplicative	  reasoning	  when	  she	  counts	  the	  ten	  sticks	  that	  are	  in	  the	  hundred	  square	  and	  concludes	  that	  there	  are	  10	  sets	  of	  ten	  in	  the	  hundred	  (lines	  3	  –	  7).	  This	  explanation	  explicitly	  references	  the	  10:1	  relationship	  between	  the	  units	  of	  tens	  and	  hundreds.	  Sharon	  then	  proceeds	  to	  use	  the	  third	  key	  idea	  of	  multiplicative	  reasoning	  to	  group	  and	  regroup	  the	  units	  when	  she	  says	  that	  15	  tens	  can	  be	  broken	  down	  into	  10	  tens	  and	  5	  left	  over.	  She	  then	  replaces	  the	  10	  tens	  with	  1	  hundred	  and	  concludes	  that	  15	  tens	  are	  equal	  to	  1	  hundred	  and	  5	  tens	  (lines	  7	  –	  12).	  In	  these	  lines	  she	  has	  used	  the	  relationship	  that	  she	  described	  using	  the	  second	  key	  idea	  of	  multiplicative	  reasoning	  to	  apply	  the	  third	  key	  idea	  of	  multiplicative	  reasoning	  when	  grouping	  the	  units.	  This	  explanation	  came	  from	  Sharon’s	  revised	  partial	  products	  recorded	  explanation	  and	  demonstrated	  that	  she	  was	  also	  capable	  of	  referencing	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  using	  similar	  language	  in	  her	  other	  recorded	  explanations.	  	  As	  Sharon’s	  revised	  partial	  products	  explanation	  continues	  she	  explains	  the	  problem	  38	  x	  45	  in	  the	  following	  way:Now	  we	  are	  going	  to	  look	  at	  that	  4	  in	  the	  tens	  place	  value	  and	  this	  8	  in	  1	   the	  ones	  place	  value.	  So	  what	  number	  is	  forty	  times	  as	  large	  as	  8	  ones?	  2	   [Green	  text	  appears	  in	  upper	  left	  corner]	  That	  is	  going	  to	  be	  a	  high	  3	   number.	  It	  might	  be	  hard	  to	  show	  with	  our	  base	  blocks	  using	  forty	  sets	  4	   of	  8	  ones.	  So	  let’s	  simplify	  [“LET’S	  SIMPLIFY”	  text	  appears].	  What	  5	   number	  is	  four	  times	  as	  large	  as	  8	  ones?	  [Question	  appears	  as	  green	  6	   text]	  We	  are	  just	  going	  to	  drop	  that	  zero	  and	  we	  will	  come	  back	  to	  it	  7	   after	  we	  figure	  out	  what	  number	  is	  four	  times	  as	  large	  as	  8	  ones.	  So	  8	   let’s	  get	  four	  sets	  of	  8	  ones.	  1,	  2,	  3,	  4	  [points	  and	  counts	  as	  sets	  of	  ones	  9	   appear].	  If	  you	  count	  up	  all	  those	  ones	  you	  get	  32	  ones	  or	  3	  tens	  and	  2	  10	   ones	  [green	  answer	  appears].	  But	  don’t	  forget	  [black	  box	  appears]	  we	  11	   have	  to	  add	  the	  zero	  that	  we	  took	  out	  when	  we	  simplified	  in	  the	  12	   beginning,	  so	  our	  answer	  goes	  from	  thirty	  two	  to	  three	  hundred	  and	  13	   twenty.	  And	  based	  on	  what	  we	  learned	  previously	  three	  hundred	  and	  14	   twenty	  is	  3	  hundreds	  and	  2	  tens	  [hundreds	  and	  tens	  base	  blocks	  visual	  15	   appears].	  (Coursework,	  4/11/11)	  	  16	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  Figure	  5-­‐4	  shows	  the	  symbolic	  and	  pictorial	  representation	  that	  accompanied	  this	  explanation.	  	   	  	   	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
Figure	  5-­‐4.	  Sharon’s	  symbolic	  &	  pictorial	  representation	  for	  large	  products	  	  In	  this	  explanation	  Sharon	  does	  not	  reference	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  as	  she	  did	  earlier	  in	  the	  problem.	  In	  this	  part	  of	  the	  problem	  the	  products	  are	  larger	  than	  before	  so	  she	  “simplifies”	  the	  problem	  by	  introducing	  a	  rule	  in	  which	  she	  can	  remove	  zeros	  and	  replace	  them	  later	  (lines	  7	  –	  14).	  This	  rule	  is	  not	  accompanied	  by	  an	  explanation	  of	  why	  the	  problem	  can	  be	  solved	  in	  this	  way.	  This	  part	  of	  her	  explanation	  does	  not	  use	  the	  three	  key	  ideas	  of	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multiplicative	  reasoning.	  Sharon’s	  “simplification”	  of	  the	  problem	  is	  a	  set	  of	  procedures	  to	  follow	  that	  are	  not	  supported	  by	  mathematical	  meaning.	  A	  preferred	  explanation	  using	  multiplicative	  reasoning	  would	  be	  to	  explain	  that	  there	  are	  eight	  sets	  of	  4	  tens,	  which	  would	  be	  32	  tens;	  because	  10	  tens	  are	  1	  hundred,	  32	  tens	  are	  3	  hundreds	  and	  2	  tens.	  While	  Sharon	  tried	  to	  “simplify”	  the	  problem,	  her	  explanation	  does	  not	  use	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  to	  explain	  the	  underlying	  mathematics	  of	  the	  problem.	  In	  addition	  to	  creating	  recorded	  explanations	  Sharon	  also	  critiqued	  some	  of	  the	  recorded	  explanations	  of	  her	  classmates.	  In	  one	  of	  one	  of	  her	  critiques	  she	  states:	   You	  did	  a	  good	  job	  of	  explaining	  how	  to	  do	  this	  problem	  the	  traditional	  1	   way	  that	  we	  all	  have	  been	  doing	  it	  since	  we	  learned	  when	  we	  were	  2	   younger,	  but	  as	  far	  as	  using	  partial	  products	  to	  find	  the	  answer,	  I	  think	  3	   you	  should	  have	  broken	  the	  problem	  down	  more	  based	  on	  the	  place	  4	   values	  and	  used	  visuals	  to	  show	  the	  products	  from	  multiplying	  the	  5	   place	  values.	  	  You	  seemed	  to	  jumble	  it	  all	  into	  one	  big	  problem	  instead	  6	   of	  breaking	  it	  down	  into	  many	  little	  problems	  and	  I	  think	  that	  breaking	  7	   the	  problem	  down	  is	  the	  object	  of	  the	  lesson	  so	  as	  to	  help	  us	  learn	  how	  8	   to	  explain	  math	  in	  more	  detail	  so	  we	  can	  be	  successful	  teachers!	  9	   (Coursework,	  3/29/2011)	  10	   	  In	  this	  critique	  Sharon	  emphasizes	  using	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  to	  break	  the	  problem	  down	  into	  little	  problems	  using	  place	  value	  (lines	  3	  –	  6).	  She	  states	  that	  this	  is	  “the	  object	  of	  the	  lesson	  so	  as	  to	  help	  us	  learn	  how	  to	  explain	  math	  in	  more	  detail	  so	  we	  can	  be	  successful	  teachers”	  (lines	  8	  –	  9).	  In	  this	  critique	  Sharon	  references	  that	  teaching	  the	  problem	  using	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  is	  different	  from	  using	  the	  traditional	  way	  or	  standard	  algorithm	  (lines	  1	  –	  6).	  This	  critique	  illustrates	  that	  Sharon	  recognizes	  when	  a	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problem	  does	  not	  use	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  as	  a	  way	  of	  explaining	  the	  underlying	  mathematics	  of	  the	  problem.	  	  	  Through	  analyzing	  Sharon’s	  data	  from	  the	  course	  it	  is	  clear	  that	  she	  did	  not	  reference	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  her	  recorded	  explanation	  prior	  to	  the	  start	  of	  the	  course.	  During	  her	  course	  participation	  she	  referenced	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  when	  she	  was	  multiplying	  small	  products,	  however,	  when	  the	  products	  became	  large	  she	  did	  not	  continue	  to	  use	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning.	  The	  following	  section	  illustrates	  Sharon’s	  use	  of	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  her	  semi-­‐structured	  interview	  responses.	  	  
Semi-­‐structured	  interview.	  During	  the	  interview	  Shannon	  explains	  the	  problem	  52	  x	  37.	  The	  following	  excerpt	  illustrates	  her	  solution	  to	  the	  problem:	  Fifty-­‐two	  times	  thirty-­‐seven	  –	  well,	  I	  would	  probably	  tell	  them	  1	   to	  break	  it	  down	  into	  the	  two	  rows,	  and	  then	  add	  the	  two	  numbers	  2	   together.	  I	  think	  that	  would	  work	  out	  to	  the	  right	  answer.	  Because	  I	  3	   would	  feel	  like	  it	  would	  be	  much	  easier	  and	  then	  make	  sure	  that,	  first	  4	   of	  all,	  say	  okay;	  let’s	  start	  with	  the	  easiest	  one,	  the	  ones.	  So	  what’s	  two	  5	   times	  seven?	  And	  they	  would	  say,	  ah,	  maybe	  count	  on	  their	  fingers	  a	  6	   little	  bit.	  That’s	  fourteen,	  Miss	  S.	  So	  fourteen.	  So	  that’s	  for	  the	  ones.	  And	  7	   then	  I	  would	  be	  like,	  what	  –	  we	  have	  five	  times	  three,	  but	  is	  it	  in	  our	  8	   ones	  column?	  No.	  What	  column	  is	  it	  in?	  The	  tens	  column.	  Okay,	  when	  9	   you	  have	  any	  number	  that’s	  in	  the	  tens,	  is	  it	  two	  digits	  or	  one?	  Two.	  So	  10	   what	  do	  you	  think	  we’d	  have	  to	  add	  to	  the	  end?	  It’s	  one	  plus	  –	  and	  11	   what?	  Ten	  is	  made	  up	  of	  one	  and	  what?	  One	  and	  zero.	  So	  what	  do	  you	  12	   think	  we	  add	  to	  the	  end	  when	  we	  multiply	  these?	  A	  zero.	  	  	  13	   I	  actually	  did	  something	  like	  this	  in	  some	  of	  my	  guided	  14	   instruction,	  especially	  with	  the	  metric	  conversions	  like	  something	  15	   times	  ten,	  how	  many	  zeros	  do	  you	  add?	  One.	  	  Something	  times	  one-­‐16	   hundred,	  how	  many	  zeros	  do	  you	  add?	  Two.	  Very	  easy.	  So	  what’s	  five	  17	   times	  three?	  Fifteen.	  But	  we	  know	  that	  can’t	  be	  fifteen	  because	  it’s	  in	  18	   the	  tens	  column.	  So	  what	  do	  we	  have	  to	  add	  to	  it?	  A	  zero.	  Add	  then	  add	  19	   these	  together	  –	  but	  that	  wouldn’t	  come	  out	  to	  be	  –	  oh,	  we	  have	  to	  add	  20	   another	  zero,	  don’t	  we?	  Because	  there’s	  two.	  So	  this	  would	  actually	  be	  21	   fifteen-­‐hundred.	  So	  then	  this	  would	  become,	  see,	  I	  don’t	  even	  22	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remember	  how	  to	  do	  it.	  It’s	  very	  hard	  to	  teach	  math	  to	  young	  people.	  23	   So	  I	  believe	  that	  would	  actually	  be	  the	  right	  answer,	  I	  think.	  (Interview,	  24	   3/21/12) 25	  	  Figure	  5-­‐5	  shows	  the	  written	  work	  that	  accompanied	  this	  explanation.	  In	  this	  explanation	  Sharon	  references	  the	  columns	  in	  terms	  of	  place	  value	  in	  lines	  5	  and	  9.	  She	  initially	  multiplies	  52	  x	  7	  and	  gets	  364	  (lines	  5	  –	  13).	  She	  then	  proceeds	  to	  multiply	  52	  x	  30,	  but	  forgets	  to	  multiply	  the	  30	  by	  2	  (lines	  16	  –	  19).	  When	  she	  multiplies	  50	  x	  30	  she	  initially	  gets	  150,	  but	  realizes	  that	  she	  did	  not	  follow	  the	  ‘zero’	  rule	  that	  she	  introduced	  in	  her	  recorded	  explanation	  correctly	  and	  changes	  her	  answer	  to	  1500	  (lines	  20	  –	  21).	  She	  then	  finishes	  solving	  the	  problem	  on	  paper	  by	  adding	  1500	  and	  14	  (See	  Figure	  5-­‐5).	  She	  adds	  the	  14	  from	  7	  times	  2	  instead	  of	  adding	  the	  364.	  She	  does	  not	  reference	  these	  steps	  as	  she	  is	  writing.	  This	  explanation	  uses	  the	  standard	  algorithm	  incorrectly	  to	  solve	  the	  problem	  and	  does	  not	  use	  any	  of	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning,	  however	  this	  explanation	  references	  the	  columns	  in	  terms	  of	  place	  value,	  which	  was	  not	  evident	  in	  Sharon’s	  course	  introduction	  place	  value	  explanation,	  indicating	  that	  Sharon	  is	  developing	  her	  understanding	  of	  place	  value.	  	  	   After	  Sharon	  finishes	  the	  problem	  she	  asks	  the	  researcher	  to	  remind	  her	  of	  how	  these	  problems	  were	  solved	  in	  the	  course.	  Sharon	  is	  then	  presented	  with	  a	  prompt	  from	  the	  course	  (See	  Appendix	  C)	  and	  begins	  to	  solve	  the	  problem	  again.	  She	  responds:	  What’s	  seven	  times	  as	  big	  as	  two?	  Fourteen.	  Seven	  times	  as	  big	  as	  fifty	  1	   –seven	  times	  five	  is	  thirty-­‐five,	  three-­‐fifty.	  So	  what’s	  thirty	  times	  as	  big	  2	   as	  big	  as	  two?	  Or	  two	  times	  as	  big	  as	  thirty	  –	  so	  that	  would	  be	  sixty.	  3	   And	  then	  would	  it	  be	  fifty	  times	  as	  big	  as	  thirty?	  So,	  five	  times	  three	  –	  4	   fifteen	  –	  and	  then	  you	  put	  your	  two	  zeros	  in,	  because	  there’s	  two	  zeros	  5	   there.	  	  Then	  you	  add	  them	  all	  up.	  Yeah,	  it’s	  coming	  back	  to	  me	  now.	  A	  6	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hundred	  and	  twelve,	  five,	  six,	  seven,	  eight	  –	  so	  that’s	  the	  right	  answer.	  7	   So	  this	  is	  wrong.	  (Interview,	  3/21/12)	  8	  	  Figure	  5-­‐5	  shows	  the	  written	  work	  that	  accompanied	  this	  explanation.	  
	   	  	   	  
	  
	   	  	  	  	  	  	  	   	  	  
Figure	  5-­‐5.	  Sharon’s	  written	  work	  from	  interview	  for	  the	  problem	  52	  x	  37	  	  In	  this	  explanation	  Sharon	  breaks	  the	  multiplication	  problem	  into	  four	  separate	  problems	  (lines	  1	  –	  4)	  by	  referencing	  elements	  of	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  to	  represent	  each	  quantity	  as	  a	  combination	  of	  units.	  She	  references	  the	  units	  50	  and	  2	  in	  the	  number	  52	  and	  she	  references	  the	  units	  30	  and	  7	  in	  the	  number	  37	  (lines	  1	  –	  4).	  This	  explanation	  uses	  elements	  of	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  because	  Sharon	  is	  able	  to	  reference	  the	  quantities	  in	  terms	  of	  different	  units,	  however	  she	  does	  not	  explicitly	  reference	  the	  units	  as	  tens	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and	  ones.	  She	  proceeds	  to	  use	  the	  rule	  for	  removing	  and	  replacing	  zeros	  when	  she	  does	  50	  x	  30	  (lines	  4	  –	  6)	  and	  she	  does	  not	  get	  the	  correct	  digit	  when	  adding	  the	  hundreds	  column.	  However,	  she	  has	  now	  solved	  the	  problem	  in	  a	  way	  that	  is	  beginning	  to	  make	  sense	  to	  her,	  through	  her	  comment	  that	  this	  way	  of	  solving	  the	  problem	  is	  now	  “coming	  back”	  (line	  6)	  to	  her.	  In	  this	  explanation	  she	  has	  not	  referenced	  the	  second	  or	  third	  key	  ideas	  of	  multiplicative	  reasoning	  as	  she	  did	  in	  her	  recorded	  explanations,	  but	  she	  was	  not	  making	  any	  sense	  of	  the	  problem	  initially	  and	  then	  began	  to	  make	  sense	  of	  it	  through	  referencing	  elements	  of	  the	  first	  key	  idea	  of	  multiplicative	  reasoning,	  which	  she	  learned	  in	  the	  course,	  because	  it	  was	  not	  evident	  in	  her	  course	  introduction	  recorded	  explanation.	  	  	   Later	  in	  the	  interview	  Sharon	  solves	  the	  decimal	  place	  value	  problem	  6	  x	  2.4.	  When	  solving	  this	  problem	  she	  states:	  I	  feel	  like	  this	  one	  –	  it	  would	  probably	  be	  easier	  if	  you	  broke	  it	  down	  1	   again,	  break	  it	  into	  two-­‐point-­‐zero	  and	  then	  point-­‐four.	  So,	  this	  one,	  2	   since	  your	  number	  that	  you’re	  multiplying	  is	  on	  that	  side	  of	  the	  3	   decimal,	  everything	  should	  stay	  on	  that	  side,	  so	  it	  would	  become	  4	   twelve.	  This	  one,	  I	  believe,	  since	  everything	  is	  on	  this	  side	  of	  the	  5	   decimal,	  everything	  would	  still	  stay	  on	  that	  side	  of	  the	  decimal.	  No.	  6	   This	  one	  would	  probably	  be	  best	  to	  turn	  it	  into	  a	  fraction.	  (Interview,	  7	   3/21/12)	  8	  	  Shannon	  continues	  to	  solve	  this	  problem	  on	  paper	  by	  multiplying	  4/10	  times	  6/1.	  She	  gets	  24/10	  and	  then	  converts	  this	  to	  2	  and	  4/10.	  She	  finishes	  the	  problem	  by	  adding	  12	  and	  2	  and	  4/10	  and	  gets	  the	  answer	  of	  14	  and	  2/5.	  Figure	  5-­‐6	  shows	  the	  written	  work	  that	  accompanied	  this	  solution.	  When	  Sharon	  is	  unsure	  of	  how	  to	  multiply	  decimals	  she	  makes	  sense	  of	  the	  problem	  through	  converting	  the	  decimal	  to	  a	  fraction.	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Figure	  5-­‐6.	  Sharon’s	  written	  work	  from	  interview	  for	  the	  problem	  6	  x	  2.4	  	  In	  this	  explanation	  Sharon	  references	  elements	  of	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  when	  she	  references	  the	  quantity	  2.4	  as	  the	  units	  2	  and	  4/10	  (lines	  1	  –	  2),	  as	  she	  did	  in	  her	  spontaneous	  whole	  number	  place	  value	  explanation.	  This	  explanation	  does	  not	  explicitly	  reference	  the	  ones	  units,	  but	  illustrates	  how	  Sharon	  references	  quantities	  as	  a	  combination	  of	  units.	  Sharon	  does	  not	  reference	  the	  second	  and	  third	  key	  ideas	  of	  multiplicative	  reasoning	  when	  solving	  this	  place	  value	  problem.	  In	  this	  explanation	  Sharon	  uses	  elements	  of	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  to	  solve	  the	  problem	  in	  a	  similar	  way	  to	  the	  whole	  number	  place	  value	  problem.	  When	  asked	  what	  connections	  she	  sees	  between	  the	  whole	  number	  place	  value	  and	  decimal	  place	  value	  problems	  Sharon	  states:	  You’re	  breaking	  it	  down	  into	  place	  value,	  just	  because	  it’s	  a	  decimal	  –	  1	   every	  number	  has	  a	  place	  value	  based	  on	  where	  it	  sits	  and	  you	  can	  use	  2	   manipulatives	  to	  represent	  that.	  Or	  you	  can	  just	  do	  the	  math	  on	  paper.	  3	   But	  it’s,	  you	  know,	  it’s	  sort	  of	  like	  a	  more	  –	  I	  feel	  like	  it’s	  more,	  instead	  4	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of	  just	  like	  floating	  math	  out	  there,	  like	  this	  is	  the	  way	  you	  do	  it,	  it’s	  5	   more	  comprehendible	  because	  it’s	  like	  that	  times	  that	  is	  that.	  And	  then	  6	   this	  times	  that,	  you	  know,	  you	  break	  it	  down	  into	  a	  fraction,	  work	  it	  7	   out,	  and	  then	  you	  add	  them	  together;	  you	  get	  your	  final	  answer.	  8	   Because	  when	  they	  plug	  it	  into	  a	  calculator,	  like	  six	  times	  –	  they	  don’t	  9	   really	  know	  how	  to	  do	  it.	  You’re	  just	  using	  a	  calculator	  to	  plug	  the	  10	   numbers	  in,	  which	  is	  a	  problem	  with	  calculators.	  And	  then	  this	  way	  11	   also	  helps	  conceptualize.	  And	  you	  can	  use	  manipulatives	  for	  this	  one	  as	  12	   well.	  So	  it’s	  really	  just	  the	  place	  value	  and	  breaking	  them	  down	  and	  13	   using	  the	  place	  value	  to	  give	  you	  your	  numbers.	  (Interview,	  3/21/12)	  14	  	  In	  this	  explanation	  Sharon	  recognizes	  that	  the	  problems	  are	  connected	  through	  place	  value	  (lines	  1	  -­‐3).	  She	  also	  recognizes	  that	  explaining	  the	  problems	  in	  terms	  of	  which	  quantities	  are	  being	  multiplied	  together	  creates	  meaning	  for	  the	  problems	  beyond	  using	  a	  calculator	  (lines	  9	  –	  12).	  Sharon	  has	  consistently	  used	  elements	  of	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  to	  reference	  each	  quantity	  in	  the	  problems	  as	  a	  combination	  of	  units,	  which	  allows	  her	  to	  make	  sense	  of	  the	  problems.	  However,	  she	  does	  not	  explain	  these	  problems	  in	  terms	  of	  all	  of	  the	  key	  ideas	  of	  multiplicative	  reasoning	  as	  she	  did	  in	  her	  recorded	  explanations.	  	  Through	  analyzing	  the	  explanations	  that	  Sharon	  provides	  to	  solve	  place	  value	  problems	  it	  is	  clear	  that	  she	  did	  not	  use	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  prior	  to	  participating	  in	  the	  course.	  When	  she	  was	  asked	  to	  explain	  problems	  using	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  the	  course	  she	  was	  capable	  of	  doing	  so,	  however,	  her	  spontaneous	  explanations	  during	  the	  semi-­‐structured	  interview	  only	  use	  elements	  of	  the	  first	  key	  idea	  of	  multiplicative	  reasoning.	  This	  is	  evidence	  that	  Sharon	  does	  not	  understand	  the	  KDU	  of	  multiplicative	  reasoning	  because	  she	  does	  not	  use	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  to	  explain	  the	  problems	  and	  make	  connections	  between	  the	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contexts,	  however	  she	  is	  developing	  her	  understanding	  of	  multiplicative	  reasoning	  as	  a	  KDU	  as	  evidenced	  by	  her	  ability	  to	  apply	  elements	  of	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  to	  the	  context	  of	  place	  value	  in	  both	  the	  whole	  number	  and	  decimal	  problems	  the	  year	  following	  the	  course.	  
Fractions	  
	   In	  the	  fractions	  module	  Sharon	  completed	  initial	  fraction	  addition	  and	  fraction	  multiplication	  recorded	  explanations.	  These	  recorded	  explanations	  were	  critiqued	  by	  two	  of	  her	  classmates;	  however,	  she	  did	  not	  revise	  her	  explanations	  and	  thus	  these	  critiques	  may	  have	  gone	  unnoticed.	  Sharon	  critiqued	  three	  of	  her	  classmate’s	  recorded	  explanations	  and	  she	  posted	  one	  response	  in	  the	  discussion	  board.	  Sharon	  also	  completed	  a	  fraction	  addition	  recorded	  explanation	  prior	  to	  the	  start	  of	  the	  modules.	  These	  data	  sources	  and	  the	  data	  from	  the	  semi-­‐structured	  interview	  are	  used	  to	  analyze	  Sharon’s	  references	  and	  understanding	  of	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  the	  context	  of	  fractions.	  	  
Coursework.	  In	  the	  course	  introduction	  Sharon	  completes	  a	  recorded	  explanation	  for	  the	  problem	  2/3	  +	  3/4.	  The	  following	  except	  is	  from	  her	  explanation:	  	  So	  it	  looks	  like	  twelve	  is	  going	  to	  be	  our	  lowest	  common	  denominator	  1	   between	  our	  two	  fractions.	  So	  we	  are	  already	  on	  the	  right	  path	  to	  2	   getting	  the	  right	  answer	  here.	  So	  now	  we	  have	  to	  figure	  out	  what	  3	   number	  we	  multiplied	  the	  denominator	  by	  to	  get	  this	  lowest	  common	  4	   denominator	  and	  also	  multiply	  the	  numerator	  by	  that	  number.	  So	  what	  5	   did	  we	  multiply	  three	  by	  to	  get	  twelve?	  It	  was	  four,	  so	  let’s	  put	  a	  little	  6	   multiplication	  here	  and	  put	  four.	  So	  that	  means	  we	  also	  have	  to	  7	   multiply	  the	  numerator	  by	  that	  four.	  So	  we	  get	  an	  equal	  fraction	  to	  two	  8	   thirds	  with	  a	  denominator	  of	  twelve.	  So	  four	  times	  two	  is	  eight,	  and	  9	   then	  four	  times	  three	  is	  twelve.	  So	  two	  thirds	  and	  eight	  twelfths	  are	  10	   equal	  fractions,	  just	  written	  with	  different	  numbers.	  (Coursework,	  11	   3/17/11)	  12	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  Figure	  5-­‐7	  shows	  the	  symbolic	  representation	  that	  accompanied	  this	  explanation.	  	  	  	   	  	  	  	  	  	  
	  	  
Figure	  5-­‐7.	  Sharon’s	  course	  introduction	  fraction	  symbolic	  representation	  	   In	  this	  explanation	  Sharon	  uses	  a	  standard	  algorithm	  to	  solve	  the	  problem.	  She	  makes	  a	  list	  of	  the	  multiples	  of	  each	  denominator	  to	  determine	  the	  common	  denominator	  and	  then	  begins	  to	  convert	  the	  fractions	  (lines	  1	  –	  11).	  In	  this	  explanation	  Sharon	  does	  not	  use	  any	  of	  the	  key	  ideas	  of	  multiplicative	  reasoning.	  	  In	  Sharon’s	  recorded	  explanation	  of	  fraction	  addition	  during	  the	  fraction	  module,	  she	  solves	  the	  problem	  2/5	  +	  3/4.	  In	  her	  explanation	  she	  states:	  So	  we	  have	  our	  2	  one	  fifths	  and	  our	  3	  one	  fourth	  pieces.	  We	  have	  to	  1	   add	  them	  together,	  but	  the	  bottom	  number	  is	  not	  the	  same,	  so	  we	  can’t	  2	   just	  add	  them	  up	  together.	  So	  since	  we	  are	  working	  in	  fifths	  here	  and	  3	   fourths	  here,	  we	  have	  to	  create	  a	  large	  visual	  that	  includes	  both	  of	  4	   these.	  So	  I	  used	  our	  pieces	  from	  the	  previous	  page	  and	  here	  we	  know	  5	   that	  we	  had	  to	  make	  a	  visual	  that	  was	  five	  by	  four.	  So	  here	  we	  have	  five	  6	   squares	  [moves	  mouse	  along	  top	  row]	  and	  here	  we	  have	  four	  squares	  7	   [moves	  mouse	  along	  left	  column].	  So	  this	  is	  the	  new	  visual	  we	  are	  8	   going	  to	  be	  working	  with,	  our	  new	  unit	  square	  we	  are	  going	  to	  be	  9	   working	  with.	  So	  our	  units	  are	  now,	  let’s	  count	  how	  many	  squares	  we	  10	   have,	  1,	  2,	  3,	  4,	  5,	  6,	  7,	  8,	  9,	  10,	  11,	  12,	  13,	  14,	  15,	  16,	  17,	  18,	  19,	  20,	  so	  11	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now	  we	  are	  going	  to	  be	  working	  in	  twentieths.	  So	  let’s	  figure	  out	  how	  12	   many	  twentieths	  one	  fifth	  of	  this	  is.	  There	  I	  marked	  one	  fifth	  of	  this	  13	   unit	  for	  you	  [orange	  line	  appears]	  and	  here	  that	  is	  in	  orange	  and	  that	  is	  14	   in	  orange	  too,	  so	  you	  know	  that	  they	  match	  [points	  to	  1/5	  and	  line].	  15	   Let’s	  count	  up	  how	  many	  twentieths	  make	  one	  fifth	  of	  our	  visual,	  1,	  2,	  16	   3,	  4	  [points	  and	  counts].	  So	  our	  one	  fifths	  can	  be	  written	  as	  4	  one	  17	   twentieths	  [black	  line	  appears].	  So	  let’s	  rewrite	  our	  number	  [2	  18	   (4(1/20))	  appears],	  that	  is	  4	  one	  twentieths	  there	  [circles	  with	  mouse].	  19	   (Coursework,	  4/4/11)	  20	  	  Figure	  5-­‐8	  shows	  the	  symbolic	  and	  pictorial	  representation	  that	  accompanied	  this	  explanation.	  	  	   	  	   	  	  	  	  	  	  	  	  
Figure	  5-­‐8.	  Sharon’s	  fraction	  addition	  symbolic	  &	  pictorial	  representation	  	  In	  this	  explanation	  Sharon	  references	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  when	  she	  references	  the	  units	  of	  fourths	  and	  fifths	  as	  twentieths	  (lines	  3	  –	  5	  and	  11	  –	  12).	  She	  also	  references	  the	  second	  key	  idea	  of	  multiplicative	  reasoning	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when	  she	  counts	  the	  new	  units	  and	  determines	  that	  they	  are	  twentieths	  because	  the	  new	  unit	  is	  partitioned	  into	  twenty	  pieces	  (lines	  8	  –	  12).	  She	  then	  references	  the	  third	  key	  idea	  of	  multiplicative	  reasoning	  when	  she	  determines	  that	  one-­‐fifth	  is	  the	  same	  as	  4	  twentieths	  (lines	  13	  –	  19).	  This	  explanation	  is	  evidence	  of	  Sharon’s	  use	  of	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  a	  fraction	  addition	  explanation.	  In	  Sharon’s	  fraction	  multiplication	  recorded	  explanation	  she	  explains	  the	  problem	  2/5	  x	  3/4.	  In	  the	  following	  excerpt	  she	  explains:	  This	  is	  our	  one	  fifth	  of	  our	  unit,	  1,	  2,	  3,	  4,	  5	  [moves	  mouse	  along	  each	  1	   column]	  and	  then	  this	  is	  one	  fourth	  of	  our	  unit.	  And	  that	  is	  in	  black	  2	   [points	  to	  ¼]	  and	  that	  line	  is	  in	  black	  so	  it	  helps	  you	  remember	  that	  3	   this	  is	  one	  fourth.	  So	  it	  is	  1,	  2,	  3,	  4	  [moves	  mouse	  along	  each	  row].	  4	   There	  are	  4	  fourths,	  which	  makes	  our	  whole.	  So	  and	  if	  you	  count	  up	  all	  5	   the	  pieces	  you	  know	  that	  we	  are	  working	  in	  twentieths.	  So	  now	  we	  6	   have	  to	  figure	  out	  what	  is	  one	  fifth	  of	  one	  fourth.	  So	  let’s	  just	  look	  at	  7	   our	  one-­‐fourth	  piece	  here.	  As	  you	  can	  see	  it	  is	  divided	  into	  five	  little	  8	   squares,	  so	  it	  is	  already	  divided	  into	  fifths	  for	  us.	  So	  one	  little	  one-­‐fifth	  9	   piece	  of	  this	  one	  fourth	  here	  is	  this	  one	  square	  here	  [square	  becomes	  10	   pink]	  and	  I	  highlighted	  that	  for	  you.	  So	  that	  is	  one	  fifth	  of	  one	  fourth.	  11	   And	  since	  we	  know	  we	  are	  working	  in	  twentieths,	  it	  is	  one	  twentieth.	  12	   So	  one-­‐fifth	  times	  one	  fourth	  is	  one	  twentieth	  [red	  1/20	  appears].	  So	  13	   now	  that	  we	  know	  we	  are	  working	  in	  twentieths	  let’s	  break	  down	  our	  14	   problem	  and	  figure	  it	  out.	  So	  let’s	  just	  look	  at	  our	  2	  one-­‐fifths	  here	  [2	  15	   (1/5)	  x	  (1/4)	  appears	  and	  she	  points	  to	  2	  (1/5)].	  So	  we	  have	  to	  find	  2	  16	   one-­‐fifth	  pieces	  of	  one	  fourth.	  So	  here	  we	  have	  one	  fifth	  piece	  of	  our	  17	   fourth,	  so	  there’s	  our	  second	  one	  fifth	  piece	  [another	  pink	  square	  is	  18	   highlighted]	  of	  our	  fourth,	  and	  that	  gives	  us	  2	  twentieths,	  but	  we	  have	  19	   to	  find	  2	  one-­‐fifth	  pieces	  of	  3	  of	  our	  one	  fourth	  pieces.	  So	  here’s	  our	  1	  20	   one-­‐fourth	  [moves	  mouse	  along	  top	  row]	  and	  there’s	  the	  2	  one	  fifth	  21	   pieces	  of	  our	  1	  one-­‐fourth	  [2	  (1/5)	  x	  3	  (1/4)	  appears].	  Oh	  sorry,	  I	  was	  22	   supposed	  to	  push	  that	  so	  you	  could	  see	  that.	  And	  here	  is	  our	  second	  23	   one	  fourth	  [moves	  mouse	  along	  2nd	  row].	  There’s	  2	  one	  fifth	  pieces	  of	  24	   our	  second	  one	  fourth	  [2	  more	  pieces	  become	  pink].	  And	  here’s	  our	  25	   third	  one	  fourth	  [moves	  mouse	  along	  3rd	  row].	  And	  there’s	  our	  2	  one	  26	   fifth	  pieces	  of	  our	  third	  one	  fourth	  [2	  more	  pieces	  become	  pink].	  So	  27	   now	  we	  have	  found	  the	  2	  little	  one-­‐fifth	  pieces	  [moves	  mouse	  over	  2	  28	   (1/5)]	  of	  each	  of	  our	  3	  one	  fourths.	  So	  now	  we	  need	  to	  count	  these	  up,	  29	   and	  that’s	  six.	  So	  we	  know	  that	  2	  one-­‐fifth	  pieces	  of	  3	  of	  our	  one-­‐30	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fourths	  is	  equal	  to	  6	  twentieths	  [red	  text	  appears].	  So	  the	  answer	  to	  31	   two-­‐fifths	  times	  three	  fourths	  is	  six	  twentieths	  or	  six	  one-­‐twentieth	  32	   pieces.	  (Coursework,	  4/11/11)	  33	  	  Figure	  5-­‐9	  shows	  the	  symbolic	  and	  pictorial	  representation	  that	  accompanied	  this	  explanation.	  	  	   	  	   	  
	   	  
	  
	   	  	  	  	  	  
Figure	  5-­‐9.	  Sharon’s	  fraction	  multiplication	  symbolic	  &	  pictorial	  representation	  	  	  In	  this	  explanation	  Sharon	  references	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  when	  she	  describes	  how	  the	  units	  of	  one-­‐fifth	  can	  still	  be	  seen	  in	  the	  unit	  of	  twentieths	  (lines	  7	  –	  9).	  Sharon	  also	  uses	  the	  second	  key	  idea	  of	  multiplicative	  reasoning	  when	  she	  references	  that	  counting	  the	  number	  of	  pieces	  tells	  us	  that	  there	  are	  twenty	  pieces	  in	  the	  unit	  and	  so	  each	  piece	  is	  one-­‐twentieth	  (lines	  5	  –	  6).	  She	  uses	  the	  third	  key	  idea	  of	  multiplicative	  reasoning	  when	  she	  groups	  to	  pieces	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together	  to	  find	  two-­‐fifths	  of	  one-­‐fourth,	  followed	  by	  two	  fifths	  of	  the	  second	  fourth,	  and	  then	  two	  fifths	  of	  the	  third	  fourth	  (lines	  19	  –	  30).	  This	  explanation	  is	  evidence	  of	  Sharon’s	  use	  of	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  her	  fraction	  multiplication	  explanation.	  	  During	  the	  course	  Sharon	  also	  critiques	  some	  of	  her	  classmate’s	  recorded	  explanations.	  In	  one	  of	  these	  critiques	  she	  suggests:It	  would	  have	  been	  helpful	  to	  show	  the	  visual	  of	  20	  pieces	  before	  1	   talking	  about	  finding	  a	  common	  denominator	  of	  20.	  	  You	  showed	  the	  2	   20	  pieces	  but	  it	  was	  after	  you	  talked	  about	  the	  common	  3	   denominator.	  	  Switching	  around	  those	  2	  tasks	  I	  think	  would	  be	  much	  4	   clearer	  and	  make	  it	  a	  better	  lesson!	  (Coursework,	  4/6/2011)	  5	  	  In	  this	  critique	  Sharon	  suggests	  using	  the	  second	  key	  idea	  of	  multiplicative	  reasoning	  to	  illustrate	  that	  the	  new	  unit	  is	  twentieths	  before	  finding	  a	  common	  denominator	  (lines	  1	  –	  4).	  This	  is	  evidence	  that	  Sharon	  recognizes	  when	  the	  use	  of	  the	  second	  key	  idea	  of	  multiplicative	  reasoning	  would	  provide	  meaning	  to	  the	  problem,	  as	  well	  as	  suggests	  that	  using	  the	  second	  key	  idea	  of	  multiplicative	  reasoning	  to	  explain	  the	  problem	  is	  “much	  clearer	  and	  make[s]	  it	  a	  better	  lesson”	  (lines	  4	  –	  5).	  This	  evidence	  illustrates	  that	  using	  the	  second	  key	  idea	  of	  multiplicative	  reasoning	  has	  supported	  Sharon	  to	  make	  sense	  of	  the	  problem.	  	  	   Through	  analyzing	  the	  data	  in	  the	  course	  it	  is	  clear	  that	  Sharon	  did	  not	  reference	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  in	  her	  fraction	  explanation	  prior	  to	  the	  course,	  however,	  after	  participating	  in	  the	  course	  she	  uses	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  to	  explain	  the	  fraction	  problems.	  The	  following	  section	  illustrates	  Sharon’s	  use	  of	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  her	  fraction	  responses	  in	  the	  semi-­‐structured	  interview.	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   Semi-­‐structured	  interview.	  When	  Sharon	  is	  asked	  to	  solve	  the	  problem	  2/5	  x	  3/4	  in	  the	  semi-­‐structured	  interview	  she	  states	  that	  she	  knows	  she	  would	  need	  to	  find	  the	  least	  common	  denominator	  and	  to	  do	  that	  she	  would	  multiply	  them	  together,	  so	  in	  this	  case	  twenty	  would	  be	  the	  lowest.	  Sharon	  then	  asks	  if	  she	  can	  see	  how	  we	  solved	  the	  problem	  in	  the	  course.	  After	  being	  presented	  with	  the	  prompt	  (Appendix	  C)	  Sharon	  states:	  Oh,	  we	  broke	  it	  down	  into	  four	  one	  way,	  and	  five	  the	  other.	  I	  remember	  1	   now.	  You	  made	  it	  a	  square	  with	  five	  rows	  going	  one	  way	  and	  four	  going	  2	   the	  other.	  And	  out	  of	  the	  set	  of	  four,	  it’s	  like	  there	  –	  three	  out	  of	  the	  four,	  3	   and	  then	  two	  out	  of	  the	  five.	  	  Oh,	  wait,	  wait,	  wait.	  So	  it’s	  –	  it’s	  like	  right	  4	   in	  my	  brain.	  Two-­‐fifths	  –	  it	  would	  be	  that	  right	  there	  [shades	  two-­‐fifths	  5	   on	  her	  paper].	  But	  how	  did	  I	  get	  to	  that?	  It’s	  like,	  oh,	  so	  you	  have	  to	  –	  is	  6	   this	  three	  out	  of	  the	  four	  and	  then	  this	  is	  two	  out	  of	  the	  five.	  And	  I	  7	   guess	  whichever	  ones	  –	  or	  would	  be	  overlapping	  would	  be	  your	  8	   answer.	  Then	  that’s,	  three,	  four,	  five,	  six,	  seven,	  eight,	  nine,	  ten,	  eleven,	  9	   twelve	  ...	  seventeen,	  eighteen,	  nineteen,	  twenty	  –	  six	  out	  of	  twenty.	  10	   (Interview,	  3/21/12)	  11	  	  Figure	  5-­‐10	  shows	  the	  written	  work	  that	  accompanied	  this	  explanation.	  	  	  	  	  	  	  	  	  	  
Figure	  5-­‐10.	  Sharon’s	  written	  work	  from	  interview	  for	  the	  problem	  3/4	  x	  2/5	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In	  this	  explanation	  Sharon	  uses	  the	  second	  key	  idea	  of	  multiplicative	  reasoning	  to	  determine	  the	  size	  of	  the	  unit	  by	  counting	  the	  number	  of	  pieces	  that	  are	  in	  the	  whole	  (lines	  9	  –	  10).	  She	  does	  not	  use	  the	  first	  or	  third	  key	  ideas	  of	  multiplicative	  reasoning	  within	  this	  explanation.	  Through	  analyzing	  the	  explanations	  that	  Sharon	  provides	  to	  solve	  fraction	  problems	  it	  is	  clear	  that	  she	  did	  not	  use	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  prior	  to	  participating	  in	  the	  course.	  During	  the	  course	  she	  was	  capable	  of	  using	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  her	  explanations,	  however,	  during	  the	  semi-­‐structured	  interview	  she	  only	  used	  the	  second	  key	  idea	  of	  multiplicative	  reasoning.	  This	  indicates	  that	  Sharon	  does	  not	  understand	  the	  KDU	  of	  multiplicative	  reasoning,	  however,	  she	  is	  developing	  her	  understanding	  of	  these	  ideas	  as	  evidenced	  by	  her	  ability	  to	  apply	  the	  second	  key	  idea	  of	  multiplicative	  reasoning	  to	  the	  context	  of	  fractions.	  
Measurement	  
	   The	  data	  used	  to	  analyze	  Sharon’s	  understanding	  of	  multiplicative	  reasoning	  within	  the	  context	  of	  measurement	  includes	  her	  responses	  in	  the	  semi-­‐structured	  interview.	  In	  her	  response	  to	  the	  measurement	  question	  in	  which	  she	  multiplies	  4’	  5”	  x	  3	  she	  says:	  Well,	  this	  one,	  I	  mean	  it’s	  not	  necessarily	  place	  value,	  but	  it	  would	  be	  1	   easiest	  if	  you	  broke	  it	  down	  into	  feet	  and	  then	  inches.	  There’s	  three	  2	   times	  four	  and	  then	  three	  times	  five.	  Let’s	  find	  the	  inches	  first,	  so	  that’s	  3	   15	  inches.	  And	  then	  find	  the	  feet	  –	  it	  was	  4	  feet	  –	  so	  that’s	  12	  feet.	  	  And	  4	   then	  you	  have	  to	  check	  to	  make	  sure	  that	  you	  don’t	  have	  any	  extra	  feet	  5	   from	  your	  inches.	  	  And	  you	  do,	  because	  we	  know	  12	  inches	  is	  in	  a	  foot.	  	  6	   So,	  fifteen	  minus	  twelve,	  and	  then	  you	  have	  to	  add	  one	  over	  here	  [to	  the	  7	   feet].	  	  So	  13	  feet,	  3	  inches.	  (Interview,	  3/21/12)	  8	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Figure	  5-­‐11	  shows	  the	  written	  work	  that	  accompanied	  this	  explanation.	  	  	  
	   	  
Figure	  5-­‐11.	  Sharon’s	  written	  work	  from	  interview	  for	  the	  problem	  4’	  5”	  x	  3	  	   In	  this	  explanation	  Sharon	  references	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  when	  she	  separates	  the	  quantity	  into	  units	  of	  inches	  and	  feet	  (lines	  1	  –	  2).	  She	  uses	  the	  second	  key	  idea	  of	  multiplicative	  reasoning	  when	  she	  says	  that	  12	  inches	  are	  in	  a	  foot	  (line	  6).	  Sharon	  also	  uses	  the	  third	  key	  idea	  of	  multiplicative	  reasoning	  when	  she	  subtracts	  12	  inches	  from	  the	  15	  inches	  and	  makes	  it	  into	  a	  unit	  of	  1	  foot	  (lines	  6	  –	  8).	  This	  is	  the	  first	  time	  that	  Sharon	  has	  used	  all	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  the	  semi-­‐structured	  interview,	  which	  indicates	  an	  understanding	  of	  these	  key	  ideas	  within	  the	  context	  of	  measurement.	  	  	   During	  the	  semi-­‐structured	  interview	  Sharon	  is	  asked	  to	  explain	  her	  statement	  from	  the	  beginning	  of	  the	  measurement	  problem	  when	  she	  referenced	  place	  value.	  Sharon	  responds:	  	  Oh	  yeah,	  well,	  it’s	  not	  necessarily	  –	  I	  mean,	  like	  tenths	  or	  hundredths,	  1	   but	  it’s	  two	  different	  quantities	  put	  together	  to	  make	  one	  2	   measurement.	  So	  you	  have	  to	  break	  it	  down	  and	  find	  each	  quantity,	  3	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and	  then	  in	  the	  end,	  plug	  them	  back	  together	  again.	  	  So,	  it	  is	  the	  same.	  4	   You’re	  breaking	  it	  down	  into	  different	  groupings,	  and	  then	  at	  the	  end,	  5	   the	  final	  step	  is	  to	  put	  it	  all	  back	  together	  again.	  So,	  definitely	  6	   similarities	  there.	  (Interview,	  3/21/12)	  7	  	  In	  this	  connection	  between	  place	  value	  and	  measurement	  Sharon	  recognizes	  the	  first	  and	  third	  key	  ideas	  of	  multiplicative	  reasoning.	  When	  she	  states	  that,	  “like	  tenths	  and	  hundredths,	  but	  it’s	  two	  different	  quantities	  put	  together	  to	  make	  one	  measurement”	  (lines	  1	  –	  3)	  she	  is	  referencing	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  because	  she	  is	  recognizing	  that	  a	  number	  can	  be	  broken	  into	  different	  units.	  She	  then	  states	  that	  you	  have	  to	  “plug	  them	  back	  together	  again”	  (line	  4).	  This	  statement	  references	  the	  third	  key	  idea	  of	  multiplicative	  reasoning	  when	  grouping	  and	  regrouping	  units	  because	  she	  is	  putting	  the	  units	  back	  together	  again.	  Sharon	  does	  not	  explicitly	  reference	  the	  second	  key	  idea	  of	  multiplicative	  reasoning	  in	  this	  connection,	  however,	  it	  would	  be	  necessary	  to	  know	  the	  relationships	  between	  the	  units	  in	  order	  to	  group	  and	  regroup	  them.	  Sharon	  continues	  to	  develop	  her	  understanding	  of	  multiplicative	  reasoning	  as	  evidenced	  by	  the	  connections	  she	  makes	  between	  contexts	  using	  the	  first	  and	  third	  key	  ideas	  of	  multiplicative	  reasoning.	  	  
Percent	  The	  data	  used	  to	  analyze	  Sharon’s	  use	  of	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  the	  context	  of	  percent	  includes	  her	  response	  to	  the	  percent	  question	  in	  the	  semi-­‐structured	  interview.	  During	  the	  interview	  Sharon	  was	  asked	  to	  solve	  the	  problem,	  what	  is	  23%	  of	  34.	  She	  responds:	  This	  is	  going	  to	  be	  a	  hard	  one.	  Twenty-­‐three	  percent	  of	  thirty-­‐1	   four.	  I	  don’t	  know,	  how	  would	  you	  figure	  this	  –	  well,	  I	  know	  that	  you	  do	  2	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thirty-­‐four	  times	  point-­‐two-­‐three.	  But	  I'm	  trying	  to	  think	  of	  an	  easy	  3	   way.	  No,	  most	  of	  my	  kids	  understand	  like	  twenty-­‐three	  percent	  is	  4	   point-­‐two-­‐three.	  And	  then	  you	  multiply	  it	  by	  thirty-­‐four.	  	  And	  then	  now	  5	   the	  key	  is	  how	  do	  you	  break	  this	  down?	  I	  guess	  you’d	  use	  like	  a	  similar	  6	   type	  thing	  to	  this	  [place	  value];	  you	  just	  have	  to	  be	  careful	  of	  your	  7	   decimal	  point.	  So	  let’s	  see,	  let’s	  see	  if	  we	  can	  do	  this.	  8	   Thirty-­‐four	  and	  point-­‐two-­‐zero.	  No,	  that	  still	  seems	  hard.	  Well,	  I	  9	   guess	  we	  could	  do	  –	  let’s	  do	  this.	  Thirty-­‐four	  times	  point-­‐two-­‐three.	  10	   Okay,	  let’s	  start	  with	  four	  –	  and	  there’s	  point-­‐zero-­‐three.	  So,	  four-­‐point-­‐11	   zero-­‐three	  would	  give	  you	  point-­‐one-­‐two.	  So,	  let’s	  say	  that’s	  one	  of	  12	   them.	  Now,	  let’s	  go	  to	  –	  and	  it’s	  going	  to	  be	  messy.	  Four	  sets	  of	  what’s	  13	   four	  times	  as	  big	  as	  point-­‐o-­‐three	  and	  that	  would	  be	  point-­‐one-­‐two,	  14	   yeah.	  So	  now	  we’re	  going	  to	  do	  what’s	  four	  times	  as	  big	  as	  point-­‐two-­‐15	   zero.	  And	  that’s	  going	  to	  give	  us	  –	  it’s	  almost	  like	  adding	  point-­‐two-­‐16	   zero	  together	  four	  times,	  that	  would	  give	  us	  point-­‐eight-­‐zero.	  Yeah.	  So	  17	   then	  we	  did	  our	  four.	  Let’s	  move	  to	  our	  three,	  which	  is	  actually	  thirty.	  18	   So	  thirty	  times	  point-­‐zero-­‐three	  –	  oh,	  this	  is	  where	  it	  gets	  tricky.	  I	  don’t	  19	   even	  know	  how	  to	  do	  this.	  Oh,	  it	  would	  be	  –	  oh	  no,	  that’s	  not	  that	  hard.	  20	   What’s	  thirty-­‐point-­‐o-­‐threes	  comes	  out	  to	  –	  that	  would	  be	  point-­‐nine-­‐21	   zero.	  And	  then	  thirty	  times	  –	  I	  have	  no	  idea	  if	  I'm	  on	  the	  right	  track	  22	   with	  this.	  Okay,	  so	  thirty	  sets	  of	  point-­‐two-­‐zero.	  	  	  23	   I	  wonder	  if	  it	  would	  be	  easier	  to	  move	  the	  decimal	  point	  over	  24	   and	  then	  just	  do	  it	  times	  three.	  I	  don’t	  know	  if	  that	  comes	  out	  to	  the	  25	   right	  answer.	  Let’s	  try	  it.	  So,	  because	  I	  guess	  point-­‐two-­‐zero	  times	  ten	  26	   would	  make	  it	  two.	  So	  then	  you	  just	  take	  the	  ten	  out	  of	  that	  and	  do	  two	  27	   times	  three	  –	  I	  have	  no	  idea	  if	  that	  is	  right.	  And	  then	  let’s	  see,	  twenty-­‐28	   three	  percent,	  no	  that’s	  not	  going	  to	  come	  out	  right.	  Because	  one-­‐29	   fourth	  of	  thirty-­‐four	  isn’t	  going	  to	  be	  –	  oh,	  actually	  it	  might	  be.	  Because	  30	   this	  is	  going	  to	  come	  out	  to	  around	  eight.	  And	  eight	  times	  four	  is	  –	  I	  31	   can’t	  even	  –	  what’s	  eight	  times	  four?	  Thirty-­‐two.	  So,	  it	  might	  be	  right,	  I	  32	   don’t	  know.	  This	  one	  would	  be	  a	  hard	  one;	  this	  is	  where	  I'd	  be	  bustin’	  33	   out	  the	  calculator.	  Let’s	  try	  this,	  though.	  Six	  –	  that’s	  going	  to	  give	  us	  –	  34	   let’s	  add	  these	  together	  –	  two,	  nine,	  ten,	  eleven,	  twelve,	  thirteen,	  35	   fourteen,	  fifteen,	  sixteen,	  seventeen,	  eighteen	  –	  seven-­‐point-­‐eight-­‐two.	  36	   That’s	  what	  I	  got.	  That	  was	  a	  hard	  one.	  (Interview,	  3/21/12)	  37	  	   Figure	  5-­‐12	  shows	  the	  written	  work	  that	  accompanied	  this	  explanation.	  Sharon	  finds	  this	  problem	  to	  be	  challenging	  from	  the	  multiple	  times	  that	  she	  references	  that	  this	  is	  a	  “hard”	  and	  “messy”	  problem	  (lines	  1,	  9,	  13,	  33,	  and	  37).	  In	  her	  explanation	  of	  this	  problem	  she	  continues	  to	  reference	  elements	  of	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  as	  she	  did	  in	  the	  place	  value	  problems.	  She	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references	  the	  number	  34	  as	  the	  units	  30	  and	  4	  and	  she	  references	  the	  number	  0.23	  as	  the	  units	  0.2	  and	  0.03	  (lines	  10	  –	  14,	  19,	  23).	  These	  references	  do	  not	  explicitly	  state	  the	  units	  of	  tens,	  ones,	  tenths,	  and	  hundredths,	  however	  they	  illustrate	  how	  she	  references	  each	  quantity	  as	  a	  combination	  of	  units.	  As	  was	  evident	  in	  the	  place	  value	  data	  from	  the	  interview,	  Sharon	  does	  not	  reference	  the	  second	  and	  third	  key	  ideas	  of	  multiplicative	  reasoning	  within	  the	  context	  of	  percent.	  	  	  	   	  
	  
	   	  	  	  	  	   	  
Figure	  5-­‐12.	  Sharon’s	  written	  work	  from	  interview	  for	  the	  problem	  23%	  of	  34	  
	  
Connections	  	   Sharon	  is	  developing	  her	  understanding	  of	  multiplicative	  reasoning	  when	  explaining	  problems	  using	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  as	  evidenced	  by	  her	  ability	  to	  solve	  all	  of	  the	  problems	  and	  use	  elements	  of	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  within	  the	  contexts	  of	  place	  value,	  measurement,	  and	  percent.	  When	  Sharon	  is	  asked	  in	  the	  semi-­‐structured	  interview	  if	  she	  uses	  any	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of	  the	  same	  concepts	  when	  solving	  the	  fractions	  and	  the	  place	  value	  problems	  she	  responds:	   Drawing	  pictures	  is	  helpful.	  And	  between	  this	  one	  [fractions]	  and	  the	  1	   other	  two	  [whole	  number	  place	  value	  and	  decimal	  place	  value],	  I	  really	  2	   can’t	  draw	  any	  connections	  between	  them	  –	  because	  this	  one	  3	   [fractions]	  isn’t	  necessarily	  place	  value,	  it’s	  more	  like	  parts	  of	  a	  whole,	  4	   breaking	  something	  down	  into	  parts	  of	  a	  whole.	  So,	  see,	  I	  mean	  these	  5	   two,	  I	  definitely	  see	  the	  place	  values	  –	  separations,	  but	  not	  necessarily	  6	   in	  this	  one.	  (Interview,	  3/21/12)	  7	   	  Besides	  recognizing	  that	  these	  problems	  can	  be	  solved	  by	  drawing	  a	  picture	  (line	  1),	  Sharon	  does	  not	  recognize	  that	  the	  fraction	  context	  shares	  the	  same	  key	  ideas	  as	  the	  place	  value	  context	  (lines	  5	  –	  7),	  indicating	  that	  she	  does	  not	  see	  that	  the	  place	  value	  of	  a	  digit	  represents	  a	  unit	  and	  the	  denominator	  of	  a	  fraction	  represents	  a	  unit.	  One	  reason	  why	  Sharon	  may	  not	  make	  connections	  between	  the	  contexts	  of	  fractions	  and	  place	  value	  is	  because	  she	  references	  elements	  of	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  within	  the	  context	  of	  place	  value	  and	  she	  references	  the	  second	  key	  idea	  of	  multiplicative	  reasoning	  within	  the	  context	  of	  fractions.	  	  Later	  in	  the	  interview	  Sharon	  is	  asked	  what	  concepts	  she	  would	  emphasize	  to	  support	  students	  to	  see	  connections	  between	  the	  problems.	  She	  responds:	  By	  using	  –	  you	  probably	  show	  them	  like	  –	  like	  with	  the	  manipulatives	  1	   and	  stuff,	  or	  even	  with	  this	  one,	  like	  if	  this	  was	  what	  I	  was	  teaching,	  I'd	  2	   be	  like	  4	  feet	  and	  5	  inches,	  you	  can	  say	  it’s	  four	  rulers	  and	  then	  let’s	  say	  3	   I	  had	  a	  little,	  you	  know,	  pieces	  that	  were	  each	  an	  inch	  long.	  You	  know,	  I	  4	   would	  say,	  would	  it	  be	  easier	  to	  add	  –	  put	  these	  together	  and	  put	  three	  5	   of	  them	  together?	  Or	  would	  it	  be	  easier	  to	  put	  the	  big	  pieces	  that	  are	  6	   the	  same	  together	  and	  the	  little	  pieces	  that	  are	  the	  same	  together,	  7	   multiply	  each	  pile	  by	  three,	  and	  then	  put	  them	  back	  together	  and	  8	   figure	  out	  how	  much	  I	  have	  of	  each.	  So	  sort	  of	  showing	  them	  that	  when	  9	   you	  –	  it’s	  much	  easier	  to	  multiply	  things	  when	  you’re	  working	  with	  10	   sort	  of	  either	  the	  same	  unit	  or	  the	  same,	  like	  the	  same	  tens	  place	  or	  you	  11	   know.	  Like	  let’s	  say	  I	  have	  5	  of	  the	  ten	  manipulatives	  and	  4	  of	  the	  ones	  12	   –	  I'm	  like,	  this	  is	  fifty-­‐four.	  Let’s	  say	  we	  want	  to	  multiply	  it	  by	  fifteen.	  13	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Wouldn’t	  it	  be	  easier	  if	  you	  just	  moosh	  all	  these	  together	  and	  then	  try	  14	   and	  multiply	  all	  of	  it	  by	  fifteen?	  Or,	  divide	  the	  tens	  over	  here,	  put	  the	  15	   ones	  over	  here,	  and	  then	  multiply	  this	  pile	  by	  fifteen,	  and	  multiply	  this	  16	   pile	  by	  fifteen,	  and	  then	  you	  know,	  in	  the	  same	  sense	  say,	  but	  you	  17	   should	  also	  break	  down	  your	  fifteen.	  Multiply	  your	  ones	  together.	  18	   Multiply	  your	  tens	  together.	  Then	  cross	  this	  –	  make	  sure	  each	  pile	  is	  19	   multiplied	  by	  each	  other,	  what	  you’re	  doing,	  just	  to	  show	  that	  it’s	  like	  20	   easier	  that	  way.	  Like	  you	  don’t	  want	  –	  it’s	  like	  mixing	  apples	  and	  21	   oranges;	  it’s	  much	  easier	  when	  you	  separate	  them.	  They’re	  different.	  22	   (Interview,	  3/31/12)	  23	  	  This	  explanation	  is	  further	  evidence	  of	  the	  connections	  that	  Sharon	  makes	  between	  place	  value	  and	  measurement	  by	  referencing	  the	  units	  in	  each	  context.	  Her	  statement	  that	  it	  is	  “much	  easier	  to	  multiply	  things	  when	  you’re	  working	  with	  sort	  of	  either	  the	  same	  unit”	  (lines	  9	  –	  12)	  illustrates	  her	  understanding	  of	  using	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  to	  create	  units	  that	  are	  the	  same.	  Additionally	  her	  reference	  that	  the	  units	  need	  to	  be	  “put	  back	  together”	  (line	  8)	  references	  the	  third	  key	  idea	  of	  multiplicative	  reasoning	  because	  she	  is	  grouping	  the	  units	  of	  inches	  and	  feet	  together	  after	  multiplying	  them	  individually.	  Within	  this	  explanation	  she	  discusses	  the	  contexts	  of	  measurement	  (lines	  2	  –	  9)	  and	  place	  value	  (lines	  11	  –	  21)	  and	  the	  connections	  that	  exist	  between	  these	  contexts	  using	  the	  first	  and	  third	  key	  ideas	  of	  multiplicative	  reasoning.	  	  	  	   Sharon	  is	  developing	  her	  understanding	  of	  the	  KDU	  of	  multiplicative	  reasoning	  as	  evidenced	  by	  the	  connections	  she	  makes	  between	  the	  contexts	  of	  place	  value	  and	  measurement	  using	  the	  first	  key	  idea	  of	  multiplicative	  reasoning.	  This	  understanding	  is	  beyond	  the	  cases	  that	  illustrated	  a	  limited	  understanding	  because	  Sharon	  was	  capable	  of	  using	  elements	  of	  the	  three	  key	  ideas	  of	  multiplicative	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reasoning	  when	  explaining	  the	  problems	  and	  began	  to	  make	  connections	  between	  the	  contexts	  in	  order	  to	  make	  sense	  of	  them	  and	  solve	  them	  in	  the	  same	  way.	  	  
The	  Case	  of	  Elena	  Elena	  is	  currently	  an	  elementary	  social	  studies	  and	  science	  teacher.	  She	  had	  minimal	  participation	  in	  the	  course.	  The	  data	  from	  the	  course	  as	  well	  as	  the	  semi-­‐structured	  interview	  is	  used	  to	  illustrate	  Elena’s	  use	  and	  understanding	  of	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  different	  mathematical	  contexts.	  	  
Place	  Value	  
	   In	  the	  place	  value	  module	  of	  the	  course	  Elena	  completed	  an	  initial	  partial	  sums	  recorded	  explanation.	  This	  explanation	  was	  not	  critiqued	  by	  any	  of	  her	  classmates	  and	  she	  did	  not	  revise	  the	  explanation.	  Elena	  did	  not	  critique	  any	  of	  her	  classmates’	  place	  value	  explanations	  and	  she	  did	  not	  post	  any	  responses	  in	  the	  discussion	  board.	  She	  also	  did	  not	  complete	  the	  place	  value	  explanation	  during	  the	  course	  introduction.	  While	  there	  is	  minimal	  data	  from	  the	  course,	  the	  researcher	  is	  able	  to	  analyze	  how	  Elena’s	  explanations	  varied	  from	  the	  completion	  of	  the	  course	  to	  the	  semi-­‐structured	  interview.	  	  
	   Coursework.	  In	  Elena’s	  recorded	  explanation	  for	  partial	  sums	  she	  adds	  the	  quantities	  456	  and	  789.	  The	  following	  excerpt	  is	  from	  her	  partial	  sums	  recorded	  explanation:	   So	  then	  when	  we	  try	  to	  go	  and	  add	  them,	  the	  two	  numbers,	  what	  we	  1	   are	  going	  to	  do	  is	  break	  it	  down	  by	  how	  we	  took	  apart	  each	  number.	  So	  2	   4	  hundred,	  from	  the	  four	  hundreds	  place	  of	  four	  hundred	  and	  fifty	  six,	  3	   we’re	  going	  to	  add	  to	  7	  hundred,	  which	  was	  the	  seven	  hundreds	  place	  4	   of	  seven	  hundred	  and	  eighty	  nine.	  And	  5	  tens,	  or	  fifty,	  from	  four	  5	   hundred	  and	  fifty	  six,	  we	  are	  going	  to	  add	  to	  8	  tens,	  or	  eighty,	  of	  seven	  6	   hundred	  and	  eighty	  nine	  to	  get	  a	  hundred	  and	  thirty.	  The	  ones	  places	  7	   [text	  6	  +	  9	  =	  15	  appears]	  are	  just	  six	  and	  nine,	  which	  we	  know	  from	  our	  8	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addition	  tables	  are	  just	  fifteen.	  So	  then	  we	  have	  our	  answer	  broken	  9	   down	  into	  three	  parts,	  but	  we	  want	  to	  add	  those	  three	  parts	  to	  get	  a	  10	   final	  answer.	  (Coursework,	  3/24/11)11	  	  Figure	  5-­‐13	  shows	  the	  symbolic	  representation	  that	  accompanied	  this	  explanation.	  	  	  	  	  	  	  	  
	  
Figure	  5-­‐13.	  Elena’s	  partial	  products	  symbolic	  representation	  (Part	  1)	  	   In	  this	  explanation	  Elena	  uses	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  to	  reference	  each	  unit	  within	  the	  quantities	  and	  combine	  the	  like	  units	  together	  (lines	  1	  –	  2).	  When	  she	  adds	  each	  of	  the	  units	  together	  she	  produces	  a	  new	  unit.	  When	  adding	  the	  hundreds	  she	  obtained	  thousands	  (which	  wasn’t	  mentioned,	  but	  is	  on	  the	  symbolic	  representation	  in	  Figure	  5-­‐13).	  When	  adding	  the	  tens	  she	  obtained	  hundreds	  (lines	  5	  –	  7),	  and	  when	  adding	  the	  ones	  the	  result	  includes	  tens	  (lines	  7	  –	  9).	  Elena	  does	  not	  use	  the	  second	  and	  third	  key	  ideas	  of	  multiplicative	  reasoning	  to	  explain	  the	  relationships	  between	  the	  units	  and	  explain	  how	  she	  creates	  the	  new	  units.	  	  	   Elena’s	  explanation	  continues	  later	  when	  she	  adds	  the	  partial	  sums.	  The	  following	  excerpt	  is	  from	  Elena’s	  partial	  sums	  recorded	  explanation:	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So	  how	  do	  we	  do	  that?	  We	  have	  to	  add	  11	  hundreds,	  which	  we	  see	  here	  1	   [11	  blue	  squares	  appear]	  1,	  2,	  3,	  4,	  5,	  6,	  7,	  8,	  9,	  10,	  11	  [points	  and	  2	   counts],	  13	  tens	  [13	  red	  sticks	  appear]	  which	  you	  see	  here,	  1,	  2,	  3,	  4,	  5,	  3	   6,	  7,	  8,	  9,	  10,	  11,	  12,	  13	  [points	  and	  counts],	  and	  15	  ones,	  which	  what	  is	  4	   really	  15	  ones?	  We	  see	  one	  five	  [points	  to	  15	  at	  top	  of	  page]	  and	  5	  ones	  5	   is	  true,	  but	  we	  have	  that	  one	  there,	  which	  means	  1	  ten,	  plus	  5	  ones	  6	   [black	  image	  appears].	  So	  what	  you	  need	  to	  do	  is	  add	  the	  11	  hundreds	  7	   to	  the	  13	  tens,	  and	  then	  add	  that	  ten	  [points	  to	  black	  ten]	  to	  the	  13	  8	   tens,	  which	  means	  14	  tens,	  to	  the	  5	  ones.	  So	  what	  do	  we	  have?	  We	  have	  9	   1,	  [points	  to	  top	  hundred	  square]	  1	  [points	  to	  bottom	  right	  hundred	  10	   square]…	  [screen	  goes	  to	  desktop	  and	  there	  is	  a	  long	  pause]	  So	  what	  11	   we	  end	  up	  with	  is	  12	  hundred,	  4	  tens,	  and	  5	  ones,	  when	  we	  add	  the	  12	   extra	  tens,	  the	  10	  tens	  that	  made	  up	  a	  hundred	  into	  the	  11	  hundred	  13	   that	  we	  already	  have.	  (Coursework,	  3/24/11)	  14	  	  Figure	  5-­‐14	  shows	  the	  symbolic	  and	  pictorial	  representations	  that	  accompanied	  this	  explanation.	  	  	  	   	  
	  
	  	  	   	  
Figure	  5-­‐14.	  Elena’s	  partial	  products	  symbolic	  &	  pictorial	  representation	  (Part	  2)	  	  	   In	  this	  explanation	  Elena	  references	  the	  second	  key	  idea	  of	  multiplicative	  reasoning	  when	  she	  states	  that	  “10	  tens	  make	  up	  a	  hundred”	  (line	  13).	  However,	  she	  does	  not	  reference	  the	  relationships	  between	  the	  other	  units	  and	  does	  not	  use	  the	  third	  key	  idea	  of	  multiplicative	  reasoning	  to	  group	  the	  units	  together.	  The	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explanation	  is	  confusing	  because	  there	  is	  a	  long	  pause	  and	  the	  presentation	  does	  not	  seem	  to	  pick	  up	  in	  the	  same	  place	  that	  it	  left	  off	  (line	  11).	  This	  recording	  issue	  makes	  it	  difficult	  to	  analyze	  the	  ways	  in	  which	  Elena	  references	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  in	  the	  explanation.	  	  	   Through	  analyzing	  Elena’s	  recorded	  explanation	  of	  partial	  sums	  it	  is	  clear	  that	  she	  is	  uses	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  to	  reference	  each	  quantity	  as	  a	  combination	  of	  units.	  She	  makes	  one	  reference	  to	  the	  second	  key	  idea	  of	  multiplicative	  reasoning,	  however	  the	  researcher	  is	  unable	  to	  verify	  her	  use	  of	  this	  key	  idea	  of	  multiplicative	  reasoning	  because	  of	  the	  lack	  of	  data	  sources	  from	  Elena’s	  course	  participation.	  The	  following	  section	  analyzes	  Elena’s	  use	  and	  understanding	  of	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  the	  semi-­‐structured	  interview.	  	  
Semi-­‐structured	  interview.	  Elena	  solves	  the	  problem	  52	  x	  37	  during	  the	  semi-­‐structured	  interview.	  The	  following	  excerpt	  is	  from	  this	  interview:	  So,	  the	  first	  thing	  I	  would	  tell	  them	  –	  so	  can	  I	  write	  –	  fifty-­‐two	  times	  1	   thirty-­‐seven.	  The	  first	  step	  would	  be	  to	  stack	  it.	  So	  I	  would	  tell	  them	  to	  2	   put	  fifty-­‐two	  above	  thirty-­‐seven	  –	  like	  we	  do	  addition	  problems.	  I	  3	   would	  tell	  them	  to	  start	  in	  the	  ones	  column,	  so	  two,	  seven	  times	  two	  is	  4	   fourteen,	  carry	  the	  one,	  and	  then	  seven	  times	  five,	  which	  is	  thirty-­‐five,	  5	   and	  add	  the	  one,	  so	  three-­‐sixty-­‐four.	  And	  then	  I	  would	  tell	  them	  to	  6	   move	  into	  the	  tens	  place,	  but	  don't	  forget	  to	  add	  a	  zero.	  So,	  three	  times	  7	   five	  is	  fifteen	  –	  now	  we	  have	  an	  addition	  problem.	  And	  we	  start	  in	  the	  8	   ones	  place	  like	  we	  always	  do	  –	  four	  plus	  zero	  is	  four,	  six	  plus	  five	  is	  9	   eleven,	  carry	  the	  one,	  one	  plus	  three	  is	  four,	  plus	  our	  extra	  one	  is	  a	  five.	  10	   (Interview,	  4/3/12)	  11	  	  Figure	  5-­‐15	  shows	  the	  written	  work	  that	  accompanied	  this	  explanation.	  Elena	  is	  solving	  this	  problem	  using	  a	  standard	  algorithm.	  Instead	  of	  using	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  she	  references	  each	  digit	  without	  referencing	  the	  unit	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(lines	  4	  –	  6).	  She	  also	  does	  not	  use	  the	  third	  key	  idea	  of	  multiplicative	  reasoning	  and	  instead	  uses	  the	  phrase	  “carry	  the	  one”	  (line	  5)	  and	  does	  not	  explain	  what	  this	  means.	  Elena	  forgets	  to	  multiply	  30	  by	  2	  resulting	  in	  an	  incorrect	  solution.	  In	  this	  explanation	  Elena	  is	  stating	  the	  steps	  that	  she	  follows	  to	  solve	  the	  problem	  and	  does	  not	  use	  any	  of	  the	  key	  ideas	  of	  multiplicative	  reasoning.	  	  	  	   	  	  
	  
	  
	  
	  
Figure	  5-­‐15.	  Elena’s	  written	  work	  from	  interview	  for	  the	  problem	  52	  x	  37	  	  After	  solving	  this	  problem	  Elena	  is	  asked	  if	  she	  can	  explain	  the	  problem	  using	  the	  partial	  products	  method	  that	  was	  taught	  in	  the	  course.	  She	  responds:	  The	  partial	  products?	  I	  think	  –	  well,	  I	  think	  that	  if	  I	  had	  been	  a	  math	  1	   teacher,	  then	  I'd	  probably	  be	  like,	  that	  would	  be	  more	  ingrained	  and	  –	  I	  2	   think	  this	  is	  the	  way	  that	  I	  was	  taught	  and	  so	  I	  –	  even	  if	  I	  like	  walked	  3	   into	  a	  math	  classroom	  in	  my	  school,	  and	  then	  like	  I	  don't	  know	  how	  4	   you're	  teaching	  this.	  You	  know,	  like,	  I	  don't	  know	  the	  strategy.	  So	  I	  5	   think	  like	  even	  though	  I	  practiced	  it	  in	  the	  math	  class	  that	  it's	  not	  6	   ingrained	  enough	  or	  like	  internalized	  and	  I'd	  be	  able	  to	  like	  use	  it	  7	   confidently	  with	  a	  student.	  (Interview,	  4/3/12)	  8	  	  In	  this	  response	  Elena	  says	  that	  she	  is	  not	  currently	  able	  to	  explain	  the	  problem	  using	  partial	  products	  because	  she	  is	  not	  accustomed	  to	  solving	  problems	  in	  this	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way	  because	  it	  is	  not	  the	  way	  that	  she	  was	  originally	  taught	  (lines	  2	  –	  3).	  In	  order	  to	  explain	  the	  problem	  in	  this	  way	  she	  would	  need	  to	  be	  able	  to	  “internalize”	  these	  ideas	  (lines	  5	  –	  8).	  This	  is	  evidence	  that	  Elena’s	  existing	  understanding	  was	  not	  perturbed	  by	  the	  course,	  and	  rather	  than	  using	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  as	  she	  did	  in	  the	  course,	  she	  spontaneously	  explains	  the	  problem	  using	  a	  memorized	  procedure.	  
 The	  last	  problem	  that	  Elena	  solves	  in	  the	  place	  value	  context	  is	  6	  x	  2.4.	  The	  following	  response	  is	  how	  Elena	  solved	  the	  decimal	  problem	  in	  the	  semi-­‐structured	  interview:	   So	  we	  start	  with	  six	  times	  two-­‐point-­‐four,	  and	  important,	  I	  would	  like	  1	   stress	  that	  the	  important	  thing	  is	  to	  put	  the	  decimal	  point	  –	  see	  if	  I	  get	  2	   this	  right	  –	  and	  just	  carry	  the	  decimal	  point	  down	  immediately.	  So,	  four	  3	   times	  zero	  is	  zero.	  I	  think	  that's	  four	  times	  six	  is	  twenty-­‐four,	  so	  we	  get	  4	   a	  two-­‐point-­‐four.	  And	  then	  that	  decimal	  point	  stays	  –	  and	  I	  think	  you	  5	   still	  give	  it	  the	  zero,	  and	  then	  two	  times	  six	  is	  twelve	  –	  no,	  you	  don't	  6	   bring	  down	  the	  zero.	  So,	  you	  have	  two-­‐point-­‐four	  plus	  twelve-­‐point-­‐7	   zero,	  and	  you	  carry	  the	  decimal	  again.	  And	  this	  is	  again	  an	  addition	  8	   problem.	  Four	  plus	  zero	  is	  four.	  Two	  plus	  two	  is	  four.	  Zero	  plus	  one	  is	  9	   one.	  So	  we	  get	  fourteen-­‐point-­‐four.	  (Interview,	  4/3/12)10	  	  Figure	  5-­‐16	  shows	  the	  written	  work	  that	  accompanied	  this	  explanation.	  	  	  
	  	  	  	  	  
	  
Figure	  5-­‐16.	  Elena’s	  written	  work	  from	  interview	  for	  the	  problem	  6	  x	  2.4	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In	  this	  explanation	  Elena	  does	  not	  use	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning,	  however,	  she	  is	  trying	  to	  make	  sense	  of	  the	  problem	  because	  she	  starts	  to	  follow	  a	  procedure	  to	  put	  a	  zero	  next	  to	  the	  six	  so	  that	  it	  is	  6.0,	  but	  then	  decides	  that	  this	  is	  not	  correct	  (lines	  5	  –	  7).	  She	  continues	  to	  explain	  her	  thinking	  after	  she	  finishes	  solving	  the	  problem.	  In	  her	  response	  she	  states:	  I	  think	  like	  this	  one,	  I	  don't	  understand	  the	  rationale	  as	  well,	  so	  it's	  –	  it	  1	   would	  be	  really	  hard	  for	  me	  to	  teach	  that	  without	  like	  –	  like	  I	  wouldn't	  2	   be	  able	  to	  explain	  it	  well.	  But	  I	  think	  the	  important	  part	  here	  is	  like	  3	   intuitively	  knowing	  that	  if	  it's	  two	  times	  six,	  it's	  going	  to	  be	  something	  4	   around	  twelve.	  And	  like	  so,	  when	  I	  put	  a	  zero	  here,	  being	  like,	  nope,	  it's	  5	   not	  going	  to	  be	  a	  hundred	  and	  twenty-­‐point-­‐zero.	  But	  that	  still	  seems	  6	   high	  for	  me,	  for	  the	  point	  four	  –	  well,	  I	  guess	  six-­‐point-­‐four	  is	  –	  it	  looks	  7	   like	  six	  –	  it	  would	  be	  almost	  three,	  so	  that	  makes	  sense.	  It's	  –	  I	  learned	  8	   math	  very	  strangely,	  I	  guess.	  But	  point-­‐four	  is	  almost	  point-­‐five,	  so	  six	  9	   times	  point-­‐five	  would	  be	  three.	  So,	  double-­‐checking	  my	  work,	  that	  10	   twelve	  plus	  three	  is	  going	  to	  be	  fifteen,	  so	  we're	  looking	  for	  something	  11	   right	  below	  that.	  So	  fourteen-­‐point-­‐four	  is	  going	  to	  make	  sense.	  12	   (Interview,	  4/3/12)	  	  13	   	  When	  Elena	  is	  solving	  this	  problem	  she	  is	  trying	  to	  make	  sense	  of	  her	  solution	  (lines	  3	  –	  8).	  She	  is	  unsure	  of	  the	  procedure	  that	  she	  uses	  to	  solve	  the	  problem,	  so	  she	  uses	  estimation	  to	  “double-­‐check”	  her	  work	  and	  see	  if	  her	  solution	  “makes	  sense”	  (lines	  9	  –	  12).	  Even	  though	  Elena	  does	  not	  use	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  in	  this	  explanation	  she	  is	  developing	  her	  understanding	  of	  the	  mathematics	  because	  she	  is	  trying	  to	  make	  sense	  of	  how	  to	  solve	  the	  problem	  using	  estimation.	  Her	  understanding	  is	  not	  constrained	  to	  only	  using	  one	  way	  to	  solve	  the	  problem.	  She	  changes	  her	  mind	  on	  the	  steps	  that	  she	  should	  follow	  based	  on	  her	  estimation	  of	  the	  solution.	  	  	  	   Through	  analyzing	  Elena’s	  place	  value	  explanations	  it	  is	  clear	  that	  she	  does	  not	  reference	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  to	  make	  sense	  of	  the	  
	  	  
137	  
problems.	  However,	  she	  makes	  sense	  of	  the	  decimal	  place	  value	  problem	  through	  estimating	  her	  answer.	  Elena	  is	  developing	  her	  understanding	  of	  multiplicative	  reasoning	  because	  she	  makes	  sense	  of	  her	  solution	  beyond	  stating	  the	  steps	  that	  she	  is	  following.	  
Fractions	  
	   In	  the	  fractions	  module	  of	  the	  course	  Elena	  completed	  an	  initial	  fraction	  addition	  recorded	  explanation.	  This	  explanation	  was	  not	  critiqued	  by	  any	  of	  her	  classmates	  and	  she	  did	  not	  revise	  her	  explanation.	  Elena	  critiqued	  one	  of	  her	  classmate’s	  recorded	  explanations.	  She	  did	  not	  post	  any	  responses	  in	  the	  discussion	  board.	  She	  also	  did	  not	  complete	  the	  fraction	  addition	  explanation	  in	  the	  course	  introduction.	  These	  data	  sources	  and	  the	  data	  from	  the	  semi-­‐structured	  interview	  are	  used	  the	  analyze	  Elena’s	  use	  and	  understanding	  of	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  the	  context	  of	  fractions.	  	  
	   Coursework.	  During	  the	  course	  Elena	  created	  a	  recorded	  explanation	  for	  the	  problem	  2/5	  +	  3/4.	  The	  following	  excerpt	  is	  from	  her	  fraction	  addition	  recorded	  explanation:	   So	  how	  do	  we	  add	  them	  together?	  What	  we	  do	  is	  put	  the	  two	  fifths	  and	  1	   the	  three	  fourths	  onto	  the	  unit	  square.	  When	  you	  divide	  the	  whole	  2	   square	  into	  a	  number	  of	  twenty	  pieces,	  you	  can	  get	  the	  same	  unit	  for	  3	   each	  fraction.	  For	  two	  fifths	  we	  have	  eight	  twentieths.	  And	  you	  can	  see	  4	   what	  that	  looks	  like	  with	  the	  blocks	  highlighted	  in	  black.	  (Coursework,	  5	   6/2/11)	  6	  	  Figure	  5-­‐17	  shows	  the	  pictorial	  representation	  that	  accompanied	  this	  explanation.	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Figure	  5-­‐17.	  Elena’s	  fraction	  addition	  pictorial	  representation	  	   In	  this	  explanation	  Elena	  references	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  when	  she	  states	  that	  the	  unit	  of	  two-­‐fifths	  is	  equivalent	  to	  eight-­‐twentieths	  (line	  4).	  As	  her	  explanation	  continues	  she	  explains:	  So	  what	  that	  looks	  like	  is	  more	  than	  one	  whole	  unit	  square.	  So	  we	  have	  1	   an	  entire	  square	  of	  twentieths	  filled	  with	  black	  boxes	  and	  three	  extra	  2	   ones.	  So	  what	  we	  can	  actually	  do	  is	  make	  that	  more	  concise.	  One	  3	   whole,	  which	  we	  saw	  before,	  is	  created.	  And	  then	  three	  little	  pieces.	  So	  4	   one	  plus	  three	  twentieths	  is	  actually	  one	  and	  three	  twentieths.	  5	   (Coursework,	  6/2/11)	  6	  	  This	  explanation	  uses	  the	  third	  key	  idea	  of	  multiplicative	  reasoning	  to	  group	  the	  units	  of	  twentieths	  into	  a	  unit	  of	  1	  and	  3	  twentieths	  (lines	  1	  –	  5).	  In	  this	  explanation	  Elena	  does	  not	  draw	  on	  referencing	  the	  second	  key	  idea	  of	  multiplicative	  reasoning	  to	  explain	  why	  units	  are	  equivalent.	  	  
	   While	  there	  is	  minimal	  data	  to	  analyze	  Elena’s	  use	  of	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  the	  fractions	  module,	  she	  has	  illustrated	  an	  ability	  to	  use	  the	  first	  key	  and	  third	  key	  ideas	  of	  multiplicative	  reasoning	  within	  the	  context	  of	  fraction	  addition.	  The	  following	  section	  uses	  the	  data	  from	  the	  semi-­‐structured	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interview	  to	  determine	  the	  ways	  that	  Elena	  references	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  the	  context	  of	  fractions	  following	  the	  completion	  of	  the	  course.	  	  
Semi-­‐structured	  interview.	  In	  the	  semi-­‐structured	  interview	  Elena	  explains	  a	  fraction	  multiplication	  problem.	  The	  following	  excerpt	  is	  from	  her	  explanation	  of	  the	  problem	  3/4	  x	  2/5:	  Okay,	  so	  three-­‐fourths	  times	  two-­‐fifths.	  Okay,	  so	  three-­‐fourths	  times	  1	   two-­‐fifths.	  So,	  I	  would	  tell	  them	  –	  I	  hope	  this	  is	  right,	  to	  multiply	  across.	  2	   So	  three	  times	  two	  is	  six.	  	  Four	  times	  five	  is	  twenty.	  And	  then	  simplify.	  3	   So,	  six	  can	  –	  we	  can	  divide	  both	  of	  these	  by	  two	  to	  get	  three-­‐tenths.	  But	  4	   I	  think,	  again,	  like	  I	  don't	  have	  a	  conceptual	  understanding	  of	  why	  5	   that's	  what	  you	  do	  with	  fractions,	  so	  I'd	  have	  to	  like	  kind	  of	  research	  in	  6	   that	  to	  like	  roll	  it	  out.	  And	  then	  with	  simplifying,	  it	  would	  be	  like	  a	  7	   totally	  different	  lesson	  of	  like	  finding	  the	  least	  common	  denominator	  8	   and	  taking	  it	  down	  to	  –	  that's	  two	  –	  keep	  it	  a	  simple	  fraction,	  but	  take	  it	  9	   down.	  (Interview,	  4/3/12)	  10	  	  Figure	  5-­‐18	  shows	  the	  written	  work	  that	  accompanied	  this	  explanation.	  	  	  
	   	  
Figure	  5-­‐18.	  Elena’s	  written	  work	  from	  interview	  for	  the	  problem	  3/4	  x	  2/5	  	   In	  this	  explanation	  Elena	  uses	  the	  standard	  fraction	  multiplication	  algorithm	  to	  explain	  the	  problem	  and	  does	  not	  explain	  why	  this	  algorithm	  produces	  a	  correct	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solution	  (lines	  1	  –	  4).	  She	  states	  that	  she	  does	  not	  have	  a	  conceptual	  understanding	  of	  why	  that	  is	  how	  you	  solve	  a	  fraction	  multiplication	  problem	  (lines	  4	  –	  6).	  This	  explanation	  does	  not	  use	  any	  of	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning.	  	  After	  Elena	  explains	  the	  fraction	  multiplication	  problem	  she	  is	  asked	  if	  she	  is	  would	  explain	  the	  problem	  using	  the	  unit	  square.	  She	  responds	  that	  she	  does	  not	  remember	  this	  idea	  from	  the	  course	  and	  so	  she	  is	  presented	  with	  the	  fraction	  multiplication	  prompt	  from	  the	  semi-­‐structured	  interview	  (Appendix	  C).	  Following	  the	  explanation	  of	  the	  prompt	  Elena	  states:	  Right.	  This	  –	  it	  stresses	  me	  out.	  Like	  I	  –	  this	  transition	  –	  I	  could	  not	  1	   explain	  that	  well	  enough.	  Like	  I	  see	  what	  you're	  saying,	  like	  okay,	  one-­‐2	   fifth.	  So	  then	  we	  have	  another	  one,	  two-­‐fifths,	  then	  you	  kind	  of	  –	  it's	  3	   just,	  I	  think	  my	  kids	  would	  be	  there	  until	  this	  transition.	  And	  that,	  to	  4	   me,	  is	  like	  more	  difficult	  to	  teach	  than	  the	  concept	  behind	  just	  lining	  it	  5	   up	  and	  taking	  this	  common	  denominator.	  I	  remember	  like	  being	  really	  6	   stressed	  out	  in	  the	  class	  trying	  to	  understand	  it	  myself.	  Because	  I	  was	  7	   never	  taught	  it	  that	  way.	  	  So,	  I	  don't	  know.	  (Interview,	  4/3/12)	  8	  	  In	  this	  response	  Elena	  expresses	  how	  much	  she	  struggled	  with	  this	  explanation	  during	  the	  course	  (lines	  1	  –	  2).	  She	  says	  that	  she	  was	  never	  taught	  to	  solve	  fraction	  multiplication	  problems	  in	  this	  way	  (lines	  7	  –	  8).	  When	  Elena	  solves	  the	  problem	  she	  solves	  it	  in	  the	  way	  that	  she	  was	  initially	  taught.	  This	  is	  similar	  to	  her	  response	  about	  place	  value	  in	  the	  semi-­‐structured	  interview.	  She	  did	  not	  “internalize”	  these	  ideas	  during	  the	  course;	  therefore	  this	  is	  not	  a	  way	  that	  she	  is	  capable	  of	  solving	  the	  problem.	  Elena’s	  existing	  understanding	  of	  multiplicative	  reasoning	  was	  not	  perturbed	  during	  the	  course,	  and	  she	  uses	  a	  memorized	  procedure	  to	  spontaneously	  solve	  the	  problem	  rather	  than	  using	  the	  first	  and	  third	  key	  ideas	  of	  multiplicative	  reasoning	  as	  she	  did	  in	  the	  course.	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Measurement	  The	  data	  used	  to	  analyze	  Elena’s	  references	  to	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  the	  context	  of	  measurement	  includes	  her	  semi-­‐structured	  interview	  responses.	  When	  Elena	  solves	  the	  measurement	  problem	  in	  the	  semi-­‐structured	  interview	  she	  begins	  to	  draw	  a	  picture	  and	  then	  responds:	  So	  I'd	  tell	  them	  –	  four-­‐feet-­‐five-­‐inches.	  And	  you	  have	  one	  of	  those,	  but	  1	   you	  have	  two	  more.	  And	  so	  you	  want	  to	  know	  from	  the	  beginning	  to	  2	   the	  very	  end.	  So	  you're	  going	  to	  have	  three	  of	  these.	  So,	  four-­‐feet-­‐five-­‐3	   inches	  times	  –	  plus	  another,	  plus	  another.	  So,	  times	  three.	  One,	  two,	  4	   three.	  And	  so,	  and	  that	  question	  is	  asking	  us	  how	  long	  it	  would	  extend.	  5	   So	  it's	  not	  giving	  us	  specific	  units.	  So	  let's	  put	  it	  all	  in	  inches,	  because	  6	   we	  have	  our	  remainder	  of	  five.	  So,	  4	  feet	  is	  –	  1	  foot	  is	  12	  inches.	  I	  guess	  7	   if	  I	  were	  teaching	  it,	  then	  I	  would	  spell	  it	  all	  out.	  So,	  first	  we're	  going	  to	  8	   translate	  that	  into	  inches.	  1	  foot	  is	  12	  inches.	  4	  feet	  is	  how	  many	  9	   inches?	  So,	  we	  have	  an	  algebra	  problem.	  And	  the	  first	  thing	  you	  need	  to	  10	   do	  to	  get	  that	  –	  the	  x	  by	  itself	  –	  nope,	  I	  don't	  want	  to	  do	  that.	  All	  we're	  11	   going	  to	  do,	  4	  feet,	  is	  really	  4	  twelves.	  So	  four	  times	  twelve	  is	  the	  same	  12	   stacking	  problem	  that	  we	  did	  before.	  Four	  times	  two	  is	  eight.	  Four	  13	   times	  one	  is	  four.	  So	  we	  have	  48	  inches,	  plus	  our	  five.	  	  So,	  forty-­‐eight	  14	   plus	  five,	  eight	  plus	  five	  is	  thirteen,	  plus	  one	  –	  five	  plus	  four	  is	  nine,	  ten,	  15	   a	  hundred	  and	  three.	  So	  this	  quantity	  is	  103	  inches,	  and	  we	  need	  three	  16	   of	  those.	  So	  again,	  we're	  going	  to	  stack,	  a	  hundred	  and	  three	  inches	  17	   times	  three.	  Three	  times	  three	  is	  nine.	  Three	  times	  zero	  is	  zero.	  Three	  18	   times	  one	  is	  three.	  We	  have	  309	  inches	  of	  mural.	  Sorry,	  that	  was	  19	   messed	  up.	  (Interview,	  4/3/12)	  20	  	  Figure	  5-­‐19	  shows	  the	  written	  work	  that	  accompanied	  this	  explanation.	  In	  this	  explanation	  Elena	  references	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  when	  she	  says	  that	  feet	  can	  be	  put	  into	  units	  of	  inches	  (lines	  3	  –	  7).	  Elena	  references	  the	  second	  key	  idea	  of	  multiplicative	  reasoning	  when	  she	  says	  that	  there	  are	  12	  inches	  in	  1	  foot	  (line	  7)	  and	  then	  she	  uses	  the	  third	  key	  idea	  of	  multiplicative	  reasoning	  to	  regroup	  when	  she	  references	  that	  4	  feet	  is	  really	  4	  twelves,	  if	  it	  is	  converted	  into	  inches	  (line	  12).	  This	  is	  the	  first	  time	  that	  Elena	  uses	  all	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  an	  explanation,	  indicating	  that	  she	  has	  an	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understanding	  of	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  the	  context	  of	  measurement.	  	  
	  
Figure	  5-­‐19.	  Elena’s	  written	  work	  from	  interview	  for	  the	  problem	  4’	  5”	  x	  3	  	  Through	  analyzing	  this	  explanation	  it	  is	  clear	  that	  Elena	  references	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  the	  context	  of	  measurement,	  however,	  it	  appears	  as	  if	  Elena	  is	  trying	  to	  develop	  a	  procedure	  to	  solve	  the	  problem.	  She	  tries	  to	  set	  up	  a	  proportion	  to	  solve	  the	  problem	  (lines	  8	  –	  9),	  but	  then	  decides	  that	  she	  does	  not	  want	  to	  solve	  the	  problem	  in	  this	  way.	  She	  also	  refers	  to	  “stacking”	  the	  numbers	  as	  she	  did	  in	  her	  place	  value	  explanations.	  Later	  in	  the	  semi-­‐structured	  interview	  Elena	  discusses	  teaching	  this	  measurement	  problem	  and	  she	  states,	  “If	  I	  were	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teaching	  this,	  I'd	  have	  like	  a	  five-­‐step	  process	  so	  that	  students	  don't	  forget	  to	  count	  the	  five	  before	  they	  multiply.	  And	  then	  once	  they	  do	  multiply	  and	  remember	  that	  it's	  in	  inches	  and	  not	  feet”	  (Interview,	  4/3/12).	  Elena’s	  reference	  to	  setting	  up	  a	  “five-­‐step	  process”	  to	  solve	  this	  problem	  illustrates	  that	  she	  prioritizes	  creating	  a	  procedure	  over	  creating	  meaning	  within	  the	  problem.	  Even	  though	  she	  references	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning,	  she	  would	  not	  necessarily	  teach	  this	  problem	  using	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning.	  	  
Percent	  
	   The	  data	  used	  to	  analyze	  Elena’s	  use	  of	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  the	  context	  of	  percent	  includes	  her	  responses	  in	  the	  semi-­‐structured	  interview.	  During	  the	  semi-­‐structured	  interview	  Elena	  responds	  to	  the	  percent	  question.	  The	  following	  excerpt	  is	  her	  explanation	  of	  the	  problem	  23%	  of	  34:	   Twenty	  three	  percent	  of	  thirty	  four.	  The	  first	  thing	  you	  are	  going	  to	  do	  1	   is	  change	  the	  twenty	  three	  percent	  to	  a	  decimal	  and	  when	  you	  see	  the	  2	   “of”	  word	  you	  multiply.	  So	  thirty	  four	  times	  twenty	  three	  percent.	  And	  3	   it’s	  the	  same	  way	  we	  did	  before,	  but	  it	  is	  more	  complicated	  because	  4	   there	  are	  more	  numbers	  in	  the	  decimal	  point,	  needless	  to	  say,	  so	  three	  5	   times	  four	  is	  twelve,	  carry	  the	  one,	  three	  times	  three	  is	  nine	  plus	  one	  is	  6	   ten,	  so	  point	  zero	  three	  times	  thirty	  four	  is	  one	  point	  zero	  two.	  And	  self	  7	   checking	  that	  makes	  sense	  because	  if	  you	  have	  point	  zero	  three	  and	  8	   you	  have	  thirty	  four	  of	  those,	  this	  number	  [hundredths	  place]	  is	  going	  9	   to	  grow	  until	  it	  becomes	  this	  number	  [tenths	  place]	  and	  this	  number	  is	  10	   going	  to	  grow	  until	  it	  becomes	  this	  one	  [ones	  place].	  So	  you	  have	  a	  11	   little	  bit	  more	  than	  1	  whole	  if	  you	  multiply	  point	  zero	  three	  thirty	  four	  12	   times.	  Then	  same	  thing	  with	  the	  decimal	  point,	  point	  two	  times	  four,	  13	   and	  you	  are	  going	  to	  put	  it,	  okay	  this	  is	  making	  sense	  to	  me	  now,	  you’re	  14	   going	  to	  put	  it	  in	  the	  tenths	  place	  because	  that	  is	  where	  you	  are	  15	   starting	  with	  your	  two.	  So	  two	  times	  four	  is	  eight,	  which	  makes	  sense	  16	   because	  point	  two	  four	  times	  is	  going	  to	  be	  eight	  tenths.	  Point	  two	  17	   times	  three,	  times	  thirty,	  but	  point	  two	  times	  three	  is	  six,	  if	  you	  have	  18	   thirty	  of	  those	  point	  two’s	  you	  are	  definitely	  going	  to	  be	  significantly	  19	   into	  the	  one’s	  place.	  And	  now	  you’re	  going	  to	  add	  –	  when	  you’re	  adding	  20	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decimals	  –	  you	  retain	  the	  place	  value.	  	  So	  two,	  eight,	  seven,	  and	  that’s	  21	   seven-­‐point-­‐eight-­‐two.	  	  Which	  makes	  sense	  because	  more	  than	  thirty	  22	   repetitions	  of	  this	  number	  isn’t	  going	  to	  be	  a	  –	  it’s	  going	  to	  be	  a	  lot	  of	  23	   multiplications,	  but	  it	  isn’t	  going	  to	  be	  like	  a	  really	  substantial	  number.	  	  24	   Here	  –	  increasing	  this	  [tenths	  place]	  until	  it	  increases	  there	  [ones	  25	   place]	  because	  you	  need	  ten	  –	  for	  every	  five	  times	  you	  do	  it	  [multiply	  26	   0.2],	  you	  get	  one.	  	  And	  seven	  times	  five	  is	  thirty-­‐five,	  so	  that’s	  close.	  27	   (Interview,	  4/3/12)	  28	  	  Figure	  5-­‐20	  shows	  the	  written	  work	  that	  accompanied	  this	  explanation.	  	  	  	  	  	  	  	  	  	  	  	  
Figure	  5-­‐20.	  Elena’s	  written	  work	  from	  interview	  for	  the	  problem	  23%	  of	  34	  	   In	  this	  problem	  Elena	  solves	  the	  problem	  procedurally	  as	  she	  explains	  that	  she	  is	  changing	  the	  percent	  to	  a	  decimal	  and	  then	  multiplying	  because	  the	  word	  “of”	  means	  multiply	  (lines	  1	  –	  3).	  When	  she	  multiplies	  the	  numbers	  she	  does	  so	  using	  the	  standard	  algorithm	  and	  states	  that	  she	  is	  carrying	  a	  one,	  instead	  of	  using	  the	  third	  key	  idea	  of	  multiplicative	  reasoning	  to	  regroup	  (lines	  3	  –	  7).	  After	  this	  first	  multiplication	  Elena	  starts	  to	  make	  sense	  of	  her	  solution.	  The	  way	  that	  she	  is	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explaining	  the	  problem	  begins	  to	  change	  when	  she	  says,	  “this	  number	  (hundredths	  place)	  is	  going	  to	  grow	  until	  it	  becomes	  this	  number	  (tenths	  place)	  and	  this	  number	  is	  going	  to	  grow	  until	  it	  becomes	  this	  one	  (ones	  place)”	  (Interview,	  4/3/12)	  (lines	  9	  –	  11).	  In	  this	  statement	  Elena	  is	  referencing	  a	  relationship	  between	  each	  number.	  She	  does	  not	  say	  what	  that	  relationship	  is,	  but	  she	  knows	  that	  each	  place	  value	  or	  unit	  will	  ‘grow’	  until	  it	  becomes	  the	  next	  unit.	  While	  Elena	  does	  not	  state	  explicitly	  what	  the	  relationship	  between	  the	  units	  is,	  this	  statement	  is	  referencing	  elements	  of	  the	  second	  key	  idea	  of	  multiplicative	  reasoning.	  	  As	  Elena’s	  explanation	  continues	  she	  uses	  the	  relationship	  to	  group	  and	  regroup	  the	  numbers.	  She	  references	  grouping	  the	  numbers	  when	  she	  says,	  “So	  you	  have	  a	  little	  bit	  more	  than	  one	  whole	  if	  you	  multiply	  point	  zero	  three	  thirty	  four	  times”	  (Interview,	  4/3/12)	  (lines	  11	  –	  13).	  This	  idea	  is	  referenced	  a	  second	  time	  when	  she	  states,	  “for	  every	  five	  times	  you	  do	  it	  (iterate	  0.2),	  you	  get	  one”	  (Interview,	  4/3/12)	  (lines	  26	  –	  27).	  These	  statements	  are	  referencing	  elements	  of	  the	  third	  key	  idea	  of	  multiplicative	  reasoning	  because	  she	  is	  grouping	  units	  together	  using	  a	  relationship.	  	  This	  way	  of	  explaining	  the	  problem	  is	  different	  from	  how	  Elena	  explained	  the	  other	  problems	  in	  the	  semi-­‐structured	  interview.	  She	  has	  begun	  to	  reference	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning.	  The	  idea	  that	  there	  is	  some	  relationship	  that	  allows	  one	  unit	  to	  grow	  until	  it	  becomes	  another	  unit	  illustrates	  elements	  of	  the	  second	  and	  third	  key	  ideas	  of	  multiplicative	  reasoning.	  This	  explanation	  is	  not	  explicit	  in	  that	  she	  does	  not	  say	  what	  the	  relationship	  between	  the	  units	  is	  and	  she	  points	  to	  units	  when	  she	  talks	  about	  this	  relationship	  instead	  of	  referencing	  each	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number	  by	  the	  unit.	  However,	  while	  this	  explanation	  could	  be	  more	  explicit,	  Elena	  is	  developing	  her	  understanding	  of	  multiplicative	  reasoning	  within	  the	  context	  of	  decimals	  because	  she	  is	  beginning	  to	  reference	  the	  second	  and	  third	  key	  ideas	  of	  multiplicative	  reasoning	  in	  order	  to	  make	  sense	  of	  the	  problem.	  Even	  though	  she	  makes	  these	  references	  within	  the	  percent	  problem,	  she	  is	  solving	  a	  decimal	  problem	  as	  evidenced	  by	  her	  reference,	  “And	  it’s	  the	  same	  way	  we	  did	  before,	  but	  it	  is	  more	  complicated	  because	  there	  are	  more	  numbers	  in	  the	  decimal	  point”	  (Interview,	  4/3/12).	  	  Through	  analyzing	  Elena’s	  response	  to	  the	  percent	  question	  it	  is	  clear	  that	  she	  is	  developing	  her	  understanding	  of	  the	  second	  and	  third	  key	  ideas	  of	  multiplicative	  reasoning	  within	  the	  context	  of	  decimals	  as	  she	  tries	  to	  explain	  the	  relationships	  between	  the	  units	  that	  group	  one	  unit	  into	  a	  new	  unit.	  The	  following	  section	  illustrates	  the	  connections	  that	  Elena	  makes	  between	  the	  mathematical	  contexts.	  	  
Connections	  
	   Throughout	  the	  analysis	  of	  Elena’s	  explanations	  of	  the	  place	  value	  and	  fractions	  contexts	  it	  is	  clear	  that	  she	  did	  not	  reference	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  when	  spontaneously	  explaining	  the	  problems.	  	  She	  begins	  to	  use	  these	  key	  ideas	  in	  her	  explanation	  of	  the	  measurement	  problem,	  but	  she	  does	  not	  see	  these	  ideas	  as	  integral	  to	  understanding	  the	  problem,	  as	  she	  would	  introduce	  a	  “five-­‐step	  process”	  for	  teaching	  this	  concept.	  It	  is	  during	  Elena’s	  explanation	  of	  the	  percent	  problem	  that	  the	  key	  ideas	  of	  multiplicative	  reasoning	  begin	  to	  support	  her	  to	  make	  sense	  of	  the	  mathematics.	  When	  Elena	  begins	  to	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reference	  that	  there	  is	  a	  relationship	  between	  the	  units	  she	  is	  beginning	  to	  develop	  her	  understanding	  of	  multiplicative	  reasoning.	  	  	   During	  the	  semi-­‐structured	  interview	  Elena	  is	  asked	  if	  she	  sees	  any	  connections	  between	  her	  place	  value	  solutions	  and	  her	  fractions	  solutions.	  She	  states:	   I	  mean	  I	  think	  understanding	  place	  value	  –	  it’s	  connected	  to	  1	   understanding	  fractions.	  And	  understanding	  that	  if	  you	  had	  six	  ones	  2	   here	  you	  would	  <inaudible>	  here.	  And	  that	  if	  you	  don’t	  see	  the	  zero,	  3	   you	  have	  a	  totally	  different	  problem.	  And	  this	  number	  being	  in	  this	  4	   place	  makes	  it,	  like	  yeah,	  understanding	  parts	  of	  a	  whole,	  basically,	  it’s	  5	   connected	  to	  understanding	  place	  value.	  (Interview,	  4/3/12)	  6	  	  While	  this	  explanation	  is	  not	  completely	  clear	  because	  some	  of	  the	  audio	  was	  inaudible,	  it	  is	  evidence	  that	  Elena	  references	  fractions	  as	  parts	  of	  a	  whole	  because	  she	  initially	  states	  that	  understanding	  place	  value	  is	  connected	  to	  understanding	  fractions	  (lines	  1	  –	  2)	  and	  then	  she	  sums	  up	  her	  explanation	  by	  saying	  that	  understanding	  parts	  of	  a	  whole	  is	  connected	  to	  understanding	  place	  value	  (lines	  5	  –	  6).	  Referencing	  the	  part	  whole	  relationship	  that	  exists	  within	  fractions	  illustrates	  an	  understanding	  of	  the	  second	  key	  idea	  of	  multiplicative	  reasoning	  within	  the	  context	  of	  fractions	  because	  she	  is	  referencing	  a	  relationship	  between	  the	  units.	  	  	   During	  the	  interview	  Elena	  is	  asked	  to	  elaborate	  on	  her	  above	  explanation	  because	  it	  was	  not	  clear	  to	  the	  researcher.	  She	  states:	  And	  so	  this	  one	  (whole	  number	  place	  value)	  is	  like	  if	  you	  had	  eight	  1	   more	  ones,	  we’d	  have	  one	  more	  ten.	  So,	  like	  valuing	  this	  as	  like	  much	  2	   larger,	  or	  like	  one	  whole	  –	  and	  this	  being	  a	  part	  of	  that	  ten.	  	  And	  if	  you	  3	   had	  eight	  more	  of	  these	  (0.2),	  you	  don’t	  have	  eight	  more	  of	  these	  4	   (ones),	  you	  have	  –	  you’re	  building	  towards	  a	  full	  quantity	  in	  the	  one’s	  5	   place.	  (Interview,	  4/3/12)	  6	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In	  this	  explanation	  Elena	  states	  that	  in	  the	  whole	  number	  place	  value	  problem	  the	  ones	  units	  are	  parts	  of	  the	  tens	  units	  (lines	  1	  –	  3)	  and	  in	  the	  decimal	  place	  value	  problem	  the	  tenths	  units	  are	  part	  of	  the	  ones	  units	  (lines	  3	  –	  6).	  These	  statements	  illustrate	  that	  Elena	  connects	  the	  contexts	  of	  place	  value	  and	  fractions	  using	  the	  second	  key	  idea	  of	  multiplicative	  reasoning	  because	  there	  is	  a	  part	  whole	  relationship	  that	  exists	  within	  the	  units	  of	  these	  mathematical	  contexts.	  	  	   When	  Elena	  is	  asked	  if	  there	  are	  connections	  that	  she	  is	  making	  between	  the	  measurement	  problem	  and	  the	  other	  problems	  she	  says:	  Yes,	  I	  mean	  I	  think	  because	  like	  understanding	  that,	  I	  mean	  I	  guess	  that	  1	   way	  of	  understanding	  of	  like	  parts	  of	  a	  whole	  because	  we	  have	  4	  feet,	  2	   and	  leftover	  before	  we	  make	  that	  –	  those	  inches	  into	  feet	  are	  five	  little	  3	   parts	  of	  12.	  So	  I	  get	  –	  I	  could	  like	  explain	  it	  in	  that	  way,	  like	  we	  have	  4	   twelve,	  twelve,	  twelve,	  five,	  and	  the	  reason	  we	  have	  this	  five	  is	  that	  it	  5	   wasn’t	  twelve	  to	  make	  another.	  (Interview,	  4/3/12)	  6	  	  In	  this	  explanation	  Elena	  references	  that	  the	  five	  inches	  is	  not	  enough	  to	  make	  another	  foot,	  so	  the	  inches	  are	  part	  of	  a	  foot	  (lines	  1	  –	  6).	  These	  connections	  that	  Elena	  makes	  between	  the	  mathematical	  contexts	  use	  the	  second	  key	  idea	  of	  multiplicative	  reasoning	  to	  illustrate	  that	  within	  each	  context	  there	  is	  a	  part	  whole	  relationship.	  	  	   Through	  analyzing	  Elena’s	  explanations	  it	  is	  clear	  that	  she	  is	  capable	  of	  using	  elements	  of	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  when	  explaining	  the	  measurement	  and	  decimal	  as	  a	  percent	  problems.	  She	  also	  references	  that	  there	  is	  a	  part	  whole	  connection	  between	  the	  place	  value,	  fraction,	  and	  measurement	  contexts.	  Her	  ability	  to	  use	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  some	  of	  the	  contexts	  as	  well	  as	  her	  ability	  to	  make	  some	  of	  the	  connections	  between	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the	  contexts	  illustrate	  that	  she	  is	  developing	  an	  understanding	  of	  the	  KDU	  of	  multiplicative	  reasoning.	  
Conclusions	  from	  the	  Cases	  of	  Sharon	  and	  Elena	  	   The	  first	  research	  question	  of	  this	  study	  asks:	  How	  do	  teachers	  explain	  multiplicative	  reasoning	  within	  the	  context	  of	  place	  value	  in	  a	  course	  that	  focuses	  on	  multiplicative	  reasoning	  as	  the	  systematic	  creation	  of	  multiples	  of	  units?	  Both	  of	  the	  teachers	  whose	  data	  was	  analyzed	  in	  this	  chapter	  were	  capable	  of	  using	  the	  first	  key	  idea	  of	  multiplicative	  within	  the	  recorded	  explanations	  that	  they	  created.	  The	  teacher	  who	  was	  a	  more	  active	  participant	  in	  the	  module	  was	  capable	  of	  using	  all	  three	  of	  the	  key	  ideas	  of	  multiplicative	  reasoning	  within	  all	  of	  her	  explanations.	  This	  finding	  is	  the	  same	  as	  the	  previous	  chapter	  that	  indicated	  that	  participation	  may	  have	  influenced	  teachers	  ability	  to	  reference	  all	  of	  the	  key	  ideas	  of	  multiplicative	  reasoning.	  	   The	  second	  research	  question	  of	  this	  study	  asks:	  How	  do	  teachers	  explain	  multiplicative	  reasoning	  within	  the	  context	  of	  fractions	  in	  a	  course	  that	  focuses	  on	  multiplicative	  reasoning	  as	  the	  systematic	  creation	  of	  multiples	  of	  units?	  The	  analysis	  of	  the	  course	  data	  from	  the	  fraction	  modules	  indicated	  that	  both	  teachers	  were	  capable	  of	  using	  the	  first	  and	  third	  key	  ideas	  of	  multiplicative	  reasoning	  within	  the	  recorded	  explanations	  that	  they	  created.	  The	  teacher	  who	  was	  a	  more	  active	  participant	  was	  capable	  of	  using	  all	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  the	  recorded	  explanations	  that	  she	  created.	  This	  finding	  further	  supports	  the	  proposition	  that	  the	  teachers	  who	  had	  minimal	  participation	  were	  capable	  of	  referencing	  more	  of	  the	  key	  ideas	  of	  multiplicative	  reasoning	  within	  the	  fractions	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module	  because	  this	  was	  the	  second	  time	  that	  they	  were	  exposed	  to	  the	  key	  ideas	  of	  multiplicative	  reasoning.	  	   The	  third	  research	  question	  of	  this	  study	  asks:	  How	  do	  teacher’s	  explanations	  of	  multiplicative	  reasoning	  serve	  as	  a	  KDU	  that	  allows	  them	  to	  apply	  their	  understanding	  of	  multiplicative	  reasoning	  to	  different	  mathematical	  contexts?	  The	  cases	  of	  Sharon	  and	  Elena	  illustrated	  teachers	  who	  are	  developing	  their	  understanding	  of	  the	  KDU	  of	  multiplicative	  reasoning.	  In	  the	  previous	  chapter	  the	  teachers	  were	  not	  capable	  of	  solving	  all	  of	  the	  problems,	  and	  did	  not	  make	  overarching	  connections	  between	  the	  contexts.	  These	  teachers	  are	  moving	  closer	  to	  developing	  a	  KDU	  of	  multiplicative	  reasoning	  because	  they	  solve	  all	  of	  the	  problems	  and	  are	  beginning	  to	  make	  overarching	  connections	  between	  the	  contexts.	  This	  understanding	  of	  the	  KDU	  of	  multiplicative	  reasoning	  was	  not	  influenced	  by	  the	  amount	  of	  participation	  in	  the	  course,	  as	  indicated	  by	  Sharon	  participating	  in	  the	  majority	  of	  the	  activities	  in	  the	  course	  and	  Elena	  having	  minimal	  participation	  in	  the	  course.	  	  	   	  The	  ways	  in	  which	  these	  teachers	  are	  developing	  their	  understandings	  is	  different.	  Sharon’s	  development	  of	  her	  understanding	  of	  multiplicative	  reasoning	  is	  evidenced	  in	  her	  use	  of	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  when	  explaining	  the	  contexts	  of	  place	  value	  (whole	  number	  and	  decimal)	  and	  measurement.	  She	  also	  recognized	  that	  she	  was	  solving	  these	  problems	  in	  the	  same	  way	  and	  that	  they	  were	  connected	  because	  in	  each	  problem	  she	  was	  combining	  or	  creating	  units	  that	  were	  the	  same.	  Sharon’s	  ability	  to	  solve	  the	  problems	  in	  the	  same	  way	  and	  recognize	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connections	  between	  the	  contexts	  indicates	  that	  she	  is	  developing	  her	  understanding	  of	  the	  KDU	  of	  multiplicative	  reasoning.	  	  	   Elena’s	  development	  of	  her	  understanding	  of	  multiplicative	  reasoning	  is	  evidenced	  in	  the	  connections	  she	  made	  between	  the	  contexts	  using	  the	  second	  key	  idea	  of	  multiplicative	  reasoning.	  She	  did	  not	  explain	  all	  of	  the	  problems	  using	  the	  key	  ideas	  of	  multiplicative	  reasoning,	  but	  she	  did	  make	  connections	  between	  the	  problems	  within	  the	  semi-­‐structured	  interview.	  In	  the	  semi-­‐structured	  interview	  Elena	  explained	  that	  the	  problems	  were	  connected	  because	  in	  each	  problem	  the	  quantities	  have	  a	  part	  to	  whole	  relationship.	  In	  whole	  number	  place	  value	  the	  ones	  are	  part	  of	  a	  unit	  of	  ten.	  Within	  the	  context	  of	  decimal	  place	  value	  the	  tenths	  are	  part	  of	  a	  unit	  of	  one.	  In	  the	  fraction	  context	  2/5	  is	  part	  of	  a	  unit	  of	  one,	  and	  in	  the	  measurement	  context	  the	  inches	  are	  part	  of	  a	  foot.	  Elena	  did	  not	  explain	  what	  the	  exact	  relationship	  is	  between	  the	  units	  in	  each	  context,	  but	  she	  has	  recognized	  that	  there	  is	  a	  relationship	  between	  the	  units	  within	  each	  context.	  Her	  ability	  to	  make	  this	  connection	  between	  the	  contexts	  indicates	  that	  she	  is	  developing	  her	  understanding	  of	  the	  KDU	  of	  multiplicative	  reasoning.	  	  	  	   These	  differences	  may	  have	  implications	  for	  how	  these	  teachers	  would	  teach	  these	  concepts	  if	  they	  were	  teaching	  mathematics.	  In	  the	  semi-­‐structured	  interview	  with	  Sharon	  she	  was	  asked	  if	  she	  would	  incorporate	  the	  connections	  that	  she	  was	  making	  into	  her	  instruction	  or	  if	  she	  would	  teach	  using	  the	  standard	  algorithm.	  She	  responded:	   I	  don’t	  know.	  Should	  they	  really	  waste	  time	  teaching	  it	  the	  traditional	  1	   way?	  Or	  just	  go	  right	  into	  teaching	  it	  this	  way?	  I	  guess	  you	  really	  have	  2	   to	  look	  at	  the	  students	  and	  how	  –	  I	  mean,	  I	  think	  at	  first,	  you	  know,	  the	  3	   time	  would	  definitely	  be	  an	  issue.	  But	  maybe	  if	  the	  stuff	  is	  made	  4	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already,	  teaching	  it	  again	  wouldn’t	  be	  so	  bad.	  You	  know,	  if	  a	  lot	  of	  5	   stuff’s	  been	  –	  or	  if	  you	  have	  manipulatives,	  then	  it	  won’t	  be	  bad	  at	  all	  6	   because	  you	  wouldn’t	  even	  have	  to,	  necessarily,	  make	  a	  PowerPoint,	  7	   you	  could	  just	  be	  like,	  all	  right	  –	  fifty-­‐four,	  let’s	  make	  fifty-­‐four	  out	  of	  8	   our	  little	  manipulatives.	  Five	  –	  you	  know,	  how	  many	  tens	  is	  it?	  Five.	  9	   How	  many	  ones	  is	  it?	  Four.	  Everybody	  make	  that.	  Okay,	  make	  twenty-­‐10	   one.	  How	  many	  tens?	  Two.	  How	  many	  ones?	  One.	  Okay.	  Now	  let’s	  just	  11	   put	  them	  into	  two	  piles	  –	  there’s	  fifty-­‐four,	  there’s	  twenty-­‐one.	  Now,	  12	   let’s	  break	  fifty-­‐four	  down	  into	  the	  place	  values.	  What	  is	  place	  value,	  13	   kids?	  Let’s	  pull	  our	  tens	  over	  here,	  ones	  here.	  Now,	  for	  twenty-­‐one,	  14	   let’s	  do	  the	  same	  thing.	  This,	  this.	  Now,	  let’s	  take	  this	  pile	  and	  multiply	  15	   it	  by	  this	  pile	  and	  this	  pile,	  you	  know.	  I	  mean	  it	  would	  be	  complex	  and	  16	   the	  kids	  would	  probably	  be	  like,	  what	  are	  you	  doing?	  Very	  confused	  at	  17	   first,	  but	  after	  a	  couple	  times,	  I	  think	  they’d	  get	  used	  to	  it.	  (Interview,	  18	   3/21/12)	  19	  In	  this	  response	  Sharon	  focuses	  on	  using	  place	  value	  to	  support	  students	  to	  understand	  the	  problems	  (lines	  8	  –	  15).	  When	  Sharon	  was	  solving	  the	  problems	  herself	  she	  was	  able	  to	  use	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  to	  connect	  the	  problems	  of	  place	  value,	  measurement,	  and	  percent.	  Through	  focusing	  on	  place	  value	  Sharon	  is	  using	  the	  concepts	  that	  supported	  her	  to	  solve	  the	  problems	  when	  hypothetically	  teaching	  these	  concepts	  to	  students.	  Sharon	  is	  exhibiting	  a	  desire	  to	  teach	  a	  connected	  understanding	  of	  mathematics.	  This	  desire	  may	  be	  a	  secondary	  factor	  that	  positions	  teachers	  to	  make	  connections	  between	  contexts	  and	  begin	  to	  develop	  a	  KDU.	  	   When	  Elena	  was	  asked	  about	  supporting	  students	  to	  understanding	  mathematics	  she	  responded:	  I	  remember	  this,	  twenty-­‐three	  percent	  of	  thirty-­‐four,	  getting	  1	   that	  wrong	  so	  many	  times,	  like	  because	  you	  didn't	  know	  that	  you	  2	   multiply	  when	  you	  see	  the	  word	  of.	  	  So	  I	  literally	  just	  like	  memorized	  3	   and	  was	  tested	  on	  it	  so	  many	  times	  that	  I	  still	  know	  it,	  like	  fifteen	  years	  4	   later.	  	  That	  an	  "of"	  is	  a	  multiplication.	  	  You	  know,	  and	  like	  now	  I	  5	   understand	  twenty-­‐three	  percent,	  but	  only	  because	  I	  like,	  I	  shop	  and	  I	  6	   try	  to	  figure	  out	  discounts,	  when	  I'm	  like	  getting	  groceries,	  you	  know,	  7	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so	  like	  it's	  like	  driving.	  	  Once	  you	  get	  your	  driver's	  license,	  like	  you	  8	   actually	  learn	  how	  to	  drive.	  	  	  9	   And	  I	  also,	  I	  think	  like,	  I	  remember	  my	  mom	  trying	  to	  help	  me	  10	   and	  be	  like,	  like	  figure	  out	  when	  we're	  cooking,	  like	  three-­‐quarters	  of	  a	  11	   cup.	  	  But	  I	  was	  so	  overwhelmed	  already	  by	  the	  process	  that	  had	  to	  12	   happen	  that	  I	  couldn't	  even	  try.	  	  Like	  I	  remember	  being	  really	  13	   frustrated	  trying	  to	  understand	  that	  conceptually.	  	  And	  I	  think	  the	  same	  14	   thing,	  like	  if	  you	  have	  twenty	  percent	  of	  like	  a	  T-­‐shirt,	  and	  I	  would	  be	  15	   like,	  no,	  I	  can't	  even	  think	  about	  like	  applying	  it	  to	  my	  life.	  	  Like	  I	  just	  16	   need	  to	  figure	  out	  how	  to	  do	  the	  problem.	  17	   And	  I	  see	  my	  kids	  do	  that	  and	  it's	  really	  frustrating	  for	  me,	  but	  18	   because	  I	  want	  them	  to	  understand	  now.	  	  But	  I	  think	  like,	  for	  whatever	  19	   reason,	  maybe	  it's	  just	  me,	  but	  like	  I	  needed	  to	  just	  get	  my	  processes	  20	   down	  and	  like	  engrained	  and	  then	  I	  could	  understand	  it	  because	  I	  21	   already	  felt	  so	  stable,	  or	  like	  solid	  in	  the	  procedure.	  (Interview,	  22	   4/3/12)	  23	  	  In	  this	  response	  Elena	  discusses	  how	  she	  needed	  to	  be	  able	  to	  solve	  problems	  using	  a	  procedure	  before	  she	  was	  able	  to	  make	  sense	  of	  them	  and	  make	  connections	  between	  the	  problems	  (lines	  10	  –	  17).	  She	  says	  that	  she	  sees	  her	  students	  doing	  this	  now	  and	  it	  frustrates	  her	  (lines	  18	  –	  19),	  but	  once	  the	  procedure	  is	  understood	  then	  the	  connections	  can	  be	  made	  when	  the	  students	  are	  using	  the	  concepts	  in	  their	  life	  (lines	  5	  –	  9).	  This	  response	  is	  evidence	  that	  Elena	  is	  not	  likely	  to	  focus	  on	  teaching	  a	  connected	  understanding	  of	  the	  mathematics.	  She	  is	  more	  likely	  to	  focus	  on	  the	  procedures	  needed	  to	  solve	  a	  problem.	  Elena	  does	  not	  exhibit	  a	  strong	  desire	  to	  teach	  a	  connected	  understanding	  of	  mathematics.	  If	  a	  desire	  to	  teach	  a	  connected	  understanding	  of	  mathematics	  is	  related	  to	  developing	  a	  KDU,	  then	  Elena	  does	  not	  appear	  to	  be	  moving	  forward	  in	  her	  development	  of	  a	  KDU	  of	  multiplicative	  reasoning.	  	  	   	  Through	  the	  analysis	  of	  the	  cases	  of	  Sharon	  and	  Elena	  it	  is	  clear	  that	  they	  are	  both	  developing	  their	  understanding	  of	  the	  KDU	  of	  multiplicative	  reasoning.	  Sharon	  spontaneously	  uses	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  when	  solving	  the	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problems	  of	  place	  value,	  measurement,	  and	  percent	  and	  makes	  connections	  between	  the	  contexts	  of	  place	  value	  and	  measurement.	  Elena	  spontaneously	  uses	  elements	  of	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  when	  solving	  the	  measurement	  and	  decimal	  as	  a	  percent	  problem.	  She	  also	  makes	  connections	  between	  the	  mathematical	  contexts	  of	  place	  value,	  fractions,	  and	  measurement.	  These	  cases	  also	  revealed	  differences	  in	  how	  the	  teachers	  would	  teach	  these	  concepts.	  Sharon	  referenced	  the	  key	  ideas	  of	  multiplicative	  reasoning	  in	  more	  of	  her	  spontaneous	  explanations	  than	  Elena	  and	  is	  more	  likely	  to	  teach	  a	  connected	  understanding	  of	  mathematics,	  indicating	  that	  there	  may	  be	  a	  relationship	  between	  developing	  a	  KDU	  and	  one’s	  desire	  to	  teach	  mathematics	  with	  understanding.	  The	  following	  chapter	  will	  illustrate	  cases	  in	  which	  the	  teachers	  are	  transitioning	  in	  their	  understanding	  of	  the	  KDU	  of	  multiplicative	  reasoning.	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CHAPTER	  6:	  TRANSITIONAL	  UNDERSTANDING	  	  	  	   There	  are	  two	  cases	  in	  this	  research	  study	  that	  the	  researcher	  argues	  are	  building	  their	  understanding	  of	  multiplicative	  reasoning	  as	  they	  transition	  between	  solving	  the	  problems	  using	  a	  standard	  algorithm	  and	  using	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning.	  The	  researcher	  calls	  these	  cases	  a	  transitional	  understanding	  because	  the	  teachers	  initially	  solve	  the	  problem	  in	  a	  way	  that	  they	  are	  accustomed	  to	  and	  then	  begin	  to	  incorporate	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  into	  their	  explanations.	  	  
The	  Case	  of	  Marge	  Marge	  is	  currently	  teaching	  High	  School	  English.	  She	  was	  a	  very	  active	  participant	  in	  the	  course.	  The	  following	  sections	  will	  use	  the	  data	  from	  the	  course	  and	  the	  semi-­‐structured	  interview	  to	  analyze	  Marge’s	  explanations	  of	  multiplicative	  reasoning.	  
Place	  Value	  
	   During	  the	  place	  value	  module	  of	  the	  course	  Marge	  completed	  initial	  and	  revised	  recorded	  explanations	  for	  partial	  sums	  and	  partial	  products,	  she	  posted	  a	  comment	  about	  the	  changes	  that	  she	  made	  in	  her	  revised	  recorded	  explanations,	  her	  recorded	  explanations	  were	  critiqued	  by	  one	  of	  her	  classmates,	  she	  critiqued	  four	  of	  her	  classmates’	  recorded	  explanations,	  and	  she	  wrote	  three	  responses	  to	  the	  discussion	  board	  prompts.	  Marge	  did	  not	  complete	  the	  initial	  place	  value	  recorded	  explanation	  during	  the	  course	  introduction,	  therefore	  the	  researcher	  is	  unable	  to	  determine	  how	  Marge	  explained	  place	  value	  problems	  prior	  to	  taking	  the	  course.	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These	  data	  sources	  and	  the	  data	  from	  the	  semi-­‐structured	  interview	  will	  be	  used	  to	  analyze	  Marge’s	  use	  and	  understanding	  of	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  the	  context	  of	  place	  value	  during	  the	  course	  and	  following	  the	  course.	  	  
	   Coursework.	  In	  Marge’s	  initial	  recorded	  explanation	  of	  partial	  sums	  she	  explains	  the	  problem	  423	  +	  345.	  In	  her	  explanation	  she	  states,	  “When	  writing	  it	  out	  by	  place	  value,	  we	  write	  out	  4	  hundreds	  plus	  2	  tens	  plus	  3	  ones	  equals	  four	  hundred	  twenty	  three.	  And	  3	  hundreds	  plus	  4	  tens	  plus	  5	  ones	  equals	  three	  hundred	  forty	  five”	  (Coursework,	  3/29/11).	  This	  statement	  illustrates	  the	  use	  of	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  because	  Marge	  references	  each	  quantity	  as	  a	  combination	  of	  units	  of	  hundreds,	  tens,	  and	  ones.	  This	  problem	  does	  not	  require	  regrouping	  in	  order	  to	  solve,	  therefore,	  the	  researcher	  cannot	  analyze	  how	  Marge	  would	  reference	  the	  second	  and	  third	  key	  ideas	  of	  multiplicative	  reasoning	  within	  this	  problem.	  	  	   When	  Marge	  revises	  this	  partial	  sums	  recorded	  explanation	  she	  explains	  the	  problem	  38	  +	  45.	  The	  following	  is	  an	  excerpt	  from	  her	  revised	  partial	  sums	  recorded	  explanation:	   Now	  we	  add	  the	  ones	  place.	  From	  thirty-­‐eight	  there	  are	  8	  ones	  [points	  1	   and	  counts].	  From	  the	  number	  forty-­‐five	  there	  are	  5	  ones	  [points	  and	  2	   counts].	  When	  we	  add	  all	  of	  these	  ones	  together	  we	  get	  the	  number	  13.	  3	   So	  we	  have	  13	  ones	  or	  1	  group	  of	  ten	  and	  3	  ones	  [circles	  with	  mouse].	  4	   (Coursework,	  4/6/11)	  5	  	  Figure	  6-­‐1	  shows	  the	  pictorial	  representation	  that	  accompanied	  this	  explanation.	  In	  this	  explanation	  Marge	  references	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  when	  she	  references	  each	  number	  as	  a	  combination	  of	  units	  of	  tens	  and	  ones.	  She	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states	  that	  in	  the	  38	  there	  are	  8	  ones	  and	  in	  the	  number	  45	  there	  are	  5	  ones	  (lines	  1	  –	  3).	  Prior	  to	  this	  explanation	  she	  initially	  referenced	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  when	  she	  discussed	  the	  place	  value	  of	  each	  quantity	  similarly	  to	  her	  explanation	  in	  her	  initial	  partial	  sums	  recorded	  explanation	  above.	  Marge	  also	  uses	  the	  third	  key	  idea	  of	  multiplicative	  reasoning	  when	  she	  states	  that	  13	  ones	  is	  the	  same	  as	  1	  group	  of	  ten	  and	  3	  ones	  (lines	  3	  –	  4).	  She	  does	  not	  use	  the	  second	  key	  idea	  of	  multiplicative	  reasoning	  to	  explain	  the	  relationship	  that	  she	  uses	  to	  group	  13	  ones	  into	  1	  ten	  and	  3	  ones,	  however,	  the	  placement	  of	  the	  blocks	  in	  her	  pictorial	  representation	  illustrate	  that	  there	  are	  10	  ones	  in	  1	  ten	  stick	  (See	  Figure	  6-­‐1).	  These	  statements	  are	  evidence	  that	  Marge	  references	  the	  first	  and	  third	  key	  ideas	  of	  multiplicative	  reasoning	  within	  her	  partial	  sums	  recorded	  explanations.	  	  	   	  
	   	  
	  
	  
	  
	  
	  
Figure	  6-­‐1.	  Marge’s	  partial	  sums	  pictorial	  representation	  	  In	  Marge’s	  recorded	  explanations	  of	  partial	  products	  she	  explains	  the	  problem	  45	  x	  38.	  The	  following	  excerpt	  is	  from	  her	  revised	  recorded	  explanation	  of	  partial	  products.	  She	  explains:	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What	  number	  is	  eight	  times	  as	  large	  as	  4	  tens?	  And	  that’s	  our	  next	  1	   question,	  so	  what	  we’re	  doing	  here	  is	  multiplying	  the	  8	  again	  from	  the	  2	   one’s	  section	  of	  thirty	  eight	  and	  multiplying	  it	  times	  the	  tens	  section	  of	  3	   the	  number	  forty	  five	  which	  is	  the	  number	  4.	  So	  what	  we	  are	  going	  to	  4	   do	  is	  basically	  add	  up	  8	  groups	  of	  4	  tens.	  This	  is	  like	  saying	  8	  times	  5	   forty	  which	  is	  32	  tens	  or	  3	  hundreds	  and	  2	  tens.	  The	  number	  three	  6	   hundred	  twenty.	  (Coursework,	  4/6/11)	  7	  	  Figure	  6-­‐2	  shows	  the	  symbolic	  representation	  that	  accompanied	  this	  explanation.	  	  	  	  
	  	  	  	  	  
Figure	  6-­‐2.	  Marge’s	  partial	  products	  symbolic	  representation	  	   In	  this	  explanation	  Marge	  references	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  when	  she	  refers	  to	  each	  number	  as	  a	  combination	  of	  units.	  She	  references	  the	  8	  as	  units	  of	  one	  and	  the	  4	  as	  units	  of	  ten	  (lines	  1	  –	  4).	  She	  also	  references	  the	  third	  key	  idea	  of	  multiplicative	  reasoning	  when	  she	  groups	  the	  32	  tens	  into	  3	  hundreds	  and	  2	  tens	  (lines	  4	  –	  6).	  Marge	  does	  not	  use	  the	  second	  key	  idea	  of	  multiplicative	  reasoning	  to	  reference	  the	  relationship	  that	  explains	  why	  32	  tens	  is	  equivalent	  to	  3	  hundreds	  and	  2	  tens.	  In	  this	  recorded	  explanation	  Marge	  does	  not	  use	  the	  base	  ten	  blocks	  when	  she	  is	  finding	  the	  partial	  products	  and	  so	  the	  relationship	  is	  not	  represented	  pictorially	  as	  it	  was	  in	  the	  partial	  sums	  recorded	  explanation.	  	  
	  	  
159	  
When	  Marge	  critiqued	  one	  of	  her	  classmate’s	  partial	  products	  recorded	  explanations	  she	  commented,	  “Also,	  she	  used	  great	  vocabulary	  and	  explanations	  when	  describing	  the	  number	  150	  by	  saying	  that	  there	  are	  10	  groups	  of	  ten	  which	  makes	  1	  hundred”	  (Coursework,	  3/29/11).	  This	  statement	  references	  the	  second	  key	  idea	  of	  multiplicative	  reasoning	  because	  it	  references	  that	  10	  groups	  of	  ten	  make	  1	  hundred.	  Even	  though	  Marge	  noted	  that	  this	  was	  a	  great	  explanation,	  she	  did	  not	  incorporate	  the	  second	  key	  idea	  of	  multiplicative	  reasoning	  into	  her	  own	  recorded	  explanations.	  This	  is	  evidence	  that	  Marge	  recognizes	  the	  second	  key	  idea	  of	  multiplicative	  reasoning,	  however	  she	  does	  not	  include	  it	  in	  her	  explanations.	  	  Through	  analyzing	  Marge’s	  coursework	  within	  the	  place	  value	  module	  she	  references	  the	  first	  and	  third	  key	  ideas	  of	  multiplicative	  reasoning	  within	  her	  recorded	  explanations.	  The	  following	  section	  will	  analyze	  Marge’s	  use	  and	  understanding	  of	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  the	  place	  value	  context	  during	  the	  semi-­‐structured	  interview.	  	  
Semi-­‐structured	  interview.	  During	  the	  interview	  Marge	  explains	  the	  problem	  25	  x	  15.	  She	  explains:	  Okay,	  so	  if	  we’re	  going	  to	  do	  twenty	  five,	  times,	  I’ll	  say	  fifteen.	  The	  first	  1	   thing	  we	  need	  to	  work	  on	  is	  multiplying	  that	  ones	  place	  first	  [circles	  2	   ones	  place	  in	  bottom	  number	  with	  pen]	  into	  the	  other	  number,	  3	   multiplying	  this	  ones	  [the	  5	  in	  15]	  by	  this	  number	  [25].	  And	  basically	  4	   when	  we	  are	  multiplying	  we	  are	  taking	  this	  number,	  twenty-­‐five,	  5	   fifteen	  times.	  So	  what	  we	  need	  to	  do	  is	  make	  sure	  we	  do	  the	  ones	  place	  6	   first	  and	  then	  we’ll	  multiply	  by	  the	  tens	  place	  and	  add	  those	  together.	  I	  7	   am	  not	  very	  good	  at	  this.	  So	  five	  times	  five	  is	  twenty-­‐five,	  we’ll	  carry	  8	   that	  two,	  five	  times	  two	  is	  ten,	  and	  we	  add	  the	  two	  and	  we	  have	  twelve.	  9	   Then	  we	  multiply	  by	  that	  tens	  place,	  we	  need	  to	  make	  sure	  we	  put	  a	  10	   zero	  here,	  because	  it	  is	  not	  a	  single	  digit,	  it	  is	  not	  a	  one,	  make	  sure	  I	  put	  11	   that	  zero	  there,	  so	  the	  one	  times	  five	  is	  five,	  one	  times	  two	  is	  two,	  and	  12	   now	  I	  need	  to	  add	  them	  together,	  so	  five	  plus	  zero,	  two	  plus	  five	  is	  13	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seven,	  one	  plus	  two	  is	  three.	  And	  that	  is	  how	  you	  would	  do	  that.	  14	   (Interview,	  2/29/12)	  15	  	  Figure	  6-­‐3	  shows	  the	  written	  work	  that	  accompanied	  this	  explanation.	  	  	  	  	  	  	  
	  
	  
	  
	  
Figure	  6-­‐3.	  Marge’s	  written	  work	  from	  interview	  for	  the	  problem	  25	  x	  15	  	  In	  this	  explanation	  Marge	  solves	  the	  problem	  using	  a	  standard	  algorithm.	  She	  references	  elements	  of	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  when	  she	  references	  the	  quantity	  fifteen	  as	  a	  combination	  of	  ones	  and	  tens	  (lines	  1	  –	  7).	  Marge	  does	  not	  reference	  the	  second	  and	  third	  key	  ideas	  of	  multiplicative	  reasoning	  in	  this	  explanation.	  Later	  in	  the	  semi-­‐structured	  interview	  after	  Marge	  has	  started	  to	  make	  connections	  between	  the	  different	  problems	  that	  she	  has	  solved,	  she	  realizes	  that	  she	  could	  have	  explained	  this	  problem	  in	  a	  way	  that	  would	  support	  students	  to	  “understand	  the	  concept	  much	  better”	  (Interview,	  2/29/12).	  She	  explains:	  So	  what	  I	  would	  do	  is	  take,	  this	  is	  the	  same	  as	  ten	  and	  five	  (refers	  to	  15	  1	   in	  25	  x	  15),	  like	  fifteen,	  and	  then	  multiply	  like	  take	  five	  groups	  of	  that	  2	   twenty	  five.	  I	  feel	  stupid	  now	  that	  I	  was	  multiplying,	  I	  should	  have	  3	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known	  what	  five	  times	  twenty-­‐five	  is,	  but	  basically	  taking	  five	  groups	  4	   of	  twenty-­‐five	  so	  you	  have	  one	  twenty	  five	  and	  then	  taking	  the	  ten	  5	   groups	  of	  twenty	  fives	  so	  that	  you	  have	  two	  hundred	  fifty.	  (Interview,	  6	   2/29/12)	  7	  	  The	  writing	  in	  Figure	  6-­‐3	  on	  the	  right–hand	  side	  was	  added	  when	  Marge	  explained	  the	  problem	  the	  second	  time.	  In	  Marge’s	  second	  explanation	  of	  the	  problem	  she	  uses	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  to	  reference	  the	  number	  15	  as	  a	  unit	  of	  10	  and	  a	  unit	  of	  5	  (lines	  1	  –	  2).	  While	  Marge	  does	  not	  reference	  the	  second	  or	  third	  key	  ideas	  of	  multiplicative	  reasoning	  within	  this	  explanation,	  her	  reference	  to	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  became	  more	  explicit.	  In	  the	  second	  explanation	  Marge	  references	  the	  product	  as	  5	  groups	  of	  twenty	  five	  and	  10	  groups	  of	  twenty	  five	  (lines	  4	  –	  6	  in	  second	  explanation),	  whereas	  in	  the	  first	  explanation	  Marge	  referenced	  multiplying	  by	  the	  ones	  place	  and	  then	  the	  tens	  place	  (lines	  1	  –	  7	  in	  first	  explanation).	  In	  the	  second	  explanation	  Marge	  explicitly	  illustrates	  that	  fifteen	  is	  made	  up	  of	  1	  ten	  and	  5	  ones.	  This	  is	  evidence	  that	  Marge	  references	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  when	  spontaneously	  explaining	  a	  place	  value	  problem.	  She	  is	  building	  her	  understanding	  of	  multiplicative	  reasoning	  as	  she	  transitions	  between	  solving	  the	  problem	  using	  the	  standard	  algorithm	  and	  using	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning,	  as	  evidenced	  when	  she	  solves	  the	  problem	  initially	  using	  the	  standard	  algorithm	  and	  then	  using	  the	  first	  key	  idea	  of	  multiplicative	  reasoning.	  	  
	   During	  the	  semi-­‐structured	  interview	  Marge	  solves	  the	  decimal	  place	  value	  problem	  6	  x	  2.4.	  In	  this	  explanation	  she	  explains:	  So	  when	  I	  am	  multiplying	  six	  and	  two	  and	  four	  tenths,	  so	  what	  I	  am	  1	   doing,	  this	  is	  a	  portion	  of	  a	  number	  [points	  to	  .4],	  which	  is	  also	  a	  2	   decimal,	  so	  when	  I	  want	  to	  multiply	  them,	  I’m	  taking	  this	  fraction,	  this	  3	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piece	  of	  the	  number,	  and	  multiplying	  that	  out	  as	  well.	  So	  it	  is	  not	  just	  4	   this	  number	  [points	  to	  2],	  I	  am	  doing	  the	  whole	  number	  together.	  So	  5	   two	  represents	  the	  whole	  number,	  four	  represents	  the	  piece	  of	  the	  6	   number.	  	  And	  I	  am	  going	  to	  multiply	  them	  by	  that	  six.	  So	  what	  I	  am	  7	   doing	  is	  taking	  that	  two	  point	  four	  and	  adding	  it	  up	  six	  times	  basically.	  8	   So	  six	  times	  four	  is	  twenty	  four,	  and	  six	  times	  two	  is	  twelve,	  plus	  two	  is	  9	   fourteen,	  and	  then	  what	  I	  need	  to	  do	  is	  make	  sure	  I	  take	  this	  decimal	  10	   into	  consideration.	  So	  this	  was	  representing	  the	  portion	  of	  a	  whole	  11	   number	  [circles	  .4].	  I	  have	  to	  use	  that	  when	  I	  make	  this	  number,	  so	  I	  12	   know	  that	  it	  has	  to	  move	  over	  one	  place,	  from	  the	  end,	  like	  if	  this	  was	  a	  13	   whole	  number,	  move	  it	  over	  one	  because	  this	  is	  representing	  that	  14	   portion	  of	  the	  whole	  digit.	  I	  probably	  didn’t	  explain	  that	  very	  well,	  15	   because	  I	  still	  don’t	  really	  understand	  the	  explanation	  as	  to	  why	  it	  has	  16	   to	  move	  over	  just	  one	  place,	  I	  just	  know	  that	  I	  count	  how	  many	  times	  it	  17	   moves	  over,	  so	  um	  yeah,	  so	  your	  answer	  then	  would	  be	  fourteen	  point	  18	   four.	  (Interview,	  2/29/12)	  19	  	  Figure	  6-­‐4	  shows	  the	  written	  work	  that	  accompanied	  this	  explanation.	  	  	  
	   	  
Figure	  6-­‐4.	  Marge’s	  written	  work	  from	  interview	  for	  the	  problem	  6	  x	  2.4	  	  	   In	  this	  explanation	  Marge	  references	  elements	  of	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  when	  she	  says	  that	  in	  this	  problem	  she	  is	  multiplying	  two	  different	  units,	  a	  whole	  number	  and	  a	  portion	  of	  a	  number	  (lines	  1	  –	  4).	  She	  does	  not	  explicitly	  reference	  the	  value	  of	  the	  units	  (ones	  and	  tenths)	  and	  she	  does	  not	  use	  the	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second	  and	  third	  key	  ideas	  of	  multiplicative	  reasoning	  to	  explain	  the	  relationship	  between	  the	  units	  and	  group	  the	  units.	  	  
	   	  Through	  analyzing	  Marge’s	  place	  value	  explanations	  it	  is	  clear	  that	  she	  uses	  the	  first	  and	  third	  key	  ideas	  of	  multiplicative	  reasoning	  when	  she	  is	  explaining	  the	  problems	  in	  the	  course,	  however,	  when	  she	  spontaneously	  explains	  the	  problems	  in	  the	  semi-­‐structured	  interview	  she	  only	  references	  the	  first	  key	  idea	  of	  multiplicative	  reasoning.	  These	  references	  occur	  as	  Marge	  explains	  the	  problems	  using	  a	  standard	  algorithm,	  indicating	  that	  she	  is	  transitioning	  between	  using	  a	  standard	  algorithm	  and	  the	  key	  ideas	  of	  multiplicative	  reasoning.	  	  
Fractions	  
	   In	  the	  fractions	  module	  of	  the	  course	  Marge	  completed	  initial	  and	  revised	  recorded	  explanations	  for	  fraction	  addition	  and	  fraction	  multiplication,	  she	  posted	  comments	  about	  the	  changes	  that	  she	  made	  in	  her	  revised	  recorded	  explanations	  as	  well	  as	  her	  thoughts	  about	  creating	  the	  recorded	  explanations,	  she	  critiqued	  two	  of	  her	  classmates’	  recorded	  explanations,	  her	  recorded	  explanations	  were	  critiqued	  by	  three	  of	  her	  classmates,	  and	  she	  wrote	  two	  responses	  in	  the	  discussion	  board.	  Marge	  did	  not	  complete	  the	  fraction	  explanation	  during	  the	  course	  introduction;	  therefore	  the	  researcher	  is	  unable	  to	  determine	  how	  Marge	  explained	  fraction	  problems	  prior	  to	  taking	  the	  course.	  These	  data	  sources	  and	  the	  semi-­‐structured	  interview	  responses	  are	  used	  to	  analyze	  Marge’s	  use	  and	  understanding	  of	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  the	  context	  of	  fractions.	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   Coursework.	  During	  the	  fractions	  module	  of	  the	  course	  Marge	  explained	  the	  problem	  2/5	  +	  3/4.	  The	  following	  excerpt	  is	  from	  Marge’s	  revised	  fraction	  addition	  recorded	  explanation:	  So	  what	  we	  need	  to	  do	  when	  we	  add	  two	  fifths	  and	  three	  fourths	  is	  1	   have	  a	  common	  denominator	  because	  if	  we	  added	  two	  fifths	  and	  three	  2	   fourths	  it	  just	  wouldn’t	  work	  out.	  Fifths	  are	  smaller	  pieces	  than	  3	   fourths.	  So	  what	  we	  need	  to	  do	  is	  make	  a	  common	  denominator	  by	  4	   splitting	  our	  unit	  square	  into	  pieces	  that	  represent	  both	  fifths	  and	  5	   fourths.	  So	  if	  we	  look	  here	  we	  have	  [points	  and	  counts]	  five	  rows,	  6	   which	  is	  the	  same	  as	  taking	  out	  one	  fifth,	  which	  is	  this	  whole	  row	  [runs	  7	   mouse	  along	  top	  row].	  Each	  of	  these	  rows	  is	  one	  fifth.	  And	  now	  we	  are	  8	   going	  to	  look	  at	  the	  fourths.	  We	  have	  [points	  and	  counts]	  four	  columns	  9	   and	  these	  each	  represent	  the	  four	  columns	  that	  are	  present	  when	  we	  10	   break	  the	  whole	  unit	  square	  into	  fourths.	  So	  each	  of	  these	  little	  blocks	  11	   represents	  1	  twentieth.	  So	  now	  that	  we	  have	  a	  common	  denominator,	  12	   which	  is	  twentieths,	  we	  need	  to	  see	  how	  many	  pieces	  there	  are	  in	  two	  13	   fifths	  and	  three	  fourths.	  [Slide	  2	  appears]	  So	  when	  we	  take	  out	  two	  14	   fifths	  [points	  and	  counts]	  we	  need	  to	  see	  how	  many	  little	  squares	  are	  15	   inside	  that	  area.	  And	  so	  we	  have	  [points	  and	  counts].	  There	  are	  8	  16	   twentieths	  in	  our	  two	  fifths	  area.	  So	  here	  we	  have	  8	  twentieths	  [circles	  17	   “8/20”	  with	  mouse].	  (Coursework,	  4/14/11)	  18	  	  Figure	  6-­‐5	  shows	  the	  symbolic	  and	  pictorial	  representations	  that	  accompanied	  this	  explanation.	  In	  this	  explanation	  Marge	  references	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  when	  she	  references	  that	  the	  units	  of	  fourths	  and	  fifths	  can	  also	  be	  units	  of	  twentieths	  (lines	  12	  –	  14).	  As	  the	  explanation	  continues	  Marge	  references	  the	  second	  key	  idea	  when	  she	  explains	  that	  in	  the	  unit	  square	  there	  are	  units	  of	  fourths	  and	  units	  of	  fifths	  and	  now	  there	  are	  units	  of	  twentieths	  (lines	  4	  –	  12).	  Marge	  concludes	  this	  excerpt	  of	  her	  recorded	  explanation	  by	  referencing	  the	  third	  key	  idea	  of	  multiplicative	  reasoning	  by	  illustrating	  and	  explaining	  that	  there	  are	  8	  twentieths	  in	  the	  two-­‐fifths	  area	  (lines	  16	  –	  17).	  These	  statements	  illustrate	  how	  Marge	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references	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  a	  fraction	  addition	  problem.	  	  
	  	   Figure	  6-­‐5.	  Marge’s	  fraction	  addition	  symbolic	  &	  pictorial	  representations	  	   	  In	  Marge’s	  fraction	  multiplication	  recorded	  explanations	  she	  explains	  the	  problem	  2/5	  x	  3/4.	  The	  following	  excerpt	  is	  from	  her	  revised	  fraction	  multiplication	  explanation:	  When	  we	  look	  at	  fourths	  there	  are	  [points	  and	  counts]	  four	  equal	  1	   pieces	  out	  of	  the	  whole	  unit	  and	  we	  want	  to	  just	  separate	  out	  three	  of	  2	   those	  when	  we	  look	  at	  three	  fourths	  so	  [points	  and	  counts]	  1,	  2,	  3	  3	   fourths.	  So	  when	  we	  combine	  those	  two	  different	  charts	  we	  can	  see	  4	   that	  they	  are	  separated	  into	  twenty	  individual	  equal	  blocks.	  5	   (Coursework,	  4/14/11)	  6	  	  Figure	  6-­‐6	  shows	  the	  symbolic	  and	  pictorial	  representations	  that	  accompanied	  this	  explanation.	  In	  this	  explanation	  Marge	  references	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  when	  she	  changes	  the	  units	  of	  fourths	  into	  twentieths	  (lines	  1	  –	  5).	  She	  also	  references	  the	  second	  key	  idea	  of	  multiplicative	  reasoning	  when	  she	  says	  that	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there	  are	  now	  twenty	  blocks	  (lines	  4	  –	  5)	  and	  illustrates	  that	  each	  block	  is	  1	  twentieth	  (See	  Figure	  6-­‐6).	  	  
	  
	  
	  
	  
	  
	  
	   	  	  
Figure	  6-­‐6.	  Marge’s	  fraction	  multiplication	  symbolic	  &	  pictorial	  representations	  (Part	  1)	  	  	   Marge	  continues	  to	  explain	  this	  problem.	  The	  following	  excerpt	  is	  from	  a	  later	  section	  of	  her	  revised	  fraction	  multiplication	  explanation:	  So	  as	  you	  can	  see	  here	  in	  this	  teal	  color,	  there	  are	  [points	  and	  counts]	  1	   three	  quarters.	  So	  let’s	  take	  this	  away	  from	  the	  whole	  unit	  and	  now	  we	  2	   want	  to	  find	  what	  two	  fifths	  of	  this	  whole	  area	  is,	  of	  this	  three	  quarter	  3	   area.	  So	  what	  we	  are	  going	  to	  do	  is	  highlight	  two	  of	  these	  fifth	  rows	  4	   because	  these	  are	  the	  fifths,	  [points	  and	  counts	  column	  of	  small	  boxes].	  5	   So	  when	  we	  take	  out	  two	  fifths,	  two	  of	  these	  rows	  [circles	  mouse	  over	  6	   top	  2	  rows],	  we	  have	  these	  purple	  squares.	  These	  two	  squares	  over	  7	   here	  will	  not	  be	  included	  [points	  to	  top	  2	  small	  squares]	  because	  we	  8	   are	  only	  looking	  at	  the	  three	  quarter	  area.	  So	  when	  we	  take	  two	  fifths	  9	   of	  this	  three	  quarter	  area	  we	  see	  that	  there	  are	  [points	  and	  counts]	  six	  10	   little	  squares.	  Six	  individual	  equal	  sized	  squares	  are	  in	  purple	  and	  this	  11	   is	  the	  area	  that	  is	  the	  result	  of	  two	  fifths	  times	  three	  fourths.	  So	  6	  one	  12	   twentieths	  is	  our	  answer	  [circles	  in	  box]	  which	  is	  the	  same	  as	  six	  13	   twentieths.	  	  14	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  Figure	  6-­‐7	  shows	  the	  symbolic	  and	  pictorial	  representations	  that	  accompanied	  this	  explanation.	  	  	  
	  
Figure	  6-­‐7.	  Marge’s	  fraction	  multiplication	  symbolic	  &	  pictorial	  representations	  (Part	  2)	  	  	   In	  this	  explanation	  Marge	  references	  the	  third	  key	  idea	  of	  multiplicative	  reasoning	  when	  she	  says,	  “So	  when	  we	  take	  out	  two	  fifths,	  two	  of	  these	  rows	  (circles	  mouse	  over	  top	  2	  rows),	  we	  have	  these	  purple	  squares”	  (lines	  6	  –	  7).	  Marge	  continues	  this	  explanation	  by	  later	  referencing	  the	  six	  purple	  squares	  as	  6	  one-­‐twentieths	  (lines	  9	  –	  13).	  These	  statements	  illustrate	  how	  Marge	  references	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  a	  fraction	  multiplication	  problem.	  This	  analysis	  has	  shown	  that	  Marge	  references	  each	  of	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  her	  fraction	  recorded	  explanations.	  Marge	  further	  discusses	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  in	  her	  discussion	  board	  post.	  She	  states:
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Thanks	  so	  much	  [classmate]	  and	  [instructor]!	  	  I	  used	  your	  suggestions	  1	   and	  said	  "of"	  in	  place	  of	  saying	  "times".	  	  It's	  so	  strange	  doing	  math	  this	  2	   way	  instead	  of	  the	  ways	  that	  I	  learned	  which	  was	  simply	  multiplying	  3	   across.	  	  From	  my	  point	  of	  view	  it	  is	  more	  difficult	  for	  me	  to	  understand	  4	   what	  multiplying	  fractions	  is	  when	  using	  these	  images,	  but	  by	  doing	  5	   this	  process	  I	  also	  now	  understand	  what	  exactly	  multiplying	  fractions	  6	   is.	  	  I	  no	  longer	  see	  multiplying	  fractions	  as	  a	  mathematical	  process	  but	  7	   also	  as	  a	  visible	  equation.	  (Coursework,	  4/14/2011)	  8	  	  This	  post	  is	  evidence	  that	  the	  coursework	  has	  supported	  Marge	  to	  begin	  to	  understand	  fraction	  addition	  and	  multiplication	  using	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  (lines	  2	  –	  4).	  Learning	  a	  new	  way	  of	  multiplying	  fractions	  was	  difficult	  for	  Marge	  and	  she	  continues	  to	  struggle	  with	  understanding	  these	  ideas	  (lines	  4	  –	  5).	  This	  explanation	  is	  evidence	  that	  Marge’s	  existing	  understanding	  has	  been	  perturbed	  by	  the	  coursework	  and	  the	  course	  has	  supported	  her	  to	  see	  multiplying	  fractions	  as	  a	  “visible	  equation”	  as	  opposed	  to	  a	  mathematical	  process	  (lines	  7	  –	  8).	  The	  following	  section	  will	  analyze	  Marge’s	  use	  and	  understanding	  of	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  the	  context	  of	  fractions	  during	  the	  semi-­‐structured	  interview.	  	  
Semi-­‐structured	  interview.	  When	  Marge	  explains	  a	  fraction	  multiplication	  problem	  within	  the	  semi-­‐structured	  she	  explains	  the	  problem	  3/4	  x	  2/5.	  Marge	  explains:	   So	  three	  fourths	  times	  two	  fifths	  (writes	  problem).	  So	  I	  am	  going	  to	  1	   show	  you	  the	  way	  that	  I	  learned	  first	  because	  this	  is	  easiest	  for	  me	  and	  2	   I	  don’t	  want	  to	  teach	  it	  wrong.	  	  I	  know	  that	  when	  I	  multiply	  fractions	  I	  3	   can	  just	  go	  straight	  across.	  So	  four	  times	  five	  is	  twenty	  and	  three	  times	  4	   two	  is	  six.	  And	  this	  summer	  I	  just	  learned	  the	  appropriate	  way,	  like	  5	   what	  this	  actually	  means,	  I	  had	  that	  class	  with	  [instructor],	  where	  we	  6	   did	  the	  online,	  and	  I	  still	  struggle	  understanding,	  but	  basically	  I	  think	  7	   what	  we	  did	  was,	  we	  had,	  we	  looked	  at	  it	  in	  a	  block	  format.	  So	  that	  we	  8	   would	  have,	  this	  is	  four	  and	  this	  is	  five	  (references	  denominators	  in	  9	   problem).	  So	  we	  have	  five	  columns	  here	  and	  then	  we	  would	  do	  four	  the	  10	   other	  way.	  And	  then,	  so	  like	  three	  fourths,	  I’m	  sorry,	  this	  is	  like,	  I’m	  11	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already	  confusing	  myself.	  So	  for	  the	  three	  fourths	  it	  would	  be,	  you	  12	   would	  fill	  in	  like	  all	  three	  of	  these	  (fills	  in	  three	  rows)	  and	  then	  two	  13	   fifths	  we	  would	  cross	  this	  other	  way,	  so	  you	  would	  count	  how	  many	  14	   are	  in	  that	  section,	  which	  I	  don’t	  think	  I	  did	  right,	  but	  any	  case,	  I	  still	  15	   don’t	  understand	  this.	  (Interview,	  2/29/12)	  16	  	  Figure	  6-­‐8	  shows	  the	  written	  work	  that	  accompanied	  this	  explanation.	  	  	  
	   	  
Figure	  6-­‐8.	  Marge’s	  written	  work	  from	  interview	  for	  the	  problem	  3/4	  x	  2/5	  	  Marge	  continues	  to	  transition	  in	  her	  understanding	  of	  this	  problem	  as	  is	  evident	  in	  lines	  1	  –	  3	  when	  she	  states	  that	  she	  is	  going	  to	  solve	  the	  problem	  using	  the	  way	  she	  learned	  first.	  She	  initially	  solves	  the	  problem	  using	  a	  standard	  algorithm	  to	  multiply	  “straight	  across”	  (line	  4)	  and	  then	  attempts	  to	  solve	  the	  problem	  using	  the	  unit	  square	  (line	  8).	  In	  this	  explanation	  Marge	  references	  elements	  of	  the	  third	  key	  idea	  of	  multiplicative	  reasoning	  when	  she	  discusses	  grouping	  the	  squares	  by	  filling	  in	  three	  of	  the	  rows	  and	  two	  of	  the	  columns	  (lines	  12	  –	  15).	  In	  this	  explanation	  she	  does	  not	  use	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  to	  reference	  the	  units	  of	  the	  problem	  and	  she	  does	  not	  use	  the	  second	  key	  idea	  of	  multiplicative	  reasoning	  to	  reference	  the	  relationships	  between	  the	  units.	  While	  Marge	  struggles	  to	  make	  sense	  of	  fraction	  multiplication	  by	  using	  the	  unit	  
	  	  
170	  
square,	  she	  is	  the	  first	  teacher	  who	  has	  tried	  to	  spontaneously	  explain	  the	  problem	  in	  this	  way.	  As	  Marge	  stated	  in	  the	  course	  discussion	  board	  she	  is	  still	  struggling	  to	  understand	  these	  concepts,	  which	  continues	  to	  be	  the	  case	  as	  is	  evident	  by	  her	  statements	  in	  lines	  7,	  11	  –	  12	  and	  15	  –	  16	  of	  the	  semi-­‐structured	  interview.	  
	   Through	  analyzing	  Marge’s	  fraction	  explanations	  it	  is	  evident	  that	  the	  coursework	  has	  perturbed	  her	  existing	  understanding	  of	  these	  problems	  and	  she	  is	  trying	  to	  make	  sense	  of	  using	  the	  unit	  square	  to	  explain	  fraction	  multiplication	  even	  though	  she	  says	  that	  she	  still	  does	  not	  fully	  understand	  it.	  In	  these	  explanations	  Marge	  continues	  to	  transition	  between	  how	  she	  was	  initially	  taught	  to	  solve	  these	  problems	  using	  a	  standard	  algorithm	  and	  using	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  that	  she	  was	  taught	  in	  the	  course.	  	  
Measurement	  
	   The	  data	  used	  to	  analyze	  Marge’s	  use	  and	  understanding	  of	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  the	  context	  of	  measurement	  include	  her	  responses	  to	  the	  semi-­‐structured	  interview	  questions.	  During	  the	  semi-­‐structured	  interview	  Marge	  explains	  the	  problem	  4’	  5”	  x	  3.	  She	  states:So	  I	  know	  that	  I	  have	  three	  of	  these	  4	  feet,	  5	  inch	  rolls	  of	  paper,	  right,	  1	   so	  what	  I	  need	  to	  do	  is	  make	  sure	  I	  multiply	  these	  by	  three,	  simply	  2	   because	  there	  is	  three	  of	  them.	  	  What	  I	  am	  going	  to	  do	  first	  though	  is	  3	   multiply	  the	  5	  inches	  because	  that	  is	  my	  smallest	  unit,	  and	  if	  I	  do	  that	  I	  4	   know	  that	  12	  of	  these	  (points	  to	  inches)	  makes	  1	  foot,	  so	  I	  don’t	  want	  5	   to	  add	  this	  number	  up	  and	  then	  add	  more	  to	  it.	  So	  I	  know	  three	  times	  6	   five,	  or	  three	  groups	  of	  five,	  is	  fifteen,	  so	  I	  have	  15	  inches,	  and	  I	  know	  7	   that	  12	  of	  those	  inches	  equals	  1	  foot,	  so	  I	  am	  going	  to	  just	  draw	  this	  8	   down	  [puts	  arrows	  off	  of	  the	  15	  inches	  and	  writes	  1	  foot	  off	  one	  arrow	  9	   and	  3	  inches	  off	  the	  other	  arrow],	  so	  I	  have	  one	  more	  foot	  here	  and	  10	   then	  fifteen	  minus	  twelve,	  I’ll	  have	  3	  inches,	  so	  just	  from	  those	  extra	  11	   inches	  I	  have	  an	  extra	  foot	  and	  3	  inches.	  If	  I	  take	  three	  of	  these	  4	  feet	  12	   portions,	  I	  go	  three	  times	  four,	  so	  four	  groups	  of	  three,	  and	  I	  have	  12	  13	   feet.	  So	  now	  what	  I	  need	  to	  do	  is	  make	  sure	  I	  add	  all	  my	  common	  units,	  14	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so	  my	  12	  feet	  and	  my	  1	  foot	  can	  be	  added	  together,	  so	  I	  have	  13	  feet	  15	   and	  3	  inches.	  (Interview,	  2/29/12)16	  	  Figure	  6-­‐9	  shows	  the	  written	  work	  that	  accompanied	  this	  explanation.	  	  	  
	  
	  	   	  	  	  
	  
Figure	  6-­‐9.	  Marge’s	  written	  work	  from	  interview	  for	  the	  problem	  4’	  5”	  x	  3	  	  In	  this	  explanation	  Marge	  references	  the	  first	  and	  second	  key	  ideas	  of	  multiplicative	  reasoning	  in	  lines	  3	  –	  6	  when	  she	  says	  that	  she	  is	  going	  to	  work	  with	  the	  smallest	  unit	  first	  because	  12	  inches	  is	  the	  same	  as	  1	  foot.	  Working	  with	  the	  smallest	  unit	  first	  allows	  her	  to	  see	  if	  she	  has	  enough	  inches	  to	  make	  another	  foot.	  Marge	  uses	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  when	  she	  references	  the	  units	  of	  inches	  and	  feet.	  She	  uses	  the	  second	  key	  idea	  of	  multiplicative	  reasoning	  to	  reference	  the	  relationship	  between	  these	  units	  as	  12	  inches	  making	  1	  foot.	  Marge	  uses	  the	  third	  key	  idea	  of	  multiplicative	  reasoning	  in	  lines	  6	  –	  12	  when	  she	  explains	  that	  15	  inches	  is	  the	  same	  as	  1	  foot	  and	  3	  inches.	  	  This	  explanation	  was	  Marge’s	  spontaneous	  response	  to	  the	  question.	  She	  solved	  the	  problem	  using	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  and	  did	  not	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need	  to	  solve	  the	  problem	  in	  a	  different	  way	  before	  using	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning.	  There	  was	  no	  evidence	  of	  transition	  within	  this	  response.	  Marge	  illustrates	  an	  understanding	  of	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  the	  context	  of	  measurement.	  	  
Percent	  
	   The	  data	  from	  the	  semi-­‐structured	  interview	  is	  used	  to	  analyze	  Marge’s	  use	  of	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  the	  context	  of	  percent.	  Marge	  explains	  the	  problem	  23%	  of	  34:	  So	  I	  know	  this	  is	  the	  same	  also	  as	  point	  two	  three,	  so	  if	  I	  just	  want	  to	  1	   multiply	  it	  out,	  like	  the	  way	  that	  I	  learned	  to	  do,	  I	  would	  just	  take	  thirty	  2	   four	  multiplied	  times	  by	  the	  decimal,	  point	  two	  three,	  multiply	  [pause	  3	   while	  she	  is	  writing]	  and	  add	  those	  up	  and	  then	  I	  would	  know	  to	  move	  4	   it	  over	  two	  decimal	  places,	  just	  like	  it	  is	  up	  there,	  so	  I	  get	  seven	  point	  5	   eight	  two	  equals	  twenty	  three	  percent	  of	  thirty	  four.	  But	  if	  I	  have	  6	   twenty	  three	  over	  one	  hundred	  I’m	  sure	  I	  can	  multiply	  that	  times	  thirty	  7	   four	  over	  one,	  because	  it	  is	  a	  whole	  number,	  it’s	  not	  a	  portion	  so	  I	  8	   would	  have	  twenty	  three	  times	  thirty	  four,	  which	  right	  now	  is	  really	  9	   hard	  for	  me.	  It’s	  the	  same	  as	  what	  I	  just	  did	  right?	  Yeah,	  I	  just	  realized	  I	  10	   just	  multiplied	  that	  before	  so,	  that’s	  seven	  eighty-­‐two	  divided	  by	  a	  11	   hundred,	  that’s	  the	  same	  you	  get	  seven	  point	  eight	  two.	  If	  that	  is	  even	  12	   the	  correct	  number,	  I	  probably	  didn’t	  do,	  yeah	  so	  basically	  you	  can	  13	   either	  think	  of	  it	  like	  a	  fraction	  and	  multiply	  it	  across	  or	  you	  can	  think	  14	   of	  it	  like	  a	  decimal	  and	  multiply	  it,	  as	  long	  as	  you	  take	  into	  15	   consideration	  that	  it	  is	  like	  each	  portion	  of	  the	  multiplication	  process.	  16	   (Interview,	  2/29/12)	  17	  	  Figure	  6-­‐10	  shows	  the	  written	  work	  that	  accompanied	  this	  explanation.	  When	  Marge	  explains	  the	  percent	  problem	  in	  the	  semi-­‐structured	  interview	  she	  applies	  her	  understanding	  of	  decimals	  (lines	  1	  –	  6)	  and	  fractions	  (lines	  6	  –	  12)	  to	  solve	  the	  problem.	  She	  uses	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  to	  reference	  the	  percent	  as	  different	  units	  when	  she	  references	  23%	  as	  0.23	  (line	  3)	  and	  23/100	  (line	  7).	  She	  does	  not	  reference	  the	  second	  and	  third	  key	  ideas	  of	  multiplicative	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reasoning.	  Instead	  she	  uses	  the	  standard	  algorithm	  for	  multiplying	  decimals	  (lines	  1	  –	  6)	  and	  the	  standard	  algorithm	  for	  multiplying	  fractions	  (lines	  6	  –	  12).	  	  	  	  	  	  	  	  
Figure	  6-­‐10.	  Marge’s	  written	  work	  from	  interview	  for	  the	  problem	  23%	  of	  34	  	  In	  this	  explanation	  Marge	  uses	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  to	  reference	  the	  percent	  as	  a	  percent	  and	  a	  decimal,	  which	  allows	  her	  to	  solve	  the	  problem	  in	  two	  different	  ways.	  Solving	  a	  problem	  in	  multiple	  ways	  illustrates	  that	  an	  individual	  is	  not	  bound	  by	  isolated	  rules	  (Ma,	  1999).	  Marge	  is	  making	  connections	  between	  the	  contexts	  of	  decimals,	  percent,	  and	  fractions	  in	  her	  explanation	  because	  she	  uses	  each	  of	  these	  contexts	  in	  her	  explanation.	  The	  following	  section	  further	  discusses	  the	  connections	  that	  Marge	  makes	  between	  the	  mathematical	  contexts	  within	  the	  semi-­‐structured	  interview.	  	  
Connections	  
	   During	  the	  semi-­‐structured	  interview	  Marge	  is	  asked	  if	  there	  are	  connections	  she	  is	  making	  between	  the	  contexts	  of	  place	  value	  and	  measurement.	  She	  responds:I	  do,	  except	  this	  isn’t	  like	  a	  base	  10	  [points	  to	  measurement	  problem],	  1	   if	  that’s	  the	  correct	  term.	  This	  isn’t	  base	  10	  so	  it	  takes	  a	  little	  more	  2	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thinking	  for	  me	  to	  do	  it,	  so	  it’s	  not	  like	  I	  am	  just	  multiplying	  that	  3	   number	  out	  and	  adding	  it	  all	  together,	  so	  since	  this	  is	  like	  base	  12,	  4	   making	  sure	  that	  I	  do	  this	  separately	  [multiply	  each	  unit]	  and	  then	  add	  5	   it	  together.	  Which	  I	  guess	  is	  like	  the	  same	  thing,	  so	  [laughs].	  Yeah,	  I	  6	   definitely	  see	  a	  connection	  between	  those	  two.	  (Interview,	  2/29/12)	  7	  	  In	  this	  response	  Marge	  connects	  the	  contexts	  of	  place	  value	  and	  measurement	  through	  the	  idea	  that	  each	  problem	  consists	  of	  numbers	  that	  are	  a	  combination	  of	  units	  that	  need	  to	  be	  worked	  with	  “separately”	  (line	  5).	  In	  the	  place	  value	  problems	  Marge	  worked	  with	  the	  units	  of	  tens	  and	  ones	  and	  ones	  and	  tenths	  separately.	  In	  the	  measurement	  problem	  she	  worked	  with	  the	  units	  of	  feet	  and	  inches	  separately.	  Marge	  recognizes	  that	  the	  units	  need	  to	  be	  separated	  in	  order	  to	  add	  the	  units	  together	  (line	  5	  –	  6).	  These	  statements	  reference	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  because	  she	  is	  referencing	  quantities	  using	  different	  units.	  	  	   Marge	  continues	  to	  make	  connections	  between	  the	  contexts	  in	  the	  following	  statement	  when	  she	  is	  asked	  what	  connections	  she	  is	  making	  between	  the	  contexts	  of	  measurement	  and	  fractions.	  She	  states:	  	  So	  five	  is	  the	  number	  of	  inches	  in	  that	  one	  ruler,	  and	  then	  twelve	  is	  the	  1	   base	  number	  of	  inches	  to	  get	  to	  feet.	  Because	  then,	  sorry	  I	  am	  trying	  to	  2	   think	  about	  it,	  if	  I	  divide	  that,	  well	  not	  divide	  that,	  but	  this	  is	  a	  piece	  of	  3	   the	  whole,	  so	  12	  inches	  is	  1	  whole	  foot,	  so	  5	  inches	  is	  a	  piece	  of	  that	  1	  4	   foot	  or	  a	  piece	  of	  that	  12	  inches.	  So	  it	  is	  the	  same	  as	  saying	  5	  inches	  5	   over	  1	  feet	  or	  1	  foot,	  oh	  gosh.	  So	  it	  would	  be	  like	  a	  fraction,	  except	  that	  6	   three	  obviously	  wouldn’t	  be	  [pause]	  oh	  yeah	  15	  over	  12,	  holy	  crap,	  7	   sorry,	  I	  see,	  so	  yeah,	  okay.	  (Interview,	  2/29/12)	  8	  	  In	  this	  response	  Marge	  makes	  a	  connection	  between	  the	  contexts	  of	  measurement	  and	  fractions	  because	  both	  contexts	  contain	  parts	  of	  a	  whole.	  In	  the	  measurement	  problem	  Marge	  recognizes	  the	  5	  inches	  as	  part	  of	  a	  whole	  foot	  (lines	  1	  –	  5).	  She	  is	  very	  surprised	  by	  her	  recognition	  that	  there	  are	  fractional	  numbers	  within	  the	  measurement	  context	  (lines	  6	  –	  8).	  In	  this	  response	  Marge	  continues	  to	  use	  the	  first	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key	  idea	  of	  multiplicative	  reasoning	  to	  separate	  the	  units,	  and	  additionally	  recognizes	  elements	  of	  the	  second	  key	  idea	  of	  multiplicative	  reasoning	  in	  the	  part	  whole	  relationship	  between	  the	  units.	  She	  does	  not	  explicitly	  reference	  the	  exact	  relationship	  between	  the	  units,	  but	  she	  does	  recognize	  a	  part	  whole	  relationship	  between	  them.	  	  	   Marge	  continues	  to	  connect	  the	  mathematical	  contexts	  when	  she	  says,	  “So	  this	  one	  (percent	  problem)	  over	  all	  seems	  like	  it	  overarched	  everything	  simply	  because	  it	  has	  the	  decimal,	  it	  has	  the	  fractions,	  and	  it	  ties	  in	  with	  all	  the	  other	  stuff	  we’ve	  had”	  (Interview,	  2/29/12).	  In	  this	  response	  Marge	  says	  that	  the	  percent	  problem	  contained	  aspects	  of	  all	  the	  other	  problems.	  She	  specifically	  mentions	  decimals	  and	  fractions,	  which	  she	  used	  to	  solve	  the	  percent	  problem.	  Marge	  used	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  to	  solve	  the	  percent	  problem	  in	  terms	  of	  fractions	  and	  decimals.	  In	  all	  of	  these	  problems	  Marge	  is	  recognizing	  that	  she	  is	  working	  with	  the	  units	  separately.	  	  	   Marge’s	  continues	  to	  make	  connections	  between	  the	  mathematical	  contexts	  of	  place	  value	  and	  measurement	  in	  the	  following	  excerpt	  from	  the	  semi-­‐structured	  interview:	   This	  is	  a	  whole	  different	  unit	  from	  this	  [place	  value],	  so	  it	  is	  just	  like	  1	   how	  this	  is	  4	  feet	  and	  5	  inches	  or	  two	  different	  units,	  but	  they	  are	  2	   definitely	  related.	  Like	  this	  could	  eventually	  be	  4	  feet	  [pointing	  to	  3	   inches]	  if	  you	  have	  a	  certain	  number	  of	  them,	  just	  like	  how	  5	  could	  be	  4	   ten,	  if	  you	  have	  two	  of	  them.	  (Interview,	  2/29/12)	  5	  	  In	  this	  response	  Marge	  recognizes	  that	  the	  units	  of	  measurement	  are	  related	  because	  inches	  are	  parts	  of	  a	  foot.	  Within	  the	  context	  of	  place	  value	  the	  units	  are	  related	  because	  ones	  can	  be	  combined	  to	  make	  a	  ten,	  so	  the	  ones	  are	  parts	  of	  a	  ten.	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Within	  the	  contexts	  of	  place	  value	  and	  measurement,	  Marge	  references	  the	  second	  key	  idea	  of	  multiplicative	  reasoning	  as	  a	  part	  whole	  relationship	  between	  the	  units.	  Marge	  continues	  to	  make	  connections	  within	  the	  context	  of	  decimals	  when	  she	  states,	  “And	  this	  is	  the	  same	  as	  having	  2	  ones	  [refers	  to	  decimal	  problem]	  and	  point	  four,	  so	  four	  pieces	  of	  one	  whole.	  So	  it	  is	  basically	  this	  same	  exact	  thing,	  just	  written	  a	  tenth	  smaller	  (pause)	  or	  10	  smaller”	  (Interview,	  2/29/12).	  In	  this	  statement	  Marge	  explicitly	  recognizes	  that	  in	  the	  decimal	  context	  the	  tenths	  are	  part	  of	  a	  unit	  of	  one,	  illustrating	  the	  part	  whole	  relationship	  that	  a	  tenth	  is	  1/10	  as	  large	  as	  1,	  which	  references	  the	  second	  key	  idea	  of	  multiplicative	  reasoning.	  	  Marge	  makes	  further	  connections	  between	  the	  mathematical	  contexts	  in	  the	  following	  discussion	  of	  the	  fraction	  context:	  So	  I	  guess	  we	  would	  say	  these,	  fourths,	  the	  four	  across,	  that	  is	  one	  type	  1	   of	  unit,	  whereas	  the	  fifths	  are	  definitely	  a	  different	  type	  of	  unit,	  we	  2	   can’t	  fit	  those,	  this	  isn’t	  a	  five,	  this	  is	  a	  four!	  	  And	  so	  that	  creates	  this	  3	   whole	  new	  smaller	  unit,	  where	  it	  is	  like	  the	  20	  units,	  so	  basically	  these	  4	   are	  different	  types	  of	  units	  [points	  to	  fourths	  and	  fifths]	  but	  then	  you	  5	   create	  this	  whole	  different	  number.	  (Interview,	  2/29/12)	  6	  	  In	  this	  response	  Marge	  recognizes	  that	  fractions	  can	  be	  parts	  of	  other	  fractions	  because	  the	  twentieths	  are	  part	  of	  the	  fourths	  and	  the	  fifths	  (lines	  1	  –	  6).	  Marge	  continues	  to	  use	  elements	  of	  the	  second	  key	  idea	  of	  multiplicative	  reasoning	  to	  recognize	  a	  part	  whole	  relationship	  within	  the	  contexts	  of	  place	  value,	  measurement,	  and	  fractions.	  The	  final	  connection	  that	  Marge	  makes	  between	  the	  mathematical	  contexts	  is	  in	  the	  following	  excerpt:	  	  So	  I	  guess	  with	  twenty	  three	  percent	  then	  you	  are	  just	  going	  to	  look	  at	  1	   this	  whole	  image	  of	  the	  thirty	  four	  as,	  I’m	  not	  sure	  if	  that	  is	  true,	  this	  is	  2	   the	  whole	  image,	  as	  a	  portion	  of	  it,	  where	  you	  can	  break	  it	  into	  3	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hundredths	  like	  we	  talked	  about	  before,	  and	  then	  make	  it	  into	  a	  4	   fraction	  and	  then	  just	  filling	  in	  that	  shaded	  part	  that	  would	  be	  the	  5	   twenty	  three	  percent	  and	  seeing	  what	  is	  left	  over.	  (Interview,	  6	   2/29/12)	  7	  	  In	  this	  response	  Marge	  recognizes	  that	  the	  unit	  of	  34	  is	  a	  whole	  unit	  and	  the	  23%	  is	  part	  of	  that	  whole	  unit	  (lines	  1	  –	  6).	  These	  responses	  provide	  evidence	  that	  Marge	  uses	  elements	  of	  the	  second	  key	  idea	  of	  multiplicative	  reasoning	  to	  reference	  the	  part	  whole	  relationship	  between	  the	  units	  within	  the	  contexts	  of	  place	  value,	  fractions,	  measurement,	  and	  percent.	  	  	  Through	  analyzing	  Marge’s	  responses	  in	  the	  semi-­‐structured	  interview	  she	  makes	  connections	  within	  each	  of	  the	  mathematical	  contexts	  by	  referencing	  that	  the	  units	  are	  worked	  with	  separately	  and	  there	  is	  a	  relationship	  that	  exists	  between	  units	  within	  each	  of	  the	  contexts.	  These	  connections	  illustrate	  an	  understanding	  of	  elements	  of	  the	  first	  and	  second	  key	  ideas	  of	  multiplicative	  reasoning.	  Marge	  made	  these	  connections	  after	  she	  initially	  solved	  the	  place	  value,	  fraction,	  and	  percent	  problems	  using	  an	  algorithm,	  followed	  by	  making	  sense	  of	  each	  problem	  through	  the	  use	  of	  the	  key	  ideas	  of	  multiplicative	  reasoning	  to	  solve	  the	  same	  problems.	  Marge’s	  way	  of	  explaining	  these	  concepts	  has	  been	  perturbed	  by	  her	  experiences	  in	  the	  course	  as	  evidenced	  by	  her	  statement	  that,	  “I	  don’t	  want	  them	  [students]	  to	  get	  to	  the	  same	  point	  where	  I	  did,	  where	  I	  was	  like	  what	  does	  that	  zero	  mean	  when	  I	  multiply	  long,	  double	  digit	  multiplication”	  (Interview,	  2/29/12).	  It	  is	  important	  for	  Marge	  to	  explain	  the	  contexts	  with	  meaning	  because	  it	  was	  challenging	  for	  her	  as	  a	  student	  when	  concepts	  were	  not	  explained	  to	  her.	  This	  desire	  to	  explain	  the	  mathematical	  contexts	  with	  meaning	  may	  have	  promoted	  Marge	  to	  use	  concepts	  that	  she	  learned	  in	  the	  course	  to	  begin	  to	  use	  the	  key	  ideas	  of	  multiplicative	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reasoning	  in	  her	  spontaneous	  explanations.	  Marge	  may	  be	  transitioning	  in	  her	  understanding	  of	  multiplicative	  reasoning	  because	  she	  is	  motivated	  to	  understand	  mathematical	  connections	  between	  contexts.	  A	  desire	  to	  understand	  the	  meaning	  of	  mathematical	  algorithms	  may	  be	  a	  secondary	  factor	  that	  positions	  teachers	  to	  make	  connections	  between	  mathematical	  concepts	  and	  begin	  to	  develop	  a	  KDU	  of	  multiplicative	  reasoning.	  	  
The	  Case	  of	  Charlene	  	   Charlene	  is	  currently	  teaching	  Kindergarten	  and	  was	  a	  very	  active	  participant	  in	  the	  course.	  The	  data	  sources	  from	  the	  course	  and	  the	  semi-­‐structured	  interview	  are	  used	  to	  analyze	  Charlene’s	  use	  and	  understanding	  of	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  each	  of	  the	  mathematical	  contexts.	  
Place	  Value	  
	   During	  the	  introduction	  week	  to	  the	  course	  Charlene	  created	  a	  recorded	  explanation	  of	  a	  place	  value	  multiplication	  problem.	  In	  the	  place	  value	  module	  she	  completed	  initial	  and	  revised	  recorded	  explanations	  for	  partial	  sums	  and	  partial	  products,	  she	  wrote	  comments	  about	  the	  changes	  that	  she	  made	  in	  her	  revisions,	  her	  recorded	  explanations	  were	  critiqued	  by	  three	  of	  her	  classmates,	  she	  critiqued	  three	  of	  her	  classmates’	  recorded	  explanations,	  and	  she	  wrote	  two	  responses	  in	  the	  discussion	  board	  forum.	  These	  data	  sources	  and	  the	  data	  from	  the	  semi-­‐structured	  interview	  are	  used	  to	  analyze	  Charlene’s	  use	  of	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  the	  context	  of	  place	  value.	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   Coursework.	  In	  the	  introduction	  to	  the	  course,	  prior	  to	  the	  place	  value	  module	  Charlene	  created	  a	  recorded	  explanation	  of	  the	  problem	  34	  x	  78.	  In	  this	  explanation	  Charlene	  states:	  For	  the	  first	  method	  we	  will	  use	  the	  base	  ten	  system	  to	  break	  up	  the	  1	   numbers	  into	  smaller	  parts.	  This	  will	  make	  the	  numbers	  easier	  to	  2	   multiply	  and	  then	  we	  will	  add	  the	  products	  of	  these	  parts	  together	  to	  3	   give	  us	  the	  final	  answer.	  So	  if	  we	  take	  the	  number	  thirty	  four	  we	  can	  4	   say	  that	  it	  is	  made	  up	  of	  3	  tens	  and	  4	  ones.	  Similarly	  the	  number	  5	   seventy	  eight	  is	  made	  up	  of	  7	  tens	  and	  8	  ones.	  In	  order	  to	  work	  out	  the	  6	   problem	  we	  will	  first	  multiply	  the	  ones	  group	  together	  which	  is	  eight	  7	   times	  four.	  That	  gives	  us	  thirty	  two	  which	  we	  will	  put	  aside	  for	  now	  8	   while	  we	  work	  out	  the	  rest	  of	  the	  problem.	  (Coursework,	  3/18/11)	  9	  	  This	  explanation	  only	  included	  audio	  and	  did	  not	  include	  a	  symbolic	  or	  pictorial	  representation.	  In	  this	  explanation	  Charlene	  uses	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  when	  she	  references	  each	  quantity	  as	  a	  combination	  of	  units	  of	  ones	  and	  tens	  (lines	  4	  –	  6).	  She	  does	  not	  reference	  the	  second	  or	  third	  key	  ideas	  of	  multiplicative	  reasoning	  within	  this	  explanation.	  	  In	  Charlene’s	  revised	  partial	  sums	  recorded	  explanation	  she	  explains	  the	  problem	  38	  +	  45.	  In	  this	  explanation	  she	  states,	  “So	  in	  the	  number	  thirty	  eight,	  if	  we	  look	  at	  the	  tens	  place	  we	  see	  a	  three	  there,	  that	  means	  we	  have	  3	  tens.	  Now	  if	  we	  look	  at	  the	  ones	  place	  we	  see	  an	  eight	  there	  and	  that	  means	  we	  have	  8	  ones”	  (Coursework,	  4/1/11).	  Figure	  6-­‐11	  shows	  the	  symbolic	  representation	  that	  accompanied	  this	  explanation.	  In	  this	  explanation	  she	  uses	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  to	  reference	  each	  number	  as	  a	  combination	  of	  units	  when	  she	  says	  that	  the	  3	  in	  thirty	  eight	  is	  3	  tens	  and	  the	  8	  is	  8	  ones.	  Each	  of	  Charlene’s	  recorded	  explanations	  in	  the	  place	  value	  module	  explicitly	  references	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  in	  a	  similar	  way.	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   Figure	  6-­‐11.	  Charlene’s	  partial	  sums	  symbolic	  representation	  (Part	  1)	  	  Charlene’s	  explanation	  continues	  as	  she	  adds	  the	  like	  sets	  of	  units	  together.	  When	  she	  adds	  the	  ones	  units	  together	  she	  explains:	  Now	  that	  we	  have	  our	  answer	  to	  the	  first	  block	  [each	  partial	  sum	  was	  1	   outlined	  in	  a	  rectangle]	  we	  will	  move	  onto	  the	  second	  problem	  of	  8	  2	   ones	  plus	  5	  ones.	  Which	  we	  can	  write	  as	  8	  plus	  5	  because	  there	  are	  8	  3	   ones	  in	  the	  number	  8	  and	  5	  ones	  in	  the	  number	  5.	  So	  here	  we	  have	  4	   [points	  and	  counts]	  8	  ones	  plus	  [points	  and	  counts]	  5	  ones	  and	  that	  5	   gives	  us	  13	  ones	  total	  or	  13	  [slide	  changes].	  Now	  there	  are	  10	  ones	  in	  1	  6	   ten,	  so	  what	  we	  can	  do	  is	  take	  1	  set	  of	  10	  ones,	  which	  you	  can	  see	  here,	  7	   to	  give	  us	  1	  ten.	  Because	  our	  number	  was	  13	  ones	  total	  what	  we	  will	  8	   do	  is	  take	  1	  set	  of	  10	  out	  and	  say	  that	  we	  have	  1	  ten	  and	  [points	  and	  9	   counts]	  3	  ones	  left	  over,	  which	  gives	  us	  1	  ten	  and	  3	  ones.	  (Coursework,	  10	   4/1/11)	  11	  	   Figure	  6-­‐12	  shows	  the	  symbolic	  and	  pictorial	  representations	  that	  accompanied	  this	  explanation.	  In	  this	  explanation	  Charlene	  references	  the	  second	  key	  idea	  of	  multiplicative	  reasoning	  in	  lines	  6	  –	  7	  when	  she	  states	  that	  there	  are	  10	  ones	  in	  1	  ten.	  She	  then	  uses	  the	  third	  key	  idea	  of	  multiplicative	  reasoning	  to	  group	  the	  units	  together	  in	  lines	  6	  –	  10.	  These	  examples	  illustrate	  how	  Charlene	  references	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  her	  partial	  sums	  recorded	  explanations.	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Figure	  6-­‐12.	  Charlene’s	  partial	  sums	  symbolic	  &	  pictorial	  representations	  (Part	  2)	  
	  	   Charlene	  explains	  the	  problem	  38	  x	  45	  in	  her	  partial	  products	  recorded	  explanations.	  When	  she	  introduces	  the	  quantities	  that	  she	  will	  multiply	  in	  these	  explanations	  she	  states,	  “For	  the	  number	  thirty-­‐eight	  we	  have	  3	  tens	  and	  8	  ones.	  In	  the	  number	  forty-­‐five	  there	  are	  4	  tens	  and	  5	  ones”	  (Coursework,	  4/1/11).	  In	  this	  explanation	  Charlene	  references	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  because	  she	  is	  recognizing	  each	  quantity	  as	  a	  combination	  of	  units	  of	  tens	  and	  ones.	  Figure	  6-­‐13	  shows	  the	  symbolic	  representation	  that	  accompanied	  this	  explanation.	  	  	   	  	  
	  	  	  
Figure	  6-­‐13.	  Charlene’s	  partial	  products	  symbolic	  representation	  (Part	  1)	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Charlene’s	  explanation	  continues	  as	  she	  multiplies	  each	  partial	  product.	  The	  following	  excerpt	  is	  from	  her	  revised	  partial	  products	  recorded	  explanation.	  Charlene	  explains:	  In	  other	  words	  what	  is	  5	  sets	  of	  3	  tens?	  And	  here	  I	  have	  5	  sets	  of	  3	  tens	  1	   [counts	  and	  points]	  and	  that	  gives	  us	  15	  tens	  total	  [slide	  changes].	  Just	  2	   like	  there	  are	  10	  ones	  in	  1	  ten,	  there	  are	  10	  tens	  in	  1	  hundred.	  So	  in	  our	  3	   problem	  if	  we	  have	  15	  tens	  that	  means	  we	  have	  1	  hundred	  and	  [counts	  4	   and	  points	  to	  tens]	  5	  sets	  of	  ten.	  And	  that	  gives	  us	  1	  hundred	  and	  fifty	  5	   total.	  (Coursework,	  4/1/11)	  6	  	  Figure	  6-­‐14	  shows	  the	  pictorial	  representations	  that	  accompanied	  this	  explanation.	  	  	  
	  
Figure	  6-­‐14.	  Charlene’s	  partial	  products	  pictorial	  representations	  (Part	  2)	  	  In	  this	  explanation	  Charlene	  references	  the	  second	  key	  idea	  of	  multiplicative	  reasoning	  in	  lines	  2	  –	  3	  when	  she	  says	  that	  there	  are	  10	  ones	  in	  1	  ten	  and	  10	  tens	  in	  1	  hundred.	  As	  her	  explanation	  continues	  she	  references	  the	  third	  key	  idea	  of	  multiplicative	  reasoning	  when	  she	  uses	  the	  above	  relationship	  to	  group	  15	  tens	  into	  1	  hundred	  and	  5	  sets	  of	  tens	  (lines	  3	  –	  5).	  These	  statements	  are	  evidence	  of	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Charlene’s	  references	  to	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  her	  partial	  products	  recorded	  explanations.	  	  These	  examples	  illustrate	  how	  Charlene	  references	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  her	  recorded	  explanations	  in	  the	  place	  value	  module	  of	  the	  course.	  Prior	  to	  starting	  the	  place	  value	  module	  Charlene	  referenced	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  within	  her	  explanation.	  Following	  the	  completion	  of	  the	  place	  value	  module	  Charlene	  referenced	  all	  three	  of	  the	  key	  ideas	  of	  multiplicative	  reasoning	  within	  her	  recorded	  explanations.	  This	  is	  evidence	  that	  the	  course	  supported	  Charlene	  to	  reference	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  when	  explaining	  place	  value	  problems.	  The	  following	  section	  will	  analyze	  Charlene’s	  use	  of	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  the	  semi-­‐structured	  interview.	  
Semi-­‐structured	  interview.	  When	  Charlene	  explains	  a	  multi-­‐digit	  multiplication	  problem	  in	  the	  semi-­‐structured	  interview	  she	  explains	  the	  problem	  11	  x	  10.	  The	  following	  excerpt	  is	  from	  her	  explanation	  of	  this	  problem:	  So	  if	  it	  was	  a	  problem	  like	  –	  let's	  say	  if	  it	  was	  eleven	  by	  ten	  and	  it	  was	  1	   written	  like	  that	  because	  that's	  how	  most	  homework	  is	  written.	  I	  mean	  2	   eleven	  by	  ten	  is	  a	  lot	  easier	  to	  do,	  but	  you	  could	  do	  it	  by	  partial	  3	   products	  like	  it	  could	  be	  –	  so	  you	  have	  ten	  times	  one,	  which	  is	  ten.	  And	  4	   then	  you're	  in	  the	  ten's	  column	  here	  –	  there's	  a	  one	  in	  the	  tens	  column,	  5	   that	  means	  you	  have	  1	  ten,	  so	  it's	  ten	  times	  ten	  –	  or	  ten	  times	  –	  yes,	  ten	  6	   times	  1	  ten,	  which	  is	  1	  hundred.	  So	  you'd	  write	  that	  down	  here.	  And	  7	   you'd	  add	  that	  together	  and	  you'd	  get	  one	  hundred	  and	  ten.	  I	  hope	  I	  8	   did	  that	  right.	  We'll	  find	  out	  because	  I'm	  going	  to	  do	  it	  this	  way	  now.	  9	   And	  then	  this	  is	  the	  faster	  way,	  eleven	  times	  ten	  –	  you	  have	  a	  zero,	  zero	  10	   times	  one	  is	  zero,	  zero	  times	  one	  is	  zero	  –	  you	  put	  your	  placeholder	  11	   down	  because	  this	  is	  the	  ones	  column,	  and	  no,	  you're	  multiplying	  a	  ten	  12	   by	  a	  one.	  So	  you	  obviously	  can't	  have	  any	  more	  ones	  because	  ten	  times	  13	   something	  is	  always	  going	  to	  be	  bigger	  than	  just	  a	  one,	  we're	  in	  the	  14	   base	  ten	  system.	  One	  –	  ten	  times	  one	  is	  ten	  –	  you	  put	  the	  one	  there.	  15	   Ten	  times	  one	  is	  ten,	  you	  carry	  it	  over	  –	  except	  I	  put	  a	  zero	  there,	  so	  it	  16	  
	  	  
184	  
would	  be	  a	  one	  –	  one	  zero.	  I	  already	  put	  my	  placeholder.	  See,	  I	  can't	  17	   think	  right	  now,	  but	  you	  know	  what	  I	  mean.	  I	  wouldn't	  explain	  it	  to	  18	   them	  like	  that,	  I	  wouldn't	  have	  made	  that	  mistake,	  obviously,	  ten	  times	  19	   one	  is	  ten.	  You	  put	  one,	  because	  it's	  1	  ten,	  because	  you're	  still	  in	  the	  20	   tens	  column.	  This	  is	  the	  ones	  column	  –	  this	  is	  the	  hundreds	  column.	  So	  21	   you	  would	  do	  1	  ten	  times	  1	  ten,	  it	  goes	  to	  1	  hundred.	  You	  put	  a	  one	  22	   because	  this	  is	  the	  hundreds	  column.	  So	  you	  have	  1	  hundred,	  1	  ten,	  0	  23	   ones.	  (Interview,	  3/1/12)24	  	  Figure	  6-­‐15	  shows	  the	  written	  work	  that	  accompanied	  this	  explanation.	  	  
	   	  	   	  
	   	  	  	  	  	  	  
Figure	  6-­‐15.	  Charlene’s	  written	  work	  from	  interview	  for	  the	  problem	  11	  x	  10	  	  In	  this	  explanation	  Charlene	  references	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  when	  she	  references	  quantities	  as	  a	  combination	  of	  units.	  This	  reference	  is	  most	  explicit	  in	  lines	  23	  –	  24	  when	  she	  refers	  to	  the	  quantity	  110	  as	  1	  hundred,	  1	  ten,	  and	  0	  ones.	  This	  explanation	  does	  not	  reference	  the	  second	  or	  third	  key	  ideas	  of	  multiplicative	  reasoning.	  Charlene	  continues	  to	  use	  the	  partial	  products	  method	  that	  was	  taught	  in	  the	  course	  to	  solve	  this	  problem,	  however	  she	  does	  not	  reference	  the	  key	  ideas	  of	  multiplicative	  reasoning	  as	  explicitly	  as	  she	  did	  in	  the	  place	  value	  module	  of	  the	  course.	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During	  the	  interview	  Charlene	  explains	  the	  decimal	  problem	  6	  x	  2.4.	  The	  following	  excerpt	  is	  from	  this	  explanation:	  The	  way	  that	  I	  always	  do	  it,	  this	  is	  like	  the	  only	  way	  that	  I	  would	  1	   think	  to	  do	  it	  is,	  I	  just	  always	  multiply	  out	  the	  numbers	  and	  then	  I	  move	  2	   my	  decimal	  place	  over.	  	  So	  like	  six	  times	  four	  would	  be	  twenty-­‐four	  –	  I	  3	   don't	  like	  how	  I	  wrote	  that	  already,	  but	  so	  it	  would	  be	  twenty-­‐four.	  	  4	   You'd	  do	  it	  two,	  six	  times	  twelve	  is	  two	  plus	  two	  is	  fourteen.	  	  And	  you	  5	   have	  your	  decimal	  place,	  and	  it's	  you	  have	  one	  number	  after	  the	  6	   decimal	  place,	  so	  you	  always	  go	  over	  one	  number.	  	  I'm	  trying	  to	  think	  of	  7	   how	  I	  would	  explain	  that	  in	  a	  better	  –	  a	  more	  child-­‐friendly	  way.	  	  8	   Because	  that's	  obviously	  just	  the	  rote	  way.	  	  I	  guess	  you	  could	  do	  it	  in	  9	   partial	  products,	  but	  I	  feel	  like	  that	  can	  be	  confusing.	  [Charlene	  is	  asked	  10	   how	  she	  would	  use	  partial	  products	  in	  this	  problem]	  11	   It	  would	  be	  –	  well,	  it	  would	  just	  be	  like	  six	  –	  it	  would	  be	  like	  six	  12	   times	  two,	  because	  you	  have	  6	  ones	  and	  2	  ones	  –	  because	  this	  is	  the	  13	   ones	  column,	  and	  then	  this	  is	  into	  tenths	  now,	  so	  tenths	  and	  not	  ten.	  	  So	  14	   this	  would	  six	  times	  two	  is	  twelve,	  and	  then	  I	  guess	  –	  I	  don't	  even	  know,	  15	   this	  is	  why	  I'm	  bad	  at	  math.	  	  So	  let's	  say	  six	  times	  two	  is	  twelve,	  and	  16	   then	  you	  did	  six	  times	  point	  four	  –	  twenty-­‐four,	  and	  then	  you	  move	  the	  17	   decimal	  place.	  	  Like	  you	  have	  it's	  point	  four,	  and	  so	  you	  would	  need	  to	  18	   put	  the	  decimal	  there.	  	  Because	  you	  always	  move	  the	  decimal	  over	  in	  19	   your	  answer,	  in	  your	  product,	  I	  guess,	  the	  same	  way.	  	  Like	  the	  same	  20	   number	  of	  values,	  the	  same	  number	  of	  places	  that	  it's	  over	  in	  the	  21	   multipliers.	  	  And	  so	  then	  you	  would	  add	  twelve	  and	  two	  point	  four,	  22	   making	  sure	  that	  you	  line	  up	  your	  tenths,	  your	  ones,	  your	  tens.	  	  So	  23	   you'd	  have	  –	  I	  always	  put	  my	  decimal	  to	  make	  sure.	  	  I	  used	  to	  forget	  24	   when	  I	  was	  little,	  so	  I	  always	  put	  the	  decimal	  and	  I	  have	  point	  four,	  so	  I	  25	   did	  my	  tenths,	  I	  brought	  my	  tenths	  down,	  two	  times	  two	  is	  four,	  you	  26	   bring	  down	  the	  one	  in	  the	  tens	  column,	  so	  it	  would	  be	  fourteen	  point	  27	   four.	  (Interview,	  3/1/12)	  28	  	   Figure	  6-­‐16	  shows	  the	  written	  work	  that	  accompanied	  this	  explanation.	  Charlene	  initially	  solves	  this	  problem	  using	  a	  standard	  algorithm	  (lines	  1	  –	  7)	  and	  then	  tries	  to	  solve	  the	  problem	  using	  partial	  products	  (lines	  12	  –	  28).	  This	  is	  evidence	  that	  she	  is	  transitioning	  between	  solving	  the	  problem	  in	  a	  way	  that	  she	  is	  accustomed	  to	  and	  then	  incorporating	  the	  key	  ideas	  of	  multiplicative	  reasoning	  into	  her	  explanation.	  In	  this	  explanation	  Charlene	  references	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  when	  she	  references	  the	  quantity	  2.4	  as	  2	  ones	  and	  4	  tenths	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(lines	  13	  and	  17).	  In	  this	  reference	  Charlene	  refers	  to	  4	  tenths	  as	  point	  four,	  but	  then	  later	  references	  this	  unit	  as	  tenths	  (line	  23).	  Charlene’s	  written	  work	  also	  references	  the	  quantity	  2.4	  as	  2	  ones	  and	  4	  tenths	  (See	  Figure	  6-­‐16).	  In	  this	  explanation	  Charlene	  does	  not	  reference	  the	  second	  or	  third	  key	  ideas	  of	  multiplicative	  reasoning.	  	  	  
	   	  	   	  	   	  	  	  	  	  
Figure	  6-­‐16.	  Charlene’s	  written	  work	  from	  interview	  for	  the	  problem	  6	  x	  2.4	  	  In	  Charlene’s	  responses	  to	  the	  place	  value	  questions	  in	  the	  semi-­‐structured	  interview	  she	  solves	  the	  problems	  using	  partial	  products,	  but	  she	  does	  not	  explain	  the	  second	  and	  third	  key	  ideas	  of	  multiplicative	  reasoning	  within	  her	  explanations	  as	  she	  did	  in	  her	  recorded	  explanations	  during	  the	  course.	  Charlene	  discussed	  the	  challenges	  of	  learning	  new	  ways	  to	  explain	  mathematical	  concepts	  in	  the	  place	  value	  module	  discussion	  board	  from	  the	  course.	  She	  said:	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Before	  I	  listened	  to	  the	  sample	  podcasts	  of	  partial	  sum	  addition	  and	  1	   subtraction,	  I	  was	  anxious	  about	  approaching	  multi-­‐digit	  numbers,	  2	   especially	  when	  carrying	  is	  necessary.	  For	  someone	  who	  has	  been	  3	   doing	  math	  for	  17	  years,	  adding	  numbers	  "column	  style"	  is	  fast	  and	  4	   simple,	  and	  it	  is	  easy	  to	  forget	  the	  reasoning	  behind	  why	  and	  how	  that	  5	   style	  of	  addition	  works.	  (Coursework,	  3/23/11)	  6	  	  This	  response	  illustrates	  that	  Charlene	  has	  internalized	  the	  standard	  algorithm	  for	  solving	  multi-­‐digit	  addition	  problems	  because	  this	  way	  of	  solving	  problems	  is	  “fast	  and	  simple”	  (lines	  4	  –	  5).	  She	  says	  that,	  “it	  is	  easy	  to	  forget	  the	  reasoning	  behind	  why	  and	  how	  that	  style	  of	  addition	  works”	  (lines	  5	  –	  6).	  As	  a	  Kindergarten	  teacher,	  Charlene	  is	  not	  currently	  engaged	  in	  explaining	  the	  contexts	  from	  the	  semi-­‐structured	  interview	  on	  a	  daily	  basis,	  which	  may	  be	  why	  she	  does	  not	  reference	  the	  key	  ideas	  as	  explicitly	  as	  she	  did	  in	  the	  coursework	  when	  she	  was	  practicing	  explaining	  problems	  using	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning.	  	  The	  analysis	  of	  these	  explanations	  illustrates	  that	  Charlene	  continues	  to	  use	  the	  partial	  products	  method	  that	  was	  taught	  in	  the	  course,	  however,	  she	  does	  not	  explain	  each	  problem	  using	  all	  three	  key	  ideas	  of	  multiplicative	  reasoning	  as	  she	  did	  in	  the	  course.	  Charlene	  is	  transitioning	  in	  her	  explanations	  within	  the	  semi-­‐structured	  interview	  because	  she	  initially	  solves	  the	  problems	  using	  the	  standard	  algorithm	  that	  she	  is	  accustomed	  to	  and	  then	  uses	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  in	  her	  explanations.	  
Fractions	  Prior	  to	  engaging	  in	  the	  fractions	  module	  Charlene	  completed	  a	  recorded	  explanation	  of	  a	  fraction	  addition	  problem.	  In	  the	  fractions	  module	  Charlene	  completed	  initial	  and	  revised	  recorded	  explanations	  for	  fraction	  addition	  and	  fraction	  multiplication,	  she	  wrote	  comments	  about	  the	  changes	  that	  she	  made	  in	  her	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revisions,	  she	  critiqued	  three	  of	  her	  classmates’	  recorded	  explanations,	  her	  recorded	  explanations	  were	  critiqued	  by	  two	  of	  her	  classmates,	  and	  she	  wrote	  one	  response	  in	  the	  discussion	  board	  forum.	  These	  data	  sources	  along	  with	  the	  data	  from	  the	  semi-­‐structured	  interview	  will	  be	  used	  to	  analyze	  Charlene’s	  use	  and	  understanding	  of	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  the	  context	  of	  fractions.	  	  
	   Coursework.	  In	  the	  introduction	  to	  the	  course,	  prior	  to	  the	  place	  value	  module	  Charlene	  created	  a	  recorded	  explanation	  of	  the	  problem	  2/3	  +	  3/4.	  In	  this	  explanation	  Charlene	  explains:	  We	  want	  to	  know	  how	  much	  pizza	  we’ve	  eaten	  all	  together.	  Because	  1	   our	  first	  pizza	  was	  cut	  into	  three	  equal	  slices	  the	  slices	  will	  be	  bigger	  2	   than	  the	  pizza	  slices	  from	  our	  second	  pizza,	  which	  we	  cut	  into	  four	  3	   equal	  size	  pieces.	  What	  we	  can	  do	  is	  cut	  both	  pizzas	  into	  the	  same	  4	   number	  of	  equal	  size	  slices	  and	  then	  we’ll	  be	  able	  to	  add	  the	  number	  of	  5	   slices	  that	  we	  ate	  together.	  The	  way	  we	  do	  this	  with	  fractions	  is	  to	  find	  6	   the	  least	  common	  denominator	  or	  the	  smallest	  number	  that	  our	  7	   bottom	  numbers	  go	  into	  without	  any	  remainder.	  If	  we	  list	  the	  first	  four	  8	   multiples	  of	  three,	  we	  get:	  three,	  six,	  nine,	  and	  twelve.	  When	  we	  list	  the	  9	   first	  four	  multiples	  of	  four,	  we	  get:	  four,	  eight,	  twelve,	  and	  sixteen.	  If	  10	   we	  compare	  our	  lists	  we’ll	  see	  that	  twelve	  is	  the	  first	  number	  we	  come	  11	   to	  that	  both	  three	  and	  four	  go	  into	  evenly.	  Now	  that	  we	  have	  our	  least	  12	   common	  denominator	  we	  need	  to	  figure	  out	  how	  many	  times	  our	  13	   bottom	  number	  divides	  into	  that	  least	  common	  denominator.	  Three	  14	   goes	  into	  four,	  four	  times.	  Now	  we	  multiply	  both	  the	  top	  number	  and	  15	   the	  bottom	  number	  by	  four,	  which	  gives	  us	  eight	  over	  twelve.	  We	  have	  16	   to	  change	  the	  top	  number	  of	  the	  fraction	  as	  well	  as	  the	  bottom	  number	  17	   of	  the	  fraction	  because	  fractions	  are	  like	  division	  problems.	  Writing	  18	   two	  over	  three	  is	  another	  way	  of	  saying	  two	  divided	  by	  three.	  If	  we	  just	  19	   change	  the	  bottom	  number,	  which	  we	  call	  the	  denominator,	  into	  a	  20	   bigger	  number	  we	  will	  not	  get	  the	  same	  answer	  if	  we	  divided	  into	  the	  21	   top	  number,	  which	  we	  call	  the	  numerator.	  If	  we	  change	  three	  into	  22	   twelve,	  but	  leave	  two	  as	  it	  is,	  we	  will	  have	  two	  divided	  by	  twelve	  which	  23	   is	  a	  much	  smaller	  number	  than	  two	  divided	  by	  three.	  But	  if	  we	  multiply	  24	   both	  the	  numerator	  and	  the	  denominator	  by	  the	  number	  of	  times	  the	  25	   denominator	  went	  into	  the	  least	  common	  denominator,	  which	  was	  26	   four	  times,	  we	  will	  get	  eight	  over	  twelve,	  or	  eight	  divided	  by	  twelve	  27	   which	  gives	  us	  the	  same	  answer	  as	  two	  divided	  by	  three.	  (Coursework,	  28	   3/18/11)	  29	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This	  explanation	  only	  included	  an	  audio	  recording	  and	  did	  not	  include	  a	  symbolic	  or	  pictorial	  representation.	  In	  this	  explanation	  Charlene	  uses	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  to	  reference	  that	  the	  thirds	  and	  fourths	  can	  also	  be	  units	  of	  twentieths	  (lines	  4	  –	  6	  and	  10	  –	  12).	  Charlene	  also	  uses	  the	  third	  key	  idea	  of	  multiplicative	  reasoning	  to	  group	  the	  units	  of	  thirds	  into	  units	  of	  fourths	  (lines	  14	  –	  16).	  This	  explanation	  does	  not	  include	  the	  second	  key	  idea	  of	  multiplicative	  reasoning.	  In	  Charlene’s	  recorded	  explanations	  of	  fraction	  addition	  in	  the	  fractions	  module	  of	  the	  course	  she	  explains	  the	  problem	  2/5	  +	  3/4.	  In	  her	  initial	  fraction	  addition	  explanation	  she	  states:	  So	  you	  can	  see	  our	  two	  fractions	  here,	  what	  we	  are	  going	  to	  do	  1	   is	  break	  up	  our	  two	  fifths	  into	  four	  equal	  parts	  and	  break	  up	  our	  three	  2	   fourths	  into	  five	  equal	  parts	  and	  that	  way	  each	  square	  will	  be	  made	  up	  3	   of	  twenty	  little	  pieces	  or	  20	  one-­‐twentieths,	  which	  you	  can	  see	  here	  4	   [slide	  changes].	  	  5	   See	  that	  I	  have	  still	  left	  the	  colors	  in	  here	  to	  let	  us	  know	  that	  this	  6	   is	  still	  our	  two	  fifths	  and	  here	  we	  still	  have	  three	  fourths,	  they	  are	  just	  7	   now	  broken	  up	  into	  smaller	  equal	  pieces,	  but	  now	  our	  pieces	  are	  the	  8	   same	  size	  which	  means	  we	  are	  allowed	  to	  add	  them	  together	  [slide	  9	   changes].	  If	  you	  count	  our	  squares	  we	  have	  [points	  and	  counts	  in	  first	  10	   square]	  8	  one	  twentieths.	  And	  our	  new	  number	  for	  three	  fourths	  is	  15	  11	   twentieths	  or	  15	  one-­‐twentieths	  because	  we	  have	  fifteen	  squares	  12	   selected.	  (Coursework,	  4/4/11)	  13	  	   Figure	  6-­‐17	  shows	  the	  pictorial	  representations	  that	  accompanied	  this	  explanation.	  In	  this	  explanation	  Charlene	  references	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  through	  illustrating	  that	  the	  fourths	  and	  fifths	  can	  also	  be	  units	  of	  twentieths	  (lines	  1	  –	  4).	  She	  uses	  the	  second	  key	  idea	  of	  multiplicative	  reasoning	  to	  explain	  the	  relationships	  between	  the	  units	  when	  she	  explains	  how	  the	  units	  of	  twentieths	  are	  created	  (lines	  1	  –	  4).	  Charlene	  also	  references	  the	  third	  key	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idea	  of	  multiplicative	  reasoning	  when	  she	  uses	  the	  relationship	  to	  group	  the	  two-­‐fifths	  into	  8	  twentieths	  and	  the	  three-­‐fourths	  into	  15	  twentieths	  (lines	  10	  –	  13).	  	  	   	  	  	  	  
Figure	  6-­‐17.	  Charlene’s	  fraction	  addition	  pictorial	  representations	  	  Charlene	  continues	  her	  explanation	  by	  adding	  the	  8/20	  and	  the	  15/20	  to	  get	  23/20.	  She	  then	  proceeds	  to	  explain	  the	  meaning	  of	  23/20.	  The	  following	  excerpt	  is	  from	  Charlene’s	  initial	  fraction	  addition	  recorded	  explanation.	  She	  explains:	  Now	  for	  the	  number	  23	  twentieths	  we	  can	  make	  that	  a	  smaller	  number	  1	   because	  there	  are	  20	  twentieths	  in	  our	  whole.	  If	  you	  look	  at	  our	  square	  2	   we	  had	  twenty	  little	  pieces	  so	  what	  we	  can	  do	  is	  pull	  out	  twenty	  little	  3	   pieces,	  kinda	  like	  how	  we	  can	  pull	  out	  1	  ten	  from	  the	  number	  thirteen	  4	   and	  get	  1	  ten	  and	  3	  ones.	  So	  for	  the	  number	  twenty	  three	  over	  twenty	  5	   we	  can	  pull	  out	  1	  whole	  which	  is	  twenty	  out	  of	  twenty	  and	  we	  will	  6	   have	  three	  left,	  3	  little	  one	  twentieths	  left,	  so	  that	  will	  give	  us	  1	  and	  3	  7	   one-­‐twentieths	  or	  one	  and	  3	  twentieths.	  (Coursework,	  4/4/11)	  8	  	   Figure	  6-­‐18	  shows	  the	  symbolic	  representation	  that	  accompanied	  this	  explanation.	  In	  this	  explanation	  Charlene	  explains	  that	  there	  is	  a	  relationship	  between	  units	  that	  is	  used	  to	  group	  and	  regroup	  the	  units	  together.	  In	  place	  value,	  units	  of	  ones	  can	  be	  grouped	  together	  to	  make	  tens	  (lines	  4	  –	  5)	  and	  in	  fractions,	  units	  of	  twentieths	  can	  be	  grouped	  together	  to	  make	  ones	  (lines	  5	  –	  7).	  This	  explanation	  connects	  the	  contexts	  of	  place	  value	  and	  fractions	  using	  the	  key	  ideas	  of	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multiplicative	  reasoning	  because	  within	  both	  contexts	  there	  is	  a	  relationship	  between	  the	  units	  in	  which	  one	  unit	  is	  grouped	  together	  to	  make	  a	  new	  unit.	  	  	  
	  
	  
	  	   	  
Figure	  6-­‐18.	  Charlene’s	  connection	  between	  place	  value	  and	  fractions	  in	  course	  	  	  Charlene	  references	  this	  connection	  a	  second	  time	  in	  her	  discussion	  board	  post	  when	  she	  states:	  In	  my	  original	  podcast	  of	  adding	  fractions,	  I	  used	  the	  concept	  of	  place	  1	   value,	  specifically	  the	  base	  ten	  system,	  when	  explaining	  the	  process	  of	  2	   converting	  an	  improper	  fraction	  to	  a	  mixed	  number.	  I	  explained	  that	  3	   we	  took	  out	  a	  whole,	  in	  this	  case	  20/20,	  from	  the	  answer	  of	  23/20,	  just	  4	   like	  we	  could	  take	  out	  10	  ones	  from	  a	  number	  to	  make	  1	  ten.	  Although	  5	   I	  later	  revised	  my	  podcast	  to	  use	  the	  language	  and	  visual	  of	  the	  sample	  6	   podcast	  on	  converting	  improper	  fractions,	  I	  think	  connecting	  the	  two	  7	   concepts	  is	  a	  great	  way	  to	  reinforce	  learning	  over	  the	  course	  of	  the	  8	   year.	  (Coursework,	  4/15/11)	  9	  	  This	  explanation	  may	  indicate	  that	  Charlene	  is	  developing	  a	  KDU	  of	  multiplicative	  reasoning	  because	  she	  uses	  the	  same	  concepts	  within	  different	  contexts.	  This	  is	  the	  first	  time	  that	  any	  teacher	  has	  made	  a	  connection	  between	  the	  contexts	  of	  fractions	  and	  place	  value	  within	  the	  course.	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In	  Charlene’s	  fraction	  multiplication	  recorded	  explanations	  she	  explains	  the	  problem	  2/5	  x	  3/4.	  The	  following	  excerpt	  is	  from	  her	  initial	  fraction	  multiplication	  recorded	  explanation.	  She	  states:	  So	  here	  is	  our	  unit	  square	  with	  [points	  and	  counts]	  five	  columns	  and	  1	   [points	  and	  counts]	  four	  rows.	  And	  if	  you	  could	  count	  all	  of	  the	  little	  2	   squares	  inside	  of	  our	  unit	  square	  there	  will	  be	  twenty,	  which	  means	  3	   that	  each	  square	  is	  one	  twentieth.	  And	  that	  will	  be	  useful	  to	  think	  4	   about	  later.	  [slide	  changes]	  So	  what	  is	  seen	  here	  is	  that	  I	  have	  5	   highlighted	  our	  two	  fractions	  that	  are	  inside	  of	  our	  unit	  square.	  So	  for	  6	   the	  first	  number,	  two	  fifths,	  we	  have	  selected	  two	  of	  our	  five	  columns.	  7	   This	  is	  one	  fifths	  [moves	  mouse	  along	  first	  column]	  and	  this	  is	  two	  8	   fifths	  [moves	  mouse	  along	  second	  column].	  For	  our	  second	  number,	  9	   three	  fourths,	  I	  have	  highlighted	  three	  out	  of	  our	  four	  rows.	  Which	  10	   means	  we	  have	  three	  fourths	  or	  three	  one-­‐fourths.	  (Coursework,	  11	   4/7/11)	  12	  	  Figure	  6-­‐19	  shows	  the	  pictorial	  representation	  that	  accompanied	  this	  explanation.	  	  	  	   	  	   	  	  	  	  
Figure	  6-­‐19.	  Charlene’s	  fraction	  multiplication	  pictorial	  representations	  	  (Part	  1)	  	  	  In	  this	  explanation	  Charlene	  references	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  when	  she	  illustrates	  two-­‐fifths	  as	  a	  unit	  of	  twentieths	  (lines	  6	  –	  9	  and	  Figure	  6-­‐19).	  She	  uses	  the	  second	  key	  idea	  of	  multiplicative	  reasoning	  when	  she	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explains	  that	  because	  there	  are	  twenty	  squares,	  each	  square	  is	  one-­‐twentieth	  (lines	  2	  –	  4).	  	  Charlene	  continues	  her	  explanation	  of	  fraction	  multiplication	  in	  the	  following	  excerpt:	  	   So	  what	  I	  have	  done	  here	  is	  highlight	  our	  three	  fourths,	  and	  this	  will	  be	  1	   the	  number	  that	  we	  are	  going	  to	  work	  with.	  And	  now	  we	  want	  to	  do	  is	  2	   figure	  out	  what	  is	  two	  fifths	  of	  this	  highlighted	  three	  fourths.	  [slide	  3	   changes]	  So	  now	  I	  am	  going	  to	  select	  one	  fifth	  [a	  black	  rectangular	  box	  4	   appears	  around	  the	  first	  green	  part	  of	  one	  fifth]	  and	  another	  fifth	  [a	  5	   second	  black	  rectangular	  box	  appears	  around	  the	  second	  green	  part	  of	  6	   two	  fifths].	  And	  now	  I	  have	  selected	  two	  fifths	  of	  our	  three	  fourths.	  So	  7	   now	  what	  we	  will	  do	  is	  count	  how	  many	  pieces	  are	  in	  our	  two	  fifths.	  8	   And	  there	  are	  [points	  and	  counts]	  6	  pieces	  in	  our	  two	  fifths.	  And	  if	  you	  9	   remember	  from	  before	  we	  said	  that	  each	  one	  of	  these	  little	  pieces	  was	  10	   one	  twentieth	  so	  that	  means	  that	  we	  have	  6	  one	  twentieths.	  11	   (Coursework,	  4/7/11)	  12	  	  Figure	  6-­‐20	  shows	  the	  pictorial	  representations	  that	  accompanied	  this	  explanation.	  	  	  
	   	  	  
	  
Figure	  6-­‐20.	  Charlene’s	  fraction	  multiplication	  pictorial	  representations	  	  (Part	  2)	  	  In	  this	  explanation	  Charlene	  references	  the	  third	  key	  idea	  of	  multiplicative	  reasoning	  when	  she	  groups	  one	  fifth	  of	  the	  three	  fourths	  and	  then	  a	  second	  fifth	  of	  the	  three	  fourths	  together	  (lines	  4	  –	  7).	  These	  examples	  illustrate	  that	  Charlene	  references	  the	  three	  key	  ideas	  of	  multiplication	  reasoning	  within	  the	  context	  of	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fractions	  within	  her	  coursework.	  Charlene	  also	  makes	  a	  connection	  between	  the	  contexts	  of	  place	  value	  and	  fractions	  using	  the	  key	  ideas	  of	  multiplicative	  reasoning.	  	  	  Through	  analyzing	  these	  explanations	  it	  is	  clear	  that	  Charlene	  referenced	  the	  first	  and	  third	  key	  ideas	  of	  multiplicative	  reasoning	  when	  solving	  a	  fraction	  addition	  problem	  using	  a	  standard	  algorithm	  prior	  to	  participating	  in	  the	  fractions	  module	  of	  the	  course.	  After	  completing	  the	  fractions	  module	  Charlene	  used	  the	  unit	  square	  to	  explain	  fraction	  addition	  and	  multiplication	  using	  all	  three	  of	  the	  key	  ideas	  of	  multiplicative	  reasoning.	  This	  evidence	  indicates	  that	  Charlene	  referenced	  all	  of	  the	  key	  ideas	  of	  multiplicative	  reasoning	  within	  the	  context	  of	  fractions	  and	  made	  connections	  between	  the	  place	  value	  and	  fraction	  contexts	  after	  participating	  in	  the	  fractions	  module	  of	  the	  course.	  The	  following	  section	  analyzes	  Charlene’s	  use	  and	  understanding	  of	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  the	  context	  of	  fractions	  during	  the	  semi-­‐structured	  interview.	  
Semi-­‐structured	  interview.	  During	  the	  semi-­‐structured	  interview	  Charlene	  solves	  the	  problem	  3/4	  x	  2/5.	  Before	  explaining	  her	  solution	  she	  solves	  the	  problem	  on	  paper	  using	  the	  standard	  algorithm	  (See	  Figure	  6-­‐21).	  She	  then	  says,	  “So,	  okay,	  so	  that's	  how	  –	  okay,	  I	  just	  did	  it	  for	  my	  own	  purposes.	  	  Okay,	  so	  there's	  one	  way	  to	  do	  it,	  obviously,	  the	  way	  I	  just	  did	  it	  –	  three-­‐fourths	  times	  two-­‐fifths	  –	  you	  just	  multiply	  across”	  (Interview,	  3/1/12).	  She	  then	  continues	  to	  discuss	  the	  problem:	  All	  right,	  so	  that's	  one	  way,	  allegedly	  it's	  three-­‐tenths,	  so...	  	  But	  there	  is	  1	   obviously	  another	  way	  to	  do	  it	  like	  if	  you	  did	  a	  grid	  –	  oh	  my	  god,	  okay	  2	   …	  so	  the	  grid	  –	  so	  let's	  say	  I	  had	  a	  grid	  –	  that	  I	  think	  should	  be	  –	  how	  3	   did	  she	  [the	  instructor]	  do	  that?	  Because	  the	  way	  that	  you	  should	  think	  4	   about	  it,	  if	  you're	  going	  to	  do	  the	  grid,	  is	  you're	  taking	  three	  quarters,	  5	   or	  three-­‐fourths	  of	  two-­‐fifths,	  and	  so,	  oh	  my	  goodness,	  let	  me	  attempt	  6	   to	  do	  this.	  I	  feel	  like	  I	  want	  to	  draw	  a	  grid	  of	  twenty,	  so	  let	  me	  start	  7	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with	  the	  number	  twenty	  …	  let	  me	  think	  about	  this	  …	  okay,	  I	  made	  a	  five	  8	   by	  four	  grid,	  so	  I	  have	  twenty	  squares.	  (Interview,	  3/1/12)	  9	  	  Charlene	  continues	  to	  nervously	  try	  to	  make	  sense	  of	  the	  problem	  by	  recalling	  how	  fractions	  were	  taught	  in	  the	  course.	  When	  she	  makes	  sense	  of	  the	  problem	  she	  says:	  Three,	  four,	  five-­‐fifths,	  okay,	  I	  am	  losing	  my	  mind.	  Yes,	  oh	  my	  goodness,	  1	   yes,	  I	  am	  so	  sorry.	  This	  is	  why	  I	  –	  I	  wish	  I	  would	  have	  known	  I	  was	  2	   teaching	  this	  class.	  Okay.	  And	  then	  I	  have	  fourths.	  I	  have	  three-­‐fourths;	  3	   I	  need	  to	  take	  three-­‐fourths	  of	  two-­‐fifths.	  So,	  this	  is	  my	  row	  of	  fourths,	  4	   because	  I	  have	  one,	  two,	  three,	  four	  columns	  here,	  if	  you	  turn	  it	  on	  its	  5	   side.	  So,	  I	  would	  take	  one,	  two,	  three	  fourths,	  three	  out	  of	  the	  four	  6	   fourths,	  of	  my	  two-­‐fifths,	  and	  I	  would	  count	  how	  many	  blocks	  –	  I	  didn't	  7	   want	  to	  like	  color	  it	  in,	  but	  it	  would	  be	  one,	  two,	  three,	  four,	  five,	  six.	  So	  8	   I	  have	  six	  on	  the	  numerator.	  Now,	  I	  need	  to	  look	  at	  how	  many	  squares	  9	   are	  in	  my	  grid.	  Well,	  I	  have	  one,	  two,	  three,	  four,	  five	  –	  so	  I	  know	  it's	  by	  10	   five.	  So	  five,	  ten,	  fifteen,	  twenty	  –	  so	  I	  have	  six	  squares	  out	  of	  twenty	  11	   squares,	  so	  that	  would	  give	  me	  six	  twentieths,	  and	  then	  you	  could	  12	   reduce	  that	  in	  the	  same	  way.	  (Interview,	  3/1/12)	  13	  	  Figure	  6-­‐21	  shows	  the	  written	  work	  that	  accompanied	  this	  explanation.	  	  	  	   	  
	   	  	  	   	  	  
Figure	  6-­‐21.	  Charlene’s	  written	  work	  from	  interview	  for	  the	  problem	  3/4	  x	  2/5	  	  	  In	  this	  explanation	  Charlene	  references	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  when	  she	  counts	  the	  rows	  of	  fourths	  within	  the	  unit	  of	  twentieths	  (lines	  4	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–	  6).	  She	  references	  the	  second	  key	  idea	  of	  multiplicative	  reasoning	  when	  she	  counts	  the	  squares	  to	  determine	  the	  relationship	  between	  each	  piece	  and	  the	  whole	  (lines	  6	  –	  12).	  Charlene	  also	  references	  the	  third	  key	  idea	  of	  multiplicative	  reasoning	  when	  she	  groups	  three	  fourths	  of	  the	  two-­‐fifths	  units	  together	  (lines	  6	  –	  7).	  This	  example	  illustrates	  that	  Charlene	  continued	  to	  use	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  the	  context	  of	  fractions	  during	  the	  semi-­‐structured	  interview.	  She	  is	  developing	  her	  understanding	  of	  the	  KDU	  of	  multiplicative	  reasoning	  as	  she	  transitions	  between	  solving	  the	  problem	  using	  a	  standard	  algorithm	  and	  using	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning.	  
Measurement	  
	   The	  data	  used	  to	  analyze	  Charlene’s	  use	  and	  understanding	  of	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  the	  context	  of	  percent	  includes	  the	  semi-­‐structured	  interview.	  During	  the	  interview	  Charlene	  solves	  the	  problem	  4’	  5”	  x	  3.	  She	  begins	  to	  solve	  the	  problem	  by	  drawing	  a	  picture	  (See	  Figure	  6-­‐22)	  and	  then	  states:	   I	  would	  first	  add	  all	  of	  my	  –	  I	  would	  add	  up	  all	  my	  inches	  first.	  So	  let’s	  1	   say,	  let’s	  cover	  up	  how	  many	  feet	  we	  have	  and	  let’s	  add	  how	  many	  2	   inches.	  Well,	  I	  have	  three	  pieces	  of	  paper	  –	  I	  have	  one,	  two,	  three	  3	   pieces,	  and	  each	  of	  them	  is	  something	  –	  and	  5	  inches.	  So	  I	  have	  5	  inches	  4	   plus	  5	  inches	  plus	  5	  inches.	  Five,	  ten,	  fifteen.	  So	  I	  have	  15	  inches.	  Now	  5	   you	  have	  to	  know	  how	  many	  inches	  are	  in	  a	  foot.	  Well,	  there’s	  12	  6	   inches	  in	  1	  foot.	  So	  you	  would	  divide	  twelve	  into	  fifteen	  and	  that	  gives	  7	   you	  one	  with	  twelve	  left	  over	  –	  three	  –	  oh,	  I'm	  sorry,	  it	  gives	  you	  –	  it’s	  8	   twelve,	  you	  take	  twelve	  from	  fifteen.	  It	  gives	  you	  three	  left	  over,	  so	  I	  9	   have	  one	  and	  then	  –	  so	  it’s	  basically	  1	  foot	  because	  twelve	  goes	  into	  10	   fifteen	  one	  time,	  so	  I	  have	  1	  foot.	  And	  then	  I	  have	  3	  inches	  that	  are	  left	  11	   over.	  So	  I	  have	  1	  foot	  and	  3	  inches.	  Now	  I	  am	  going	  to	  figure	  out	  how	  12	   many	  feet	  I	  have.	  I	  have	  4,	  8,	  12	  feet.	  So	  –	  or	  just	  four	  plus	  four	  plus	  13	   four.	  So	  I	  have	  12	  feet.	  And	  now	  I'm	  going	  to	  add	  how	  many	  feet	  and	  14	   inches	  I	  had	  when	  I	  added	  my	  inches	  together,	  which	  was	  1	  foot	  and	  3	  15	   inches.	  So	  I	  have	  3	  inches	  and	  I	  have	  one,	  two,	  three	  –	  one	  –	  so	  twelve	  16	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plus	  one,	  thirteen	  –	  I	  have	  13	  feet	  and	  3	  inches	  long	  of	  paper.	  17	   (Interview,	  3/1/12)18	  	   Figure	  6-­‐22	  shows	  the	  written	  work	  that	  accompanied	  this	  explanation.	  In	  this	  explanation	  Charlene	  references	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  when	  she	  separates	  the	  units	  into	  inches	  and	  feet	  (lines	  1	  –	  3).	  She	  references	  the	  second	  key	  idea	  of	  multiplicative	  reasoning	  when	  she	  says	  that	  there	  are	  12	  inches	  in	  a	  foot	  (lines	  6	  –	  7).	  Charlene	  also	  references	  the	  third	  key	  idea	  of	  multiplicative	  reasoning	  when	  she	  uses	  the	  relationship	  between	  inches	  and	  feet	  to	  group	  the	  inches	  into	  a	  foot	  (lines	  6	  –	  12).	  	  	  
	   	  
	   	  	   	  	  	  	  	  
Figure	  6-­‐22.	  Charlene’s	  written	  work	  from	  interview	  for	  the	  problem	  4’	  5”	  x	  3	  
	   This	  example	  illustrates	  how	  Charlene	  references	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  the	  context	  of	  measurement.	  In	  this	  response	  she	  initially	  solves	  the	  problem	  using	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning.	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There	  is	  no	  transition	  in	  her	  understanding	  as	  she	  uses	  the	  key	  ideas	  of	  multiplicative	  reasoning	  within	  this	  context.	  	  
Percent	  	  The	  data	  used	  to	  analyze	  Charlene’s	  use	  and	  understanding	  of	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  is	  from	  the	  semi-­‐structured	  interview.	  During	  this	  interview	  Charlene	  solves	  the	  problem	  23%	  of	  34.	  In	  this	  explanation	  she	  states:	  So	  what’s	  twenty-­‐three	  of	  thirty-­‐four?	  Okay.	  So,	  I	  have	  thirty-­‐four,	  and	  I	  1	   want	  to	  take	  twenty-­‐three	  percent	  of	  it.	  Because	  when	  you	  say	  twenty-­‐2	   three	  –	  like	  of	  –	  of	  is	  always	  –	  of	  is	  always	  multiplication.	  Like	  of	  is	  just	  3	   a	  multiplication	  word.	  So	  you	  know	  that	  you	  need	  to	  do	  twenty-­‐three	  4	   percent.	  Now	  what	  is	  a	  percent?	  Well,	  a	  percent	  is	  a	  part	  of	  a	  whole,	  5	   that	  whole	  is	  one	  hundred.	  So,	  twenty-­‐three	  percent	  is	  the	  same	  as	  6	   saying	  twenty-­‐three	  hundredths,	  because	  it’s	  twenty-­‐three	  percent	  of	  7	   one	  hundred	  percent	  –	  a	  hundred	  percent	  is	  always	  a	  whole.	  And	  you	  8	   need	  to	  put	  that	  into	  –	  well,	  you	  don’t	  have	  to,	  but	  I	  prefer	  to	  work	  with	  9	   decimals,	  so,	  twenty-­‐three	  one	  hundredths,	  well	  you	  have	  to	  know	  that	  10	   converts	  to	  a	  decimal.	  Well,	  you	  know	  that	  you	  put	  a	  decimal	  point	  –	  11	   your	  first	  place	  is	  the	  tenths	  place,	  so	  you	  have	  two-­‐tenths	  in	  twenty-­‐12	   three.	  And	  then	  your	  next	  place	  is	  the	  hundredths	  place,	  and	  you	  have	  13	   three	  hundredths.	  So	  you	  have	  point	  two	  three.	  So	  you	  have	  to	  know	  14	   how	  to	  convert	  the	  percent	  into	  a	  fraction	  and	  a	  decimal.	  So	  I'm	  going	  15	   to	  take	  point	  two	  three	  of	  thirty-­‐four.	  So	  point	  –	  oh	  my	  goodness	  ...	  16	   point	  two	  three,	  I'm	  going	  to	  multiply	  it.	  So,	  oh	  my	  goodness,	  I	  would	  17	   do	  partial	  products	  but	  I	  don’t	  know	  if	  that’s	  what	  you	  want	  me	  to	  do	  18	   now,	  but	  ...	  (Interview,	  3/1/12)	  19	  	   Charlene	  is	  told	  that	  she	  can	  use	  partial	  products,	  however	  she	  multiplies	  34	  by	  0.23	  using	  a	  standard	  algorithm.	  Figure	  6-­‐23	  shows	  the	  written	  work	  that	  accompanied	  this	  response.	  In	  this	  explanation	  Charlene	  references	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  when	  she	  references	  that	  the	  units	  of	  23%,	  23/100	  and	  0.23	  are	  the	  same	  (lines	  5	  –	  8	  and	  14	  –	  15).	  She	  also	  uses	  elements	  of	  the	  second	  key	  idea	  of	  multiplicative	  reasoning	  when	  she	  references	  that	  a	  percent	  is	  a	  part	  of	  a	  whole	  (line	  5).	  This	  reference	  indicates	  that	  there	  is	  a	  part	  whole	  relationship	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between	  the	  units	  in	  the	  problem,	  but	  Charlene	  does	  not	  explicitly	  state	  what	  the	  relationship	  between	  the	  units	  is.	  She	  also	  references	  the	  third	  key	  idea	  of	  multiplicative	  reasoning	  when	  she	  groups	  each	  of	  the	  percents	  together	  by	  multiplying	  (lines	  15	  -­‐	  17).	  	  
	   	  
Figure	  6-­‐23.	  Charlene’s	  written	  work	  from	  interview	  for	  the	  problem	  	  23%	  of	  34	  	  	  
	   This	  explanation	  illustrates	  how	  Charlene	  references	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  the	  context	  of	  percent.	  In	  Charlene’s	  explanation	  of	  the	  second	  key	  idea	  of	  multiplicative	  reasoning	  she	  does	  not	  explicitly	  state	  what	  the	  part	  whole	  relationship	  is	  that	  exists	  between	  the	  units.	  She	  resorts	  to	  a	  standard	  algorithm	  to	  solve	  the	  problem,	  indicating	  that	  her	  understanding	  is	  transitioning	  as	  she	  solves	  this	  problem.	  The	  following	  section	  analyzes	  the	  connections	  that	  Charlene	  makes	  between	  the	  mathematical	  contexts.	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Connections	  	  	   The	  following	  excerpts	  from	  the	  semi-­‐structured	  interview	  illustrate	  how	  Charlene	  references	  the	  connections	  between	  the	  mathematical	  contexts.	  The	  following	  explanation	  uses	  the	  context	  of	  place	  value.	  Charlene	  discusses:	  Like	  you're	  going	  through	  and	  like	  doing	  like	  the	  tens	  column,	  the	  ones	  1	   column,	  and	  you	  have	  to	  know	  like	  how	  many	  ones	  are	  in	  a	  tenth,	  how	  2	   many	  tens	  are	  in	  a	  hundred.	  And	  it's	  the	  same	  thing	  for	  like	  when	  3	   you're	  trying	  to	  break	  down	  like,	  oh,	  well,	  I	  had	  twenty-­‐four	  tenths,	  but	  4	   then	  how	  many	  ones	  are	  in	  one	  tenth?	  (Interview,	  3/1/12)	  5	  	  In	  this	  explanation	  Charlene	  references	  the	  second	  key	  idea	  of	  multiplicative	  reasoning	  when	  she	  says	  that	  you	  have	  to	  know	  how	  many	  of	  one	  unit	  are	  in	  another	  unit	  in	  order	  to	  solve	  the	  problems.	  This	  reference	  illustrates	  that	  there	  is	  a	  relationship	  between	  the	  units	  in	  which	  an	  amount	  of	  one	  unit	  is	  equal	  to	  another	  unit.	  Later	  in	  the	  interview	  Charlene	  references	  how	  she	  is	  using	  place	  value	  in	  her	  Kindergarten	  classroom.	  She	  states,	  “So	  like,	  how	  many	  –	  or	  like	  how	  many	  ones	  –	  and	  like	  how	  many	  ones	  are	  in	  ten,	  how	  many	  tens	  and	  ones	  are	  in	  like	  eleven,	  twelve,	  thirteen?	  So,	  we’re	  going	  to	  talk	  a	  lot	  about	  like	  parts	  and	  wholes,	  which	  is,	  which	  I	  think	  is	  exciting”	  (Interview,	  3/1/12).	  In	  these	  two	  references	  Charlene	  recognizes	  place	  value	  units	  as	  parts	  of	  a	  whole	  when	  she	  says	  that	  her	  class	  is	  going	  to	  discuss	  parts	  and	  wholes	  when	  they	  talk	  about	  how	  many	  ones	  and	  tens	  are	  in	  a	  number.	  This	  statement	  references	  elements	  of	  the	  second	  key	  idea	  of	  multiplicative	  reasoning	  because	  there	  is	  a	  relationship	  between	  the	  units.	  	  Charlene	  also	  references	  connections	  within	  the	  contexts	  of	  fractions	  and	  measurement	  when	  she	  states:	  I	  mean	  it’s	  more	  –	  definitely	  more	  of	  like	  parts	  of	  the	  whole	  like	  how	  1	   many	  –	  like	  first	  of	  all,	  I	  broke	  it	  into	  parts	  like	  four	  foot	  five,	  four	  foot	  2	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five,	  four	  foot	  five.	  And	  then	  you	  have	  to	  definitely	  know	  how	  to	  3	   convert	  –	  like	  a	  lot	  of	  it’s	  conversion,	  like	  how	  many	  inches	  are	  in	  a	  4	   foot.	  For	  the	  fractions	  it’s	  how	  many	  like	  quarters	  –	  or	  like	  how	  many	  5	   quarters	  are	  in	  a	  –	  you	  know,	  like	  how	  many	  quarters	  are	  in	  the	  fifth.	  6	   (Interview,	  3/1/12)	  7	  	  In	  this	  explanation	  Charlene	  references	  that	  inches	  are	  part	  of	  a	  foot	  and	  one	  needs	  to	  convert	  inches	  to	  feet	  in	  order	  to	  solve	  measurement	  problems.	  Similarly	  fractions	  are	  part	  of	  a	  whole	  and	  one	  needs	  to	  create	  units	  of	  fourths	  within	  a	  unit	  of	  fifth,	  which	  requires	  conversion.	  In	  these	  examples	  Charlene	  references	  elements	  of	  the	  second	  key	  idea	  of	  multiplicative	  reasoning	  when	  she	  discusses	  the	  part	  whole	  relationship	  that	  exists	  between	  the	  units	  (line	  1).	  She	  also	  references	  the	  first	  and	  third	  key	  ideas	  of	  multiplicative	  reasoning	  when	  she	  discusses	  conversion	  (lines	  3	  –	  6).	  If	  a	  quantity	  can	  be	  converted	  into	  a	  new	  unit,	  then	  this	  quantity	  can	  be	  referenced	  in	  terms	  of	  different	  units,	  this	  is	  the	  first	  key	  idea	  of	  multiplicative	  reasoning.	  Conversion	  also	  references	  the	  third	  key	  idea	  of	  multiplicative	  reasoning	  because	  one	  unit	  is	  being	  converted	  or	  grouped	  into	  a	  new	  unit.	  This	  evidence	  illustrates	  how	  Charlene	  references	  each	  of	  the	  key	  ideas	  of	  multiplicative	  reasoning	  within	  the	  connections	  that	  she	  makes	  between	  the	  contexts	  of	  fractions	  and	  measurement.	  	  	  	   Charlene	  also	  references	  connections	  with	  the	  contexts	  of	  percent,	  place	  value,	  and	  fractions.	  In	  the	  following	  excerpt	  she	  states:	  Yes,	  I	  mean	  it’s	  definitely,	  again,	  conversion.	  	  Like	  you	  have	  to	  know,	  1	   well,	  what	  is	  a	  percent,	  you	  can’t	  just	  multiply	  thirty-­‐four	  times	  2	   twenty-­‐three	  because	  that	  would	  make	  no	  sense	  because	  a	  percentage	  3	   is	  less	  than	  a	  whole,	  so	  it’s	  another	  kind	  of	  like	  taking	  away	  thing.	  It’s	  a	  4	   lot	  like	  –	  it’s	  like	  taking	  a	  fraction	  of	  a	  number,	  which	  that’s	  why	  I	  5	   converted	  it	  to	  a	  fraction	  first	  –	  twenty-­‐three	  percent,	  it’s	  like	  taking	  6	   twenty-­‐three	  hundredths	  of	  thirty-­‐four,	  and	  I	  wasn’t	  going	  to	  draw	  a	  7	   grid	  of	  that.	  But	  you	  could.	  Like	  you	  could	  draw	  a	  grid	  of	  that	  if	  you	  8	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needed	  to,	  it	  would	  just	  be	  crazy.	  And	  then	  you	  have	  to	  also	  know	  the	  9	   relationship,	  the	  ratio,	  I	  suppose,	  between	  twenty-­‐three	  one	  10	   hundredths	  and	  a	  decimal,	  so	  what	  is	  a	  decimal?	  Well,	  a	  decimal	  is	  also	  11	   part	  of	  a	  whole.	  And	  you	  know	  that	  like	  if	  you	  write	  point-­‐two-­‐three,	  12	   you	  have	  2	  tenths,	  3	  hundredths,	  so	  23	  hundredths	  is	  the	  same	  thing	  as	  13	   –	  like	  it’s	  the	  same	  relationship.	  So	  you	  have	  to	  keep	  the	  –	  you	  have	  to	  14	   keep	  like	  the	  relationship	  the	  same.	  You	  have	  to	  keep	  the	  units	  the	  15	   same.	  (Interview,	  3/1/12)	  16	  	  In	  this	  explanation	  Charlene	  says	  that	  a	  percentage	  is	  a	  part	  of	  a	  whole	  (line	  4),	  which	  is	  also	  a	  fraction	  of	  a	  number	  (line	  5)	  and	  a	  decimal	  (line	  11).	  She	  explains	  that	  when	  working	  with	  these	  quantities	  one	  needs	  to	  convert	  them	  so	  that	  the	  relationship	  is	  kept	  the	  same	  as	  well	  as	  the	  units	  (line	  1	  and	  lines	  14	  –	  15).	  These	  statements	  reference	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  because	  the	  units	  need	  to	  be	  kept	  the	  same.	  The	  second	  key	  idea	  of	  multiplicative	  reasoning	  is	  referenced	  because	  there	  is	  a	  relationship	  between	  the	  units	  and	  the	  third	  key	  idea	  of	  multiplicative	  reasoning	  is	  referenced	  as	  conversion	  of	  units.	  In	  this	  explanation	  Charlene	  references	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  the	  contexts	  of	  place	  value,	  fractions,	  and	  percent	  as	  relationships	  that	  involve	  conversion.	  	  	   Throughout	  the	  interview	  Charlene	  makes	  connections	  between	  each	  of	  the	  mathematical	  contexts	  using	  elements	  of	  the	  key	  ideas	  of	  multiplicative	  reasoning.	  She	  has	  referenced	  that	  it	  is	  important	  to	  know	  the	  relationships	  (second	  key	  idea	  of	  multiplicative	  reasoning)	  between	  the	  units	  (first	  key	  idea	  of	  multiplicative	  reasoning)	  in	  order	  to	  “keep	  the	  units	  the	  same”	  (third	  key	  idea	  of	  multiplicative	  reasoning)	  (lines	  15	  –	  16).	  When	  Charlene	  uses	  these	  ideas	  within	  her	  explanations	  she	  often	  references	  a	  standard	  algorithm	  that	  allows	  her	  to	  convert	  and	  group	  units	  together.	  Throughout	  Charlene’s	  explanations	  of	  the	  problems	  of	  place	  value,	  
	  	  
203	  
fractions,	  and	  percent	  she	  uses	  standard	  algorithms	  to	  solve	  the	  problems	  in	  addition	  to	  making	  sense	  of	  the	  problems	  using	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning.	  This	  use	  of	  both	  a	  conceptual	  and	  a	  procedural	  way	  of	  thinking	  about	  the	  problems	  illustrates	  that	  Charlene	  is	  transitioning	  between	  these	  different	  ways	  of	  solving	  the	  problems.	  	  
Conclusions	  from	  the	  Cases	  of	  Marge	  and	  Charlene	  	   The	  first	  research	  question	  of	  this	  study	  asks:	  How	  do	  teachers	  explain	  multiplicative	  reasoning	  within	  the	  context	  of	  place	  value	  in	  a	  course	  that	  focuses	  on	  multiplicative	  reasoning	  as	  the	  systematic	  creation	  of	  multiples	  of	  units?	  Both	  of	  the	  cases	  that	  were	  analyzed	  in	  this	  chapter	  referenced	  the	  first	  and	  third	  key	  ideas	  of	  multiplicative	  reasoning	  within	  their	  recorded	  explanations.	  The	  first	  key	  idea	  of	  multiplicative	  reasoning	  was	  referenced	  when	  the	  numbers	  in	  the	  problems	  were	  represented	  as	  a	  combination	  of	  units.	  The	  third	  key	  idea	  of	  multiplicative	  reasoning	  was	  referenced	  when	  one	  unit	  was	  grouped	  into	  a	  new	  unit.	  Charlene	  also	  referenced	  the	  second	  key	  idea	  of	  multiplicative	  reasoning	  when	  she	  explained	  the	  10:	  1	  relationship	  that	  groups	  a	  lower	  value	  unit	  into	  a	  higher	  value	  unit.	  Marge	  illustrated	  this	  relationship	  in	  the	  pictorial	  representations	  of	  her	  revised	  partial	  sums	  recorded	  explanation	  and	  she	  referenced	  the	  relationship	  in	  a	  critique	  to	  one	  of	  her	  classmates,	  but	  she	  did	  not	  include	  a	  verbal	  reference	  in	  her	  recorded	  explanations.	  These	  teachers	  were	  both	  active	  participants	  in	  the	  course,	  suggesting	  that	  participation	  in	  the	  course	  influences	  the	  use	  of	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning.	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The	  second	  research	  question	  of	  this	  study	  asks:	  How	  do	  teachers	  explain	  multiplicative	  reasoning	  within	  the	  context	  of	  fractions	  in	  a	  course	  that	  focuses	  on	  multiplicative	  reasoning	  as	  the	  systematic	  creation	  of	  multiples	  of	  units?	  Both	  of	  the	  cases	  that	  were	  analyzed	  in	  this	  chapter	  referenced	  each	  of	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  their	  recorded	  explanations.	  The	  first	  key	  idea	  of	  multiplicative	  reasoning	  was	  referenced	  when	  the	  numbers	  in	  the	  problems	  were	  represented	  as	  different	  units	  (fourths,	  fifths,	  and	  twentieths).	  The	  second	  key	  idea	  of	  multiplicative	  reasoning	  was	  referenced	  when	  teachers	  explained	  how	  the	  unit	  of	  twentieths	  was	  created	  and	  the	  third	  key	  idea	  of	  multiplicative	  reasoning	  was	  referenced	  when	  the	  units	  of	  fourths	  and	  fifths	  were	  grouped	  into	  units	  of	  twentieths.	  	  The	  third	  research	  question	  of	  this	  study	  asks:	  How	  do	  teacher’s	  explanations	  of	  multiplicative	  reasoning	  serve	  as	  a	  KDU	  that	  allows	  them	  to	  apply	  their	  understanding	  of	  multiplicative	  reasoning	  to	  different	  mathematical	  contexts?	  The	  cases	  of	  Marge	  and	  Charlene	  illustrate	  teachers	  who	  are	  developing	  their	  understanding	  of	  the	  KDU	  of	  multiplicative	  reasoning	  as	  they	  transition	  between	  solving	  problems	  using	  a	  standard	  algorithm	  and	  using	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning.	  When	  they	  explain	  the	  problems	  and	  the	  connections	  between	  the	  contexts	  they	  reference	  elements	  of	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning.	  When	  solving	  the	  problems	  in	  the	  contexts	  of	  place	  value,	  fractions,	  and	  percent	  the	  teachers	  use	  a	  standard	  algorithm	  during	  their	  explanation,	  which	  is	  evidence	  that	  they	  are	  transitioning	  between	  solving	  the	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problems	  in	  the	  way	  they	  are	  accustomed	  to	  and	  using	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  that	  were	  taught	  in	  the	  course.	  	  	   This	  group	  of	  cases	  was	  set	  apart	  from	  the	  other	  cases	  because	  these	  teachers	  solved	  all	  of	  the	  problems	  using	  elements	  of	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  as	  well	  as	  made	  connections	  between	  all	  of	  the	  mathematical	  contexts.	  Making	  connections	  between	  the	  contexts	  is	  an	  important	  element	  of	  the	  KDU	  of	  multiplicative	  reasoning	  because	  teachers	  who	  have	  a	  connected	  understanding	  of	  these	  mathematical	  contexts	  are	  more	  likely	  to	  emphasize	  these	  connections	  when	  teaching	  (Ma,	  1999;	  Skemp,	  1987;	  P.	  W.	  Thompson,	  2008).	  In	  the	  semi-­‐structured	  interview	  Charlene	  discussed	  her	  experiences	  in	  the	  course	  and	  why	  she	  wants	  to	  understand	  the	  meaning	  of	  mathematical	  algorithms.	  She	  said:	  I	  just	  thought	  like	  overall	  it	  [the	  course]	  was	  really	  great.	  Like	  I	  really	  1	   enjoyed	  the	  videos	  [recorded	  explanations]	  that	  they	  posted.	  Like	  I	  2	   said,	  I	  didn’t	  know	  –	  like	  I	  didn’t	  –	  partial	  products	  –	  like	  nobody	  3	   taught	  me	  partial	  products.	  People	  taught	  me,	  this	  is	  how	  you	  do	  it.	  	  4	   Like	  you	  just	  multiply	  and	  you	  write	  the	  numbers	  and	  like	  I	  feel	  like	  5	   growing	  up	  that	  was	  –	  like	  that’s	  probably	  why	  I'm	  so	  –	  like	  I	  struggle	  6	   with	  math.	  I	  don’t	  struggle	  with	  it,	  but	  like	  I	  struggle	  with	  like	  why	  7	   things	  happen.	  And	  I	  think	  that’s	  a	  really	  important	  part.	  So,	  I	  really	  8	   enjoyed	  all	  the	  videos	  [recorded	  explanations]	  that	  showed	  like	  the	  9	   procedural	  part,	  like	  especially	  the	  stuff	  like	  this	  –	  like	  when	  we	  drew	  10	   out	  the	  –	  when	  we	  drew	  out	  the	  [unit]	  squares.	  Like	  I	  thought	  that	  was	  11	   fantastic,	  like	  that	  was	  a	  great	  way	  to	  explain	  like	  multiplying	  fractions	  12	   because	  I	  –	  like	  even	  now,	  I	  have	  a	  hard	  time	  thinking	  about	  it	  just	  13	   because	  when	  I	  was	  younger,	  like	  –	  it’s	  hard	  when	  you’re	  like	  twenty-­‐14	   two	  years	  old	  and	  no	  one	  ever	  taught	  you	  and	  now	  you’re	  trying	  to	  re-­‐15	   learn	  something	  that’s	  so	  simple,	  like	  my	  brain	  can	  almost	  not	  handle	  16	   it.	  But	  I	  think	  like	  that	  was	  so	  great,	  definitely	  like	  the	  way	  that	  [the	  17	   instructor]	  like	  laid	  out	  all	  these	  really	  like	  hands	  on	  visual	  things	  for	  18	   the	  kids	  to	  use	  to	  learn	  math.	  Because	  I	  think	  so	  many	  people	  are	  really	  19	   visual	  when	  they	  learn.	  (Interview,	  3/1/12)	  20	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In	  this	  response	  Charlene	  discusses	  how	  she	  was	  never	  taught	  the	  rationale	  behind	  the	  standard	  algorithms,	  which	  is	  why	  she	  feels	  she	  sometimes	  struggles	  with	  mathematics	  (lines	  2	  –	  7).	  She	  also	  says	  that	  it	  is	  difficult	  to	  learn	  new	  ways	  of	  solving	  problems	  when	  you	  are	  accustomed	  to	  solving	  them	  a	  different	  way	  (lines	  14	  –	  17),	  which	  could	  be	  why	  she	  transitions	  between	  the	  way	  she	  is	  accustomed	  to	  solving	  problems	  and	  using	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  that	  were	  taught	  in	  the	  course.	  Charlene	  is	  more	  likely	  to	  use	  these	  ideas	  when	  teaching	  in	  her	  classroom	  because	  she	  understands	  what	  it	  is	  like	  when	  you	  don’t	  understand	  the	  algorithm	  that	  you	  are	  told	  to	  use	  (lines	  4	  –	  8)	  and	  she	  found	  the	  methods	  and	  visuals	  to	  be	  a	  “great”	  (line	  17)	  way	  for	  kids	  to	  use	  to	  learn	  math	  and	  she	  also	  thinks	  that	  many	  people	  are	  visual	  learners	  (lines	  19	  –	  20).	  	  	   Marge	  expresses	  similar	  sentiment	  in	  her	  semi-­‐structured	  interview	  when	  she	  expresses	  frustration	  over	  being	  taught	  to	  memorize	  mathematical	  ideas	  instead	  of	  understand	  them:	  I	  remember	  in	  elementary	  school	  my	  teacher	  saying,	  this	  isn’t	  the	  1	   oneths	  place	  it	  is	  the	  tenths	  place,	  and	  that	  was	  never	  explained.	  It	  was	  2	   just,	  this	  is	  tenths,	  this	  is	  hundredths,	  and	  it	  was	  just	  memorization.	  I	  3	   remember	  second	  grade	  with	  [teacher]	  and	  sorry,	  it	  is	  just	  one	  of	  those	  4	   things	  that	  I	  am	  very	  frustrated	  with	  now	  because	  I	  wish	  someone	  had	  5	   explained	  that.	  (Interview,	  2/29/12)6	  	   Marge	  also	  expresses	  frustration	  and	  a	  desire	  to	  teach	  mathematics	  differently	  when	  she	  states	  in	  the	  interview,	  “I	  don’t	  want	  them	  to	  get	  to	  the	  same	  point	  where	  I	  did,	  where	  I	  was	  like	  what	  does	  that	  zero	  mean	  when	  I	  multiply	  long,	  double	  digit	  multiplication”	  (Interview,	  2/29/12).	  These	  responses	  indicate	  that	  Marge	  may	  teach	  a	  connected	  understanding	  of	  mathematics	  because	  she	  wishes	  that	  her	  teachers	  had	  supported	  her	  to	  understand	  the	  concepts	  instead	  of	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memorize	  them	  (lines	  3	  –	  6).	  Both	  Charlene	  and	  Marge	  expressed	  frustration	  about	  not	  being	  taught	  the	  rationale	  behind	  traditional	  algorithms	  in	  their	  mathematics	  instruction.	  They	  are	  also	  both	  capable	  of	  using	  elements	  of	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  when	  explaining	  problems	  using	  a	  KDU	  of	  multiplicative	  reasoning.	  These	  aspects	  of	  their	  cases	  may	  indicate	  that	  understanding	  the	  key	  ideas	  of	  multiplicative	  reasoning	  within	  multiple	  contexts	  as	  well	  as	  a	  desire	  to	  understand	  traditional	  algorithms	  are	  factors	  in	  developing	  a	  KDU	  of	  multiplicative	  reasoning.	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CHAPTER	  7:	  SUMMARY	  AND	  CONCLUSIONS	  	  The	  previous	  chapters	  analyzed	  the	  data	  from	  each	  of	  the	  teachers	  in	  this	  research	  study	  and	  illustrated	  the	  ways	  in	  which	  they	  used	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  different	  mathematical	  contexts	  and	  the	  connections	  that	  they	  made	  between	  these	  contexts.	  This	  chapter	  summarizes	  the	  findings	  from	  this	  research	  study	  as	  well	  as	  discusses	  the	  significance	  of	  the	  study	  and	  the	  limitations	  of	  the	  study.	  
Summary	  of	  Findings	  The	  first	  and	  second	  research	  questions	  of	  this	  study	  are	  answered	  using	  the	  data	  from	  the	  course.	  Each	  teacher’s	  use	  of	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  was	  analyzed	  within	  the	  contexts	  of	  place	  value	  and	  fractions	  before	  the	  course	  (when	  data	  was	  available)	  and	  during	  the	  course.	  Table	  7-­‐1	  illustrates	  the	  results	  of	  this	  data	  analysis.	  This	  table	  illustrates	  each	  teacher’s	  use	  of	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  each	  context	  of	  the	  course.	  Each	  key	  idea	  is	  represented	  as	  a	  numeral.	  If	  the	  teacher	  used	  the	  key	  idea	  in	  an	  addition	  explanation	  it	  is	  marked	  with	  a	  “+.”	  If	  the	  teacher	  used	  the	  key	  idea	  in	  a	  multiplication	  explanation	  it	  marked	  with	  a	  “x.”	  If	  the	  teacher	  used	  the	  key	  idea	  in	  an	  addition	  and	  a	  multiplication	  explanation	  it	  marked	  with	  a	  “b.”	  If	  the	  teacher	  did	  not	  complete	  a	  recorded	  explanation	  it	  is	  marked	  “na.”	  	  	  Three	  of	  the	  six	  teachers	  completed	  the	  course	  introduction	  recorded	  explanations.	  Of	  these	  three	  teachers	  only	  one	  referenced	  some	  of	  the	  key	  ideas	  of	  multiplicative	  reasoning	  prior	  to	  the	  course	  instruction,	  indicating	  that	  it	  is	  unlikely	  that	  the	  teachers	  used	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  to	  explain	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place	  value	  and	  fraction	  problems	  prior	  to	  taking	  this	  course.	  The	  one	  teacher	  who	  referenced	  some	  of	  the	  key	  ideas	  of	  multiplicative	  reasoning	  in	  her	  course	  introduction	  place	  value	  recorded	  explanation	  mentioned	  in	  the	  semi-­‐structured	  interview	  that	  she	  had	  previewed	  the	  place	  value	  module	  of	  the	  course	  prior	  to	  creating	  her	  recorded	  explanation,	  indicating	  that	  this	  explanation	  was	  influenced	  by	  the	  supports	  within	  the	  place	  value	  module.	  	  	  	  Table	  7-­‐1	  
Teachers’	  Use	  of	  the	  Key	  Ideas	  Within	  the	  Contexts	  of	  the	  Course	  	  
	  	   Course	  Introduction	  Place	  Value	  
Course	  Introduction	  Fractions	  
Whole	  Number	  Place	  Value	   Fractions	  Key	  Idea	   1	   2	   3	   1	   2	   3	   1	   2	   3	   1	   2	   3	  Kerry	   na	   na	   b	   	   	   +	   +	   +	  Kristy	   	   	   	   	   	   	   b	   x	   x	   b	   b	   b	  Sharon	   	   	   	   	   	   	   b	   b	   b	   b	   b	   b	  Elena	   na	   na	   +	   	   	   +	   	   +	  Marge	   na	   na	   b	   	   b	   b	   b	   b	  Charlene	   x	   	   	   x	   	   x	   b	   b	   b	   b	   b	   b	  
	  
Key:	  +	   Addition	  x	   Multiplication	  b	   Addition	  and	  Multiplication	  na	   Not	  Applicable	  	  
	  
	  
Research	  Question	  1	  The	  first	  research	  question	  that	  guided	  this	  study	  is:	  How	  do	  teachers	  explain	  multiplicative	  reasoning	  within	  the	  context	  of	  place	  value	  in	  a	  course	  that	  focuses	  on	  multiplicative	  reasoning	  as	  the	  systematic	  creation	  of	  multiples	  of	  units?	  Following	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completion	  of	  the	  place	  value	  module	  of	  the	  course	  all	  of	  the	  teachers	  referenced	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  within	  the	  recorded	  explanations	  that	  they	  created,	  indicating	  that	  they	  have	  an	  understanding	  of	  representing	  quantities	  in	  terms	  of	  different	  units	  within	  the	  context	  of	  place	  value.	  The	  second	  key	  idea	  of	  multiplicative	  reasoning	  was	  referenced	  by	  three	  of	  the	  four	  teachers	  who	  participated	  in	  the	  majority	  of	  the	  activities	  within	  the	  module.	  All	  of	  the	  teachers	  who	  were	  active	  participants	  in	  the	  module	  referenced	  the	  third	  key	  idea	  of	  multiplicative	  reasoning.	  None	  of	  the	  teachers	  who	  had	  limited	  participation	  in	  the	  module	  referenced	  the	  second	  and	  third	  key	  ideas	  of	  multiplicative	  reasoning.	  This	  evidence	  suggests	  that	  the	  second	  and	  third	  key	  ideas	  of	  multiplicative	  reasoning	  require	  more	  exposure	  in	  order	  to	  use	  these	  ideas	  in	  place	  value	  explanations.	  This	  finding	  supports	  the	  research	  conducted	  by	  Thanheiser	  (2009)	  and	  Ma	  (1999)	  illustrating	  that	  teachers	  need	  a	  solid	  understanding	  of	  the	  first	  key	  idea	  of	  multiplicative	  reasoning	  before	  they	  understand	  the	  second	  and	  third	  key	  ideas	  of	  multiplicative	  reasoning.	  	  
Research	  Question	  2	  
	   The	  second	  research	  question	  that	  guided	  this	  study	  is:	  How	  do	  teachers	  explain	  multiplicative	  reasoning	  within	  the	  context	  of	  fractions	  in	  a	  course	  that	  focuses	  on	  multiplicative	  reasoning	  as	  the	  systematic	  creation	  of	  multiples	  of	  units?	  Following	  completion	  of	  the	  fraction	  module	  of	  the	  course	  all	  of	  the	  teachers	  referenced	  the	  first	  and	  third	  key	  ideas	  of	  multiplicative	  reasoning	  within	  the	  recorded	  explanations	  that	  they	  created.	  The	  second	  key	  idea	  of	  multiplicative	  reasoning	  was	  referenced	  by	  five	  of	  the	  six	  teachers.	  This	  evidence	  illustrates	  that	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teachers	  who	  did	  not	  reference	  the	  second	  key	  idea	  of	  multiplicative	  reasoning	  within	  the	  context	  of	  place	  value	  used	  this	  idea	  within	  the	  fractions	  context.	  This	  finding	  supports	  the	  research	  conducted	  by	  Silverman	  and	  Thompson	  (2008)	  and	  Simon	  (2006)	  that	  the	  development	  of	  sophisticated	  understandings	  requires	  repeated	  exposure	  within	  multiple	  contexts.	  Within	  the	  fractions	  module	  of	  the	  course	  the	  teachers	  were	  continuing	  to	  use	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  from	  the	  place	  value	  module	  in	  the	  new	  context	  of	  fractions.	  The	  structure	  of	  the	  course	  modules	  provided	  the	  teachers	  with	  more	  activities	  that	  had	  the	  same	  structure	  in	  order	  to	  provide	  repeated	  exposure	  to	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning.	  These	  experiences	  resulted	  in	  more	  teachers	  using	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  the	  context	  of	  fractions.	  	  	  	   Table	  7-­‐2	  
Connections	  Teachers	  Made	  Within	  the	  Contexts	  of	  the	  Course	  
	  	  	  	   	  	  	  
Key:	  c	   Connection	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   The	  data	  in	  the	  fractions	  module	  of	  the	  course	  was	  also	  analyzed	  for	  references	  to	  connections	  between	  the	  contexts	  of	  place	  value	  and	  fractions.	  Table	  7-­‐2	  (above)	  illustrates	  the	  results	  of	  this	  data	  analysis.	  This	  table	  illustrates	  connections	  that	  each	  teacher	  made	  between	  the	  contexts	  of	  the	  course	  using	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning.	  Each	  key	  idea	  is	  represented	  as	  a	  numeral.	  If	  the	  teacher	  used	  the	  key	  idea	  to	  make	  a	  connection	  between	  the	  contexts	  it	  marked	  with	  a	  “c.”	  Only	  one	  of	  the	  teachers	  made	  explicit	  connections	  between	  the	  contexts	  of	  place	  value	  and	  fractions	  using	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning.	  This	  finding	  indicates	  that	  very	  few	  teachers	  made	  connections	  between	  the	  place	  value	  and	  fraction	  contexts	  within	  the	  course.	  Further	  research	  could	  investigate	  ways	  to	  support	  more	  teachers	  to	  make	  connections	  between	  the	  contexts	  using	  the	  key	  ideas	  of	  multiplicative	  reasoning.	  	  
Research	  Question	  3	  The	  third	  research	  question	  that	  guided	  this	  study	  is:	  How	  do	  teacher’s	  explanations	  of	  multiplicative	  reasoning	  serve	  as	  a	  KDU	  that	  allows	  them	  to	  apply	  their	  understanding	  of	  multiplicative	  reasoning	  to	  different	  mathematical	  contexts?	  This	  research	  question	  was	  informed	  by	  the	  semi-­‐structured	  interview	  data.	  The	  teachers’	  semi-­‐structured	  interview	  responses	  were	  analyzed	  for	  references	  of	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  the	  contexts	  of	  place	  value	  and	  fractions	  as	  taught	  in	  the	  course,	  as	  well	  as	  references	  to	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  the	  new	  contexts	  of	  place	  value	  including	  decimals,	  measurement,	  and	  percent.	  Table	  7-­‐3	  illustrates	  the	  results	  of	  this	  data	  analysis.	  This	  table	  illustrates	  each	  teacher’s	  use	  of	  the	  three	  key	  ideas	  of	  multiplicative	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reasoning	  within	  each	  context	  of	  the	  semi-­‐structured	  interview.	  Each	  key	  idea	  is	  represented	  as	  a	  numeral.	  If	  the	  teacher	  used	  the	  key	  idea	  in	  a	  multiplication	  explanation	  it	  marked	  with	  a	  “x.”	  If	  the	  teacher	  used	  elements	  of	  the	  key	  idea	  in	  an	  explanation	  it	  marked	  with	  an	  “e.”	  	  	  There	  were	  many	  changes	  that	  occurred	  in	  the	  ways	  the	  teachers	  explained	  the	  problems	  during	  the	  semi-­‐structured	  interviews.	  Throughout	  each	  case	  the	  teacher	  did	  not	  reference	  the	  key	  ideas	  of	  multiplicative	  reasoning	  in	  the	  same	  way	  that	  they	  did	  within	  the	  course.	  One	  factor	  that	  may	  have	  contributed	  to	  these	  changes	  is	  that	  in	  the	  course	  the	  teachers	  are	  recording	  their	  explanation,	  which	  means	  they	  can	  write	  a	  script	  and	  practice	  before	  they	  record.	  In	  the	  semi-­‐structured	  interview	  the	  teachers	  are	  providing	  spontaneous	  explanations	  of	  the	  concepts.	  	  	  Table	  7-­‐3	  
Teachers’	  Use	  of	  the	  Key	  Ideas	  Within	  the	  Contexts	  of	  the	  Interview	  
	  	  	  	  	  	  	  	  	  	  	  	  
Key:	  x	   Multiplication	  e	   Elements	  of	  understanding,	  but	  not	  explicit	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The	  teachers	  who	  more	  often	  used	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  their	  spontaneous	  explanations	  were	  those	  who	  had	  significant	  engagement	  within	  the	  course.	  This	  supports	  the	  research	  that	  a	  KDU	  is	  not	  learned	  from	  being	  told	  and	  requires	  multiple	  experiences	  with	  the	  concept	  in	  multiple	  contexts	  (Silverman	  &	  Thompson,	  2008;	  Simon,	  2006).	  The	  teachers	  who	  were	  more	  active	  in	  the	  course	  were	  able	  to	  gain	  more	  experience	  with	  the	  concepts.	  However,	  experience	  alone	  does	  not	  mean	  that	  the	  teacher	  will	  develop	  a	  KDU.	  Kristy	  participated	  in	  all	  of	  the	  activities	  within	  the	  course	  and	  referenced	  all	  three	  of	  the	  key	  ideas	  of	  multiplicative	  reasoning	  within	  each	  module;	  however,	  she	  did	  not	  reference	  any	  of	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  her	  spontaneous	  explanations	  of	  place	  value	  or	  fractions.	  Kristy’s	  understanding	  may	  have	  been	  short-­‐lived	  because	  she	  did	  not	  find	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  to	  be	  a	  useful	  way	  of	  explaining	  the	  problems	  as	  evidenced	  by	  her	  reliance	  on	  standard	  algorithms	  to	  solve	  the	  problems	  within	  the	  semi-­‐structured	  interview,	  and	  her	  inability	  to	  explain	  the	  problems	  in	  a	  different	  way,	  even	  after	  being	  presented	  with	  a	  visual	  prompt.	  The	  teachers	  who	  consistently	  used	  key	  ideas	  of	  multiplicative	  reasoning	  within	  their	  spontaneous	  explanations	  discussed	  their	  desire	  to	  understand	  the	  rationale	  of	  the	  mathematical	  concepts	  within	  the	  semi-­‐structured	  interview,	  suggesting	  that	  disposition	  is	  also	  a	  factor	  in	  developing	  a	  KDU.	  Gresalfi	  and	  Cobb	  (2006)	  stated	  that	  learning	  is	  a	  process	  of	  developing	  dispositions.	  Disposition	  includes	  how	  an	  individual	  perceives	  and	  engages	  with	  mathematics	  (Gresalfi,	  2009;	  Gresalfi	  &	  Cobb,	  2006;	  Kilpatrick,	  Swafford,	  &	  Findell,	  2001;	  Lampert,	  1990).	  An	  individual’s	  disposition	  can	  be	  seen	  in	  both	  moments	  of	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interaction	  and	  in	  more	  enduring	  patterns	  over	  time	  (Gresalfi,	  2009;	  Gresalfi	  &	  Cobb,	  2006).	  Disposition	  may	  have	  influenced	  the	  teachers’	  explanations	  of	  the	  problems	  because	  during	  the	  course	  they	  were	  students	  who	  did	  not	  have	  teaching	  experience	  and	  during	  the	  semi-­‐structured	  interviews	  they	  were	  first	  year	  teachers.	  This	  change	  in	  the	  teachers’	  roles	  could	  influence	  their	  disposition	  and	  the	  way	  that	  they	  perceive	  and	  engage	  with	  the	  mathematics.	  Further	  research	  could	  continue	  to	  explore	  the	  ways	  that	  disposition	  influences	  teachers’	  development	  of	  a	  KDU.	  This	  research	  question	  is	  also	  answered	  with	  the	  data	  analysis	  of	  the	  connections	  that	  the	  teachers	  made	  between	  each	  of	  the	  contexts.	  Table	  7-­‐4	  contains	  the	  results	  of	  this	  data	  analysis.	  This	  table	  illustrates	  connections	  that	  each	  teacher	  made	  between	  the	  contexts	  discussed	  in	  the	  semi-­‐structured	  using	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning.	  Each	  key	  idea	  is	  represented	  as	  a	  numeral.	  If	  the	  teacher	  used	  the	  key	  idea	  to	  make	  a	  connection	  between	  the	  contexts	  it	  marked	  with	  a	  “c.”	  	   Table	  7-­‐4	  
Connections	  Teachers	  Made	  Within	  the	  Contexts	  of	  the	  Interview	  
	  
	  	  
Key:	  c	   Connection	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When	  comparing	  table	  7-­‐3	  and	  7-­‐4	  it	  is	  evident,	  that	  the	  teachers	  who	  did	  not	  use	  the	  key	  ideas	  of	  multiplicative	  reasoning	  within	  the	  contexts	  other	  than	  measurement	  (Kerry	  and	  Kristy),	  made	  few,	  if	  any,	  connections	  between	  the	  mathematical	  contexts.	  The	  teachers	  who	  used	  a	  moderate	  number	  of	  references	  to	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  (Sharon	  and	  Elena)	  made	  some	  connections	  between	  most	  of	  the	  contexts	  and	  the	  teachers	  who	  made	  a	  significant	  number	  of	  references	  to	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  (Marge	  and	  Charlene)	  made	  multiple	  connections	  between	  all	  of	  the	  contexts.	  These	  results	  suggest	  that	  teachers	  who	  use	  the	  key	  ideas	  of	  multiplicative	  reasoning	  within	  multiple	  contexts	  are	  positioned	  to	  make	  connections	  between	  the	  contexts	  and	  verifies	  that	  repeated	  exposure	  to	  the	  same	  concepts	  within	  multiple	  contexts	  supports	  the	  development	  of	  a	  KDU	  (Silverman	  &	  Thompson,	  2008;	  Simon,	  2006).	  	  
Developing	  a	  KDU	  of	  Multiplicative	  Reasoning	  The	  data	  analysis	  chapters	  of	  this	  research	  study	  delineated	  three	  understandings	  of	  multiplicative	  reasoning:	  a	  limited	  understanding,	  a	  developing	  
understanding,	  and	  a	  transitional	  understanding.	  A	  fourth	  understanding,	  a	  KDU	  of	  
multiplicative	  reasoning,	  was	  not	  achieved	  by	  any	  of	  the	  teachers	  in	  the	  course,	  however	  the	  instructor	  of	  the	  course	  illustrated	  this	  understanding	  through	  consistently	  referencing	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  each	  context,	  while	  also	  making	  connections	  between	  the	  contexts	  using	  these	  three	  key	  ideas.	  Figure	  7-­‐1	  shows	  an	  illustration	  of	  these	  understandings.	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Figure	  7-­‐1.	  Developing	  the	  KDU	  of	  multiplicative	  reasoning	  	  	  Marge	  and	  Charlene	  have	  a	  transitional	  understanding	  because	  they	  solve	  the	  problems	  in	  a	  way	  that	  they	  are	  accustomed	  to	  and	  then	  incorporate	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  each	  of	  the	  contexts.	  They	  also	  make	  connections	  between	  all	  of	  the	  contexts.	  Sharon	  and	  Elena	  are	  developing	  their	  
understandings	  because	  they	  solve	  multiple	  problems	  using	  the	  key	  ideas	  of	  multiplicative	  reasoning	  and	  make	  connections	  between	  most	  of	  the	  contexts.	  The	  last	  understanding	  is	  a	  limited	  understanding.	  Kerry	  and	  Kristy	  have	  a	  limited	  
understanding	  because	  they	  do	  not	  use	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  multiple	  contexts	  and	  make	  limited	  connections	  between	  the	  contexts.	  As	  teachers	  are	  developing	  an	  understanding	  of	  the	  KDU	  of	  multiplicative	  reasoning	  it	  is	  possible	  that	  they	  may	  move	  back	  and	  forth	  between	  the	  different	  understandings.	  
Understanding	  the	  KDU	  Transitional	  Understanding	  Developing	  Understanding	  Limited	  Understanding	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The	  teachers	  who	  have	  a	  transitional	  understanding	  of	  the	  KDU	  of	  multiplicative	  reasoning	  were	  accustomed	  to	  solving	  problems	  in	  these	  mathematical	  contexts	  and	  then	  incorporated	  the	  key	  ideas	  of	  multiplicative	  reasoning	  within	  each	  of	  their	  explanations	  and	  connections.	  This	  implies	  that	  this	  understanding	  requires	  a	  familiarity	  and	  competency	  with	  solving	  the	  problems.	  In	  the	  course	  and	  during	  the	  semi-­‐structured	  interview	  these	  teachers	  also	  discussed	  their	  frustration	  about	  not	  being	  taught	  the	  underlying	  mathematics	  of	  standard	  algorithms	  when	  they	  were	  in	  grade	  school.	  This	  familiarity,	  competency,	  and	  frustration	  may	  support	  these	  teachers	  to	  teach	  a	  connected	  understanding	  of	  mathematics	  that	  incorporates	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning.	  Their	  frustration	  with	  their	  grade	  school	  experience	  may	  encourage	  them	  to	  teach	  differently	  from	  the	  way	  they	  were	  taught	  mathematics,	  and	  incorporate	  meaning	  into	  the	  problems.	  Their	  familiarity	  and	  competency	  with	  solving	  problems	  using	  a	  standard	  algorithm	  supported	  them	  to	  build	  meaning	  into	  their	  initial	  understanding.	  Delineating	  these	  understandings	  begins	  to	  illustrate	  how	  teachers	  may	  develop	  a	  KDU	  of	  multiplicative	  reasoning	  that	  enables	  them	  to	  teach	  a	  connected	  understanding	  of	  mathematics.	  	  These	  understandings	  may	  continually	  be	  refined	  and	  developed	  through	  further	  research	  involving	  the	  concepts	  of	  discourse-­‐for-­‐others	  and	  discourse-­‐for-­‐oneself	  (Sfard,	  2008).	  When	  learning	  a	  new	  discourse,	  or	  a	  new	  way	  of	  explaining	  mathematical	  concepts,	  individuals	  may	  move	  from	  discourse-­‐for-­‐others	  to	  discourse-­‐for-­‐oneself.	  According	  to	  Sfard	  (2008),	  discourse-­‐for-­‐others	  is	  discourse	  used	  for	  the	  sake	  of	  communication	  with	  those	  to	  whom	  the	  discourse	  is	  familiar,	  in	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spite	  of	  the	  fact	  that	  the	  discourse	  does	  not	  yet	  fully	  make	  sense	  to	  the	  individual	  for	  whom	  the	  discourse	  is	  new.	  Individuals	  who	  recognize	  discourse-­‐for-­‐others	  when	  explaining	  multiplicative	  reasoning	  as	  a	  KDU	  acknowledge	  that	  the	  way	  of	  explaining	  a	  problem	  using	  the	  KDU	  is	  different	  from	  how	  they	  are	  explaining	  the	  problem.	  When	  an	  individual	  engages	  in	  discourse-­‐for-­‐oneself	  they	  are	  likely	  to	  use	  the	  KDU	  of	  multiplicative	  reasoning,	  on	  their	  own	  accord,	  while	  trying	  to	  solve	  problems	  (Sfard,	  2008).	  In	  order	  to	  develop	  discourse-­‐for-­‐oneself	  the	  individual	  needs	  to	  exhibit	  a	  genuine	  interest	  in	  the	  new	  discourse	  and	  a	  strong	  will	  to	  explore	  its	  inner	  logic	  (Sfard,	  2008).	  This	  genuine	  interest	  may	  be	  the	  result	  of	  a	  perturbation	  in	  which	  the	  individual	  finds	  that	  the	  way	  they	  are	  explaining	  the	  problem	  falls	  short	  and	  the	  new	  discourse	  addresses	  the	  shortcomings	  of	  the	  old	  discourse.	  	  The	  concepts	  of	  discourse-­‐for-­‐others	  and	  discourse-­‐for-­‐oneself,	  along	  with	  the	  idea	  that	  learning	  is	  a	  process	  of	  developing	  dispositions	  provide	  an	  explanatory	  framework	  for	  the	  results	  of	  this	  study.	  During	  the	  course	  the	  teachers	  were	  students	  who	  were	  introduced	  to	  a	  discourse-­‐for-­‐others	  that	  involved	  using	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  to	  explain	  place	  value	  and	  fraction	  problems.	  In	  this	  environment	  the	  teachers	  necessarily	  participate	  in	  discourse-­‐for-­‐	  others,	  and	  try	  to	  use	  the	  language	  even	  though	  they	  may	  not	  understand	  the	  meaning,	  application,	  or	  implications.	  That	  is	  an	  initial	  first	  step	  in	  developing	  a	  KDU.	  There	  is	  evidence	  of	  this	  in	  the	  cases	  of	  Marge	  and	  Charlene	  as	  they	  transition	  from	  solving	  problems	  using	  a	  standard	  algorithm	  and	  building	  meaning	  into	  these	  procedures	  using	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning.	  However,	  in	  order	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for	  these	  understandings	  to	  persist	  and	  affect	  their	  instructional	  explanations	  after	  the	  course,	  they	  must	  accommodate	  their	  understandings	  so	  that	  this	  new	  understanding	  can	  be	  assimilated.	  This	  process	  would	  likely	  result	  in	  discourse-­‐for-­‐self.	  	  
Significance	  and	  Implications	  of	  the	  Study	  This	  research	  study	  has	  illustrated	  that	  supporting	  teachers	  to	  develop	  a	  KDU	  of	  multiplicative	  reasoning	  is	  a	  multi-­‐faceted	  and	  complex	  task.	  The	  following	  sections	  illustrate	  the	  significance	  of	  this	  study	  and	  the	  implications	  of	  these	  findings	  for	  teacher	  educators,	  teacher	  education	  programs,	  school	  administrators,	  and	  mathematics	  education	  researchers.	  
Significant	  Findings	  for	  Teacher	  Educators	  
	   The	  interview	  data	  from	  this	  research	  study	  confirmed	  that	  disposition,	  which	  entails	  how	  an	  individual	  perceives	  and	  engages	  with	  mathematics,	  is	  an	  important	  aspect	  of	  supporting	  teachers	  to	  develop	  their	  mathematical	  understandings	  (Gresalfi,	  2009;	  Gresalfi	  &	  Cobb,	  2006;	  Lampert,	  1990).	  The	  implications	  of	  these	  previous	  studies	  suggest	  that	  teacher	  educators	  need	  to	  problematize	  the	  mathematics	  for	  teachers	  in	  order	  to	  support	  them	  to	  develop	  a	  disposition	  towards	  learning	  a	  different	  way	  to	  look	  at	  the	  mathematics	  they	  already	  know	  and	  are	  being	  asked	  to	  teach.	  Although	  this	  data	  is	  limited	  by	  the	  fact	  that	  it	  was	  not	  the	  focus	  of	  this	  study,	  but	  rather	  emerged	  during	  the	  study,	  the	  researcher	  found	  that	  those	  teachers	  who	  expressed	  dissatisfaction	  with	  their	  own	  mathematical	  learning	  in	  elementary	  school	  were	  the	  ones	  who	  participated	  most	  fully	  in	  the	  course	  as	  they	  tried	  to	  make	  sense	  of	  the	  mathematical	  concepts.	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Implications	  for	  Teacher	  Educators	  
	   In	  order	  teacher	  educators	  to	  have	  an	  impact	  on	  the	  teachers	  in	  their	  course	  beyond	  the	  duration	  of	  that	  course,	  it	  is	  necessary	  for	  them	  to	  problematize	  the	  mathematics	  that	  is	  taught	  in	  the	  course	  and	  cultivate	  a	  productive	  disposition	  in	  which	  the	  individual	  works	  to	  make	  sense	  of	  the	  mathematics,	  views	  mathematics	  as	  worthwhile,	  and	  believes	  in	  their	  ability	  to	  accomplish	  these	  goals	  (Gresalfi,	  2009;	  Gresalfi	  &	  Cobb,	  2006;	  Kilpatrick	  et	  al.,	  2001).	  When	  cultivating	  disposition	  teacher	  educators	  may	  need	  to	  consider	  two	  very	  distinct	  groups	  of	  teachers,	  who	  likely	  need	  two	  very	  distinct	  methods	  when	  it	  comes	  to	  problematizing	  the	  mathematics.	  One	  group	  of	  teachers	  may	  already	  feel	  dissatisfaction	  with	  not	  understanding	  the	  mathematics	  they	  were	  taught	  in	  elementary	  school.	  A	  second	  group	  of	  teachers	  may	  not	  feel	  dissatisfaction	  with	  their	  mathematical	  understandings	  as	  they	  solved	  problems	  in	  the	  way	  they	  were	  taught	  and	  were	  never	  bothered	  by	  doing	  what	  the	  teachers	  asked	  for	  the	  sake	  of	  satisfying	  the	  teacher.	  As	  illustrated	  in	  this	  research,	  this	  second	  group	  of	  teachers	  is	  likely	  to	  succeed	  during	  the	  duration	  of	  the	  course,	  but	  is	  not	  likely	  to	  continue	  to	  use	  knowledge	  from	  the	  course	  in	  their	  future	  classrooms.	  If	  teacher	  educators	  cultivate	  a	  productive	  disposition	  within	  all	  of	  the	  teachers	  in	  their	  course,	  it	  is	  more	  likely	  that	  the	  teachers	  will	  use	  the	  knowledge	  gained	  from	  the	  course	  in	  their	  future	  classrooms.	  	  
Significant	  Findings	  for	  Teacher	  Education	  Programs	  
	   There	  have	  been	  many	  reform	  movements	  in	  the	  area	  of	  mathematics	  education.	  We	  are	  currently	  embarking	  on	  another	  now	  as	  many	  states	  have	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adopted	  the	  Common	  Core	  State	  Standards.	  In	  1989	  when	  NCTM	  released	  the	  NCTM	  
Curriculum	  and	  Evaluation	  Standards	  for	  School	  Mathematics	  there	  was	  a	  call	  for	  use	  of	  manipulatives	  within	  the	  mathematics	  classroom.	  Subsequent	  research	  found	  that	  teachers	  did	  not	  necessarily	  use	  the	  manipulatives	  in	  conjunction	  with	  the	  mathematical	  ideas	  in	  the	  subsequent	  problems	  they	  were	  teaching.	  Instead	  the	  teachers	  introduced	  concepts	  using	  the	  manipulatives,	  but	  then	  did	  not	  continue	  to	  use	  the	  manipulatives	  to	  connect	  the	  conceptual	  and	  algorithmic	  way	  of	  solving	  problems	  (Moyer,	  2002;	  Puchner,	  Taylor,	  O'Donnell,	  &	  Frick,	  2008).	  With	  the	  adoption	  of	  the	  Common	  Core	  State	  Standards	  teachers	  are	  required	  to	  teach	  students	  a	  more	  conceptual	  understanding	  of	  mathematics.	  The	  findings	  from	  this	  research	  study	  suggest	  that	  teachers	  may	  continue	  to	  neglect	  connecting	  the	  conceptual	  with	  the	  algorithmic	  as	  was	  the	  case	  with	  the	  majority	  of	  the	  teachers	  who	  could	  explain	  place	  value	  and	  fractions	  conceptually	  within	  the	  course,	  but	  no	  longer	  used	  these	  ideas	  in	  their	  first	  year	  of	  teaching.	  However,	  this	  research	  also	  suggests	  a	  trajectory	  of	  what	  goes	  on	  in	  the	  mind	  of	  a	  teacher	  when	  they	  have	  a	  procedural	  knowledge	  of	  how	  to	  solve	  a	  problem	  from	  their	  own	  schooling	  and	  their	  teacher	  preparation	  program	  provides	  them	  with	  a	  conceptual	  understanding	  that	  can	  be	  used	  to	  solve	  the	  same	  problem.	  The	  data	  suggests	  that	  if	  teachers	  are	  presented	  with	  conceptual	  ideas	  through	  pictures,	  manipulatives,	  or	  a	  combination,	  as	  with	  virtual	  manipulatives,	  they	  first	  need	  time	  to	  learn	  the	  conceptual	  underpinnings,	  but	  then	  they	  need	  time	  and	  likely	  expert-­‐facilitated	  experiences	  to	  make	  connections	  between	  the	  conceptual	  and	  the	  procedural.	  If	  these	  connections	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do	  not	  happen	  the	  teachers	  may	  never	  become	  comfortable	  enough	  to	  risk	  using	  their	  new	  knowledge	  in	  their	  future	  classrooms.	  
Implications	  for	  Teacher	  Education	  Programs	  
	   Teacher	  education	  programs	  need	  to	  design,	  test,	  and	  disseminate	  practices	  that	  provide	  opportunities	  for	  teachers	  to	  make	  connections	  between	  the	  conceptual	  and	  procedural	  understandings	  of	  the	  mathematical	  contexts.	  At	  Drexel	  University,	  as	  the	  work	  on	  this	  larger	  research	  project	  continues,	  activities	  have	  been	  designed	  in	  which	  teachers	  are	  asked	  to	  use	  the	  same	  underlying	  mathematical	  language	  when	  they	  explain	  a	  problem	  first	  using	  visual	  representations	  and	  then	  explain	  the	  same	  problem	  using	  an	  algorithmic	  representation.	  Further	  research	  is	  needed	  to	  continue	  to	  develop	  the	  trajectory	  of	  a	  developing	  a	  KDU	  as	  described	  in	  this	  dissertation.	  
Significant	  Findings	  for	  School	  Administrators	  Research	  on	  KDUs	  illustrate	  that	  it	  takes	  a	  multitude	  of	  experiences	  over	  a	  significant	  amount	  of	  time	  to	  learn	  a	  KDU	  (Puchner	  et	  al.,	  2008;	  Silverman	  &	  Thompson,	  2008;	  Simon,	  2006).	  The	  data	  from	  this	  study	  suggests	  that	  teachers	  can	  gain	  these	  experiences	  across	  contexts	  as	  was	  evidenced	  when	  all	  of	  the	  teachers	  used	  more	  key	  ideas	  of	  multiplicative	  reasoning	  within	  the	  context	  of	  fractions,	  than	  in	  the	  context	  of	  place	  value.	  Fractions	  are	  considered	  to	  be	  a	  harder	  set	  of	  numbers	  to	  work	  with,	  making	  this	  finding	  significant.	  Teacher	  education	  programs	  have	  a	  very	  limited	  time	  with	  which	  to	  prepare	  their	  candidates,	  making	  it	  necessary	  for	  teachers	  to	  continue	  to	  receive	  support	  within	  their	  future	  classrooms.	  If	  the	  same	  concepts	  can	  continue	  to	  be	  developed	  through	  repeated	  exposure	  within	  different	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contexts,	  then	  teachers	  have	  more	  time	  to	  develop	  their	  understanding	  of	  the	  concepts.	  	  
Implications	  for	  School	  Administrators	  KDU’s	  need	  to	  be	  incorporated	  throughout	  teacher	  preparation	  as	  well	  as	  throughout	  teacher	  professional	  development.	  Mathematical	  contexts	  are	  often	  disconnected	  in	  mainstream	  mathematics	  curriculum	  and	  textbooks.	  Providing	  opportunities	  for	  teachers	  to	  participate	  in	  professional	  development	  on	  KDUs	  and	  then	  collaborate	  on	  how	  to	  incorporate	  KDUs	  into	  their	  instruction	  will	  provide	  opportunities	  for	  teachers	  to	  use	  KDUs	  in	  their	  instruction	  if	  the	  mathematical	  concepts	  they	  focus	  on	  in	  a	  unit	  are	  built	  on	  the	  same	  mathematical	  concepts	  from	  the	  preceding	  unit.	  Teachers	  need	  continuous	  support	  in	  order	  to	  make	  these	  dramatic	  changes	  in	  mathematics	  instruction.	  This	  continuous	  support	  can	  be	  facilitated	  if	  teacher	  education	  programs	  disseminate	  practices	  that	  they	  have	  found	  successful	  in	  supporting	  teachers	  to	  develop	  KDUs,	  as	  described	  in	  the	  previous	  section.	  	  
Significant	  Findings	  for	  Mathematics	  Education	  Researchers	  The	  data	  from	  the	  semi-­‐structured	  interviews	  illustrated	  the	  teachers’	  strong	  understanding	  of	  the	  KDU	  of	  multiplicative	  reasoning	  within	  the	  context	  of	  measurement.	  This	  strong	  understanding	  did	  not	  exist	  in	  any	  of	  the	  other	  contexts	  that	  were	  inquired	  about	  in	  the	  interviews.	  The	  teachers	  may	  have	  developed	  this	  strong	  understanding	  because	  their	  real	  life	  experiences	  with	  measurement	  over	  time	  has	  supported	  them	  to	  have	  a	  stronger	  understanding	  of	  the	  KDU	  of	  multiplicative	  reasoning	  within	  this	  context.	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A	  second	  conjecture	  about	  the	  teachers’	  strong	  understanding	  of	  the	  measurement	  context	  is	  that	  in	  the	  traditional	  teaching	  of	  measurement,	  the	  language	  of	  the	  KDU	  of	  multiplicative	  reasoning	  is	  explicitly	  used	  in	  the	  solving	  and	  explaining	  of	  the	  problems.	  The	  units	  are	  referred	  to	  as	  units	  of	  an	  inch,	  foot,	  yard,	  mile,	  etc.,	  as	  opposed	  to	  the	  value	  of	  the	  places	  or	  the	  denominators,	  as	  is	  the	  case	  with	  place	  value	  and	  fractions.	  The	  measurements	  are	  often	  referred	  to	  as	  
combinations	  of	  multiples	  of	  units,	  such	  as	  my	  height	  is	  5	  feet	  3	  inches	  as	  opposed	  to	  referring	  to	  “eight	  point	  one	  six”	  for	  8	  ones	  and	  16	  hundredths.	  Additionally,	  the	  
relationship	  between	  the	  units	  is	  often	  explicitly	  referred	  to	  as	  “12	  inches	  is	  1	  foot”	  every	  time	  the	  relationship	  is	  used,	  as	  opposed	  to	  referring	  to	  “putting	  down	  the	  4	  and	  carrying	  the	  1”	  when	  8	  and	  6	  are	  added	  as	  part	  of	  a	  multi-­‐digit	  addition	  problem.	  The	  key	  ideas	  of	  multiplicative	  reasoning	  are	  not	  referenced	  in	  any	  other	  set	  of	  numbers,	  as	  they	  are	  in	  measurement.	  Does	  this	  explicitness	  support	  the	  teachers	  to	  have	  a	  strong	  understanding	  of	  the	  KDU	  of	  multiplicative	  reasoning	  within	  the	  context	  of	  measurement?	  	  
Implications	  for	  Mathematics	  Education	  Researchers	  	   Further	  research	  is	  needed	  to	  understand	  whether	  using	  the	  explicit	  language	  in	  each	  of	  the	  other	  mathematical	  contexts	  will	  support	  elementary	  school	  teachers	  and	  students	  to	  build	  their	  understanding	  of	  the	  KDU	  of	  multiplicative	  reasoning.	  Math	  Education	  Researchers	  also	  need	  to	  understand	  how	  the	  use	  of	  more	  real-­‐life	  activities	  within	  each	  of	  the	  mathematical	  contexts	  will	  support	  an	  understanding	  of	  the	  KDU	  of	  multiplicative	  reasoning.	  The	  course	  data	  from	  this	  study	  illustrated	  that	  when	  the	  teachers	  explained	  place	  value	  and	  fraction	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problems	  that	  were	  not	  situated	  in	  real	  life	  examples,	  they	  used	  more	  of	  the	  key	  ideas	  of	  multiplicative	  reasoning	  within	  the	  context	  of	  fractions,	  which	  is	  recognized	  as	  a	  harder	  set	  of	  number	  to	  work	  with,	  than	  in	  the	  context	  of	  place	  value.	  This	  data	  suggests	  that	  future	  research	  needs	  to	  focus	  on	  a	  combination	  of	  using	  real	  life	  examples	  across	  many	  mathematical	  contexts	  in	  which	  the	  explicit	  language	  of	  the	  mathematics	  that	  underlies	  the	  specific	  contexts	  is	  used.	  In	  order	  to	  perform	  these	  experiments	  in	  actual	  classrooms,	  it	  is	  first	  necessary	  to	  understand	  how	  real	  life	  experiences	  with	  measurement	  may	  support	  teachers	  to	  use	  the	  KDU	  of	  multiplicative	  reasoning	  in	  their	  teaching.	  
Limitations	  of	  the	  Study	  This	  research	  study	  was	  limited	  by	  the	  nature	  and	  availability	  of	  the	  data.	  While	  there	  were	  40	  students	  enrolled	  in	  the	  course,	  there	  were	  only	  32	  who	  participated	  in	  both	  the	  place	  value	  and	  fraction	  modules.	  Additionally	  4	  of	  these	  teachers	  decided	  not	  to	  continue	  with	  the	  Teach	  for	  America	  Program.	  Of	  the	  28	  teachers	  who	  were	  left	  only	  6	  of	  them	  consented	  to	  a	  semi-­‐structured	  interview.	  The	  decision	  was	  made	  to	  conduct	  the	  study	  with	  this	  small	  sample	  size	  because	  the	  interview	  was	  a	  necessary	  data	  source	  in	  order	  to	  answer	  the	  third	  research	  question.	  The	  data	  from	  the	  semi-­‐structured	  interview	  was	  significant	  in	  that	  it	  provided	  data	  regarding	  how	  the	  teachers	  would	  spontaneously	  explain	  the	  mathematical	  contexts.	  Additionally	  this	  is	  an	  emergent	  study	  and	  preliminary	  findings	  would	  provide	  support	  for	  engaging	  in	  a	  larger	  research	  study.	  	  The	  data	  from	  this	  study	  was	  also	  limited	  because	  some	  of	  the	  teachers	  were	  not	  active	  participants	  in	  the	  course,	  which	  limited	  the	  data	  sources	  that	  could	  be	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used	  to	  analyze	  their	  references	  to	  the	  key	  ideas	  of	  multiplicative	  reasoning.	  Furthermore	  some	  of	  the	  responses	  made	  by	  the	  teachers	  in	  the	  course	  were	  statements	  of	  support	  for	  their	  classmates	  and	  did	  not	  reference	  mathematics.	  Having	  a	  larger	  sample	  size	  with	  more	  mathematical	  participation	  would	  improve	  the	  credibility	  of	  the	  data.	  However,	  this	  preliminary	  data	  has	  provided	  initial	  findings	  that	  can	  begin	  to	  be	  verified	  and	  expanded	  on	  in	  a	  larger	  study.	  	  The	  emergent	  nature	  of	  this	  study	  also	  created	  limitations	  in	  the	  results.	  The	  teachers	  who	  consented	  to	  an	  interview	  were	  not	  currently	  teaching	  elementary	  mathematics.	  Further	  research	  with	  elementary	  mathematics	  teachers	  would	  begin	  to	  expand	  the	  findings	  to	  include	  data	  from	  teachers	  who	  may	  be	  currently	  teaching	  the	  mathematical	  contexts	  from	  this	  study	  in	  their	  classrooms.	  	  	  The	  results	  were	  also	  limited	  because	  the	  measurement	  question	  in	  the	  semi-­‐structured	  interview	  did	  not	  require	  the	  teachers	  to	  extend	  their	  understanding	  of	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  to	  a	  new	  context.	  All	  of	  the	  teachers	  in	  the	  study	  referenced	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  within	  the	  context	  of	  measurement.	  This	  could	  mean	  that	  measurement	  is	  traditionally	  taught	  using	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning,	  therefore	  not	  requiring	  a	  change	  in	  the	  way	  the	  context	  is	  explained.	  Future	  research	  that	  uses	  a	  different	  measurement	  problem	  may	  require	  the	  teachers	  to	  change	  the	  way	  they	  explain	  the	  context.	  A	  measurement	  problem	  that	  is	  traditionally	  taught	  by	  introducing	  a	  standard	  algorithm	  would	  require	  the	  teachers	  to	  explain	  a	  measurement	  problem	  in	  a	  context	  in	  which	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  are	  a	  novel	  idea.	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While	  these	  circumstances	  have	  limited	  the	  results	  of	  the	  data,	  they	  have	  also	  presented	  areas	  for	  future	  research.	  	  	   This	  exploratory	  study	  examined	  the	  ways	  in	  which	  teachers	  developed	  a	  KDU	  of	  multiplicative	  reasoning	  through	  their	  involvement	  in	  a	  mathematics	  content	  course	  that	  focused	  on	  the	  connections	  that	  exist	  within	  the	  contexts	  of	  place	  value	  and	  fractions.	  This	  groundbreaking	  study	  is	  the	  first	  research	  study	  to	  date,	  that	  examines	  teachers’	  understandings	  of	  place	  value	  and	  fractions	  as	  one	  connected	  understanding	  that	  can	  then	  be	  applied	  to	  other	  mathematical	  contexts.	  This	  study	  has	  illustrated	  the	  challenges	  that	  exist	  for	  prospective	  teachers	  to	  retain	  what	  they	  learn	  in	  their	  university	  classrooms	  as	  they	  move	  out	  into	  their	  own	  schools.	  It	  is	  quite	  expensive	  to	  conduct	  research	  studies	  and	  therefore	  impractical	  for	  most	  of	  the	  practitioners	  in	  teacher	  education.	  Despite	  these	  challenges	  the	  standards	  are	  getting	  higher	  with	  the	  adoption	  of	  the	  Common	  Core	  State	  Standards.	  Without	  systemic	  plans	  in	  place	  to	  support	  students,	  teachers,	  administrators,	  and	  the	  entities	  that	  support	  the	  teachers	  and	  administrators,	  it	  is	  nearly	  impossible	  to	  make	  changes	  in	  the	  education	  system.	  If	  teachers	  are	  expected	  to	  teach	  a	  more	  connected	  understanding	  of	  mathematics	  as	  outlined	  in	  the	  Common	  Core	  State	  Standards	  then	  there	  needs	  to	  be	  more	  support	  for	  them	  to	  develop	  these	  understandings.	  Focusing	  on	  the	  development	  of	  KDUs	  is	  one	  way	  to	  begin	  to	  support	  these	  changes.	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Appendix	  A:	  List	  of	  Initial	  Conjectures	  	  	  	  	  The	  following	  sections	  identify	  the	  initial	  conjectures	  that	  guide	  the	  “modified”	  open	  coding	  of	  the	  data.	  In	  each	  section	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  are	  underlined	  and	  italicized	  and	  the	  ways	  in	  which	  these	  ideas	  may	  be	  referenced	  are	  included.	  Each	  subsequent	  statement	  within	  the	  sequence	  of	  the	  problem	  provides	  a	  more	  detailed	  explanation	  of	  the	  mathematical	  task.	  	  	  
Initial	  Coding	  Guidelines	  for	  Place	  Value	  Addition	  Explanations	  
	  
Referencing	  a	  quantity	  in	  terms	  of	  different	  units	  
	  1. Statement	  of	  the	  problem	  a. Starts	  without	  statement	  of	  the	  problem	  b. Statement	  of	  the	  problem	  without	  meaning	  c. Statement	  of	  the	  problem	  with	  place	  value	  (Did	  the	  author	  break	  the	  number	  up	  to	  demonstrate	  the	  value	  of	  each	  place)	  	  
Referencing	  a	  quantity	  in	  terms	  of	  different	  units	  as	  well	  as	  referencing	  multiplicative	  
relationships	  between	  unit	  types.	  	  	  2. Making	  sense	  of	  the	  solution	  (ones)	  a. 4	  plus	  7	  is	  11	  b. 4	  ones	  plus	  7	  ones	  is	  11	  c. 4	  ones	  plus	  3	  ones	  is	  11	  ones	  d. 4	  ones	  plus	  3	  ones	  is	  11	  ones,	  which	  is	  10	  ones	  and	  1	  one,	  10	  ones	  is	  1	  ten,	  so	  we	  have	  1	  ten	  and	  1	  one.	  	  	  3. Making	  sense	  of	  the	  solution	  (tens)	  a. 4	  plus	  7	  is	  11	  b. 4	  tens	  plus	  7	  tens	  is	  11	  c. 4	  tens	  plus	  7	  tens	  is	  11	  tens	  d. 4	  tens	  plus	  7	  tens	  is	  11	  tens,	  which	  is	  10	  tens	  and	  1	  ten,	  10	  tens	  is	  1	  hundred,	  so	  we	  have	  1	  hundred	  and	  1	  ten.	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Referencing	  grouping	  and	  regrouping	  using	  different	  units	  4. When	  the	  need	  to	  carry	  arises	  a. No	  explanation	  b. Use	  the	  word	  carry	  c. Explain	  ten	  ones	  is	  ten	  and	  put	  the	  new	  number	  in	  the	  place	  where	  it	  belongs.	  	  
Initial	  Coding	  Guidelines	  for	  Place	  Value	  Multiplication	  Explanations	  
Referencing	  a	  quantity	  in	  terms	  of	  different	  units	  1. Reading	  the	  Problem	  a. Starts	  without	  statement	  of	  the	  problem	  b. Statement	  of	  the	  problem	  without	  meaning	  c. Statement	  of	  the	  problem	  with	  place	  value	  (Did	  the	  author	  break	  the	  number	  up	  to	  demonstrate	  the	  value	  of	  each	  place)	  	  
Referencing	  a	  quantity	  in	  terms	  of	  different	  units	  as	  well	  as	  referencing	  multiplicative	  
relationships	  between	  unit	  types.	  	  
	  2. Making	  sense	  of	  the	  solution	  (ones	  x	  ones)	  a. 4	  times	  3	  is	  12	  b. 4	  ones	  times	  3	  ones	  is	  12	  c. 4	  ones	  times	  3	  ones	  is	  12	  ones	  	  	  3. Making	  sense	  of	  the	  solution	  (ones	  x	  tens)	  a. 4	  times	  3	  is	  12	  b. 4	  times	  30	  is	  120	  c. 4	  ones	  times	  3	  tens	  is	  120	  d. 4	  ones	  times	  3	  tens	  is	  12	  tens	  	  4. Making	  sense	  of	  the	  solution	  (tens	  x	  ones)	  a. 4	  times	  3	  is	  12	  b. 40	  times	  3	  is	  120	  c. 4	  tens	  times	  3	  ones	  is	  120	  d. 4	  tens	  times	  3	  ones	  is	  12	  tens	  	  5. Making	  sense	  of	  the	  solution	  (tens	  x	  tens)	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a. 4	  times	  3	  is	  12	  b. 40	  times	  30	  is	  1200	  c. 4	  tens	  times	  3	  tens	  is	  1200	  d. 4	  tens	  times	  3	  tens	  is	  12	  hundreds	  	  
Referencing	  grouping	  and	  regrouping	  using	  different	  units	  6. When	  the	  need	  to	  carry	  arises	  initially	  a. No	  explanation	  b. Use	  the	  word	  carry	  c. Explain	  ten	  ones	  is	  ten	  and	  put	  the	  new	  number	  in	  the	  place	  where	  it	  belongs.	  	  7. When	  the	  need	  to	  carry	  arises	  when	  adding	  partial	  products	  a. No	  explanation	  b. Use	  the	  word	  carry	  c. Explain	  ten	  ones	  is	  ten	  and	  put	  the	  new	  number	  in	  the	  place	  where	  it	  belongs.	  	  
	   Initial	  Coding	  Guidelines	  for	  Fraction	  Addition	  Explanations	  1. Statement	  of	  the	  Problem	  a. Starts	  without	  statement	  of	  the	  problem	  b. Statement	  of	  the	  problem	  without	  meaning	  c. Statement	  of	  the	  problem	  with	  meaning	  	  2. Identification	  of	  the	  Whole	  
Referencing	  a	  quantity	  in	  terms	  of	  different	  units	  3. Defining	  the	  addends	  a. 7/8	  as	  “seven-­‐eights”	  b. 7/8	  as	  “seven	  (little)	  1/8’s”	  	  
Referencing	  multiplicative	  relationships	  between	  units	  4. Acknowledging	  that	  the	  unit-­‐sizes	  are	  or	  are	  not	  the	  same	  
Referencing	  grouping	  and	  regrouping	  using	  different	  units	  5. Finding	  a	  common	  unit	  fraction	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Initial	  Coding	  Guidelines	  for	  Fraction	  Multiplication	  Explanations	  
1. Reading	  the	  Problem	  a. Starts	  without	  statement	  of	  the	  problem	  b. Statement	  of	  the	  problem	  from	  without	  meaning	  c. Statement	  of	  the	  problem	  with	  meaning	  	  2. Identification	  of	  the	  whole	  
Referencing	  a	  quantity	  in	  terms	  of	  different	  units	  3. Defining	  the	  factors	  a. 7/8	  as	  “seven-­‐eights”	  b. 7/8	  as	  “seven	  (little)	  1/8’s”	  	  
Referencing	  multiplicative	  relationships	  between	  units	  4. Dividing	  parts	  into	  parts	  a. Recognizing	  1/3	  as	  4/12.	  b. 	  Recognizing	  1/3	  as	  4(1/12).	  c. Recognizing	  1/5	  of	  1/3	  is	  1/15	  of	  a	  whole	  
Referencing	  grouping	  and	  regrouping	  using	  different	  units	  5. Performing	  the	  Calculation	  a. Counting	  up	  the	  unit	  pieces	  b. Adding	  up	  the	  rows	  of	  unit	  pieces	  c. Multiplying	  the	  rows	  of	  unit	  pieces	  	  6. Sharing	  the	  answer	  a. Expresses	  problem	  and	  answer	  without	  unit	  fraction	  b. Expresses	  problem	  but	  not	  answer	  in	  unit	  fractions	  c. Expresses	  answer	  but	  no	  problem	  in	  unit	  fractions	  d. Expresses	  problem	  and	  answer	  in	  unit	  fractions	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Appendix	  B:	  Critiquing	  Guidelines	  
	  	  	  
	   The	  following	  sections	  include	  the	  critiquing	  guidelines	  that	  were	  presented	  to	  the	  teachers	  in	  each	  module.	  These	  critiquing	  guidelines	  support	  the	  teachers	  to	  provide	  feedback	  to	  their	  peers	  regarding	  their	  recorded	  explanations	  within	  each	  module.	  The	  guidelines	  focus	  on	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  to	  support	  the	  teachers	  to	  assess	  when	  the	  ideas	  are	  being	  used	  and	  when	  they	  are	  not.	  	  
Critiquing	  Guidelines:	  Place	  Value	  Addition	  These	  procedures	  all	  make	  use	  of	  Place	  Value,	  the	  very	  fundamental	  thing	  our	  number	  system	  is	  based	  on.	  So,	  the	  more	  the	  author	  reinforces	  the	  ideas	  of	  Place	  and	  Value,	  the	  more	  supportive	  it	  will	  be	  for	  students	  this	  summer	  and	  into	  the	  school	  year.	  Thus	  you	  will	  be	  viewing	  each	  other’s	  podcast	  and	  trying	  to	  help	  each	  other	  in	  figuring	  out	  when	  you	  ARE	  or	  ARE	  NOT	  talking	  about	  this	  very	  important	  issue-­‐-­‐PLACE	  VALUE.	  
For	  Addition/Subtraction:	  When	  reading	  does	  the	  author:	  
Write	  or	  read	  the	  numbers	  in	  expanded	  notation	  with	  an	  emphasis	  on	  Place	  
Value	  (For	  example,	  when	  expanding	  the	  number	  375,	  does	  the	  author	  read	  it	  as	  “three	  hundred,	  seventy	  and	  five?”	  or	  “three	  hundreds,	  seven	  tens,	  and	  five	  ones”	  -­‐	  this	  distinction	  is	  important	  in	  place	  value	  because	  in	  the	  second	  version,	  the	  author	  is	  emphasizing	  that	  the	  position	  of	  the	  numeral	  represents	  its	  value)	  	  [Representing	  quantities	  in	  terms	  of	  different	  units]	  
Continue	  to	  talk	  about	  each	  digit	  during	  the	  entire	  procedure	  as	  having	  place	  value	  (ie.	  when	  speaking	  of	  the	  7	  in	  375,	  does	  the	  author	  always	  say	  “seventy”	  or	  “seven	  tens”	  or	  does	  she	  revert	  to	  saying	  “seven.”	  [Representing	  quantities	  in	  terms	  of	  different	  units]	  For	  instance,	  	  When	  adding	  the	  tens	  column,	  does	  the	  author:	  
• Read	  3	  as	  ‘three’	  
• Read	  3	  as	  ‘thirty’	  
• Read	  3	  as	  ‘3	  tens’	  When	  the	  need	  to	  “carry”	  arises	  (in	  addition),	  does	  the	  author:	  [Multiplicative	  relationships	  between	  units	  and	  Grouping	  and	  regrouping	  using	  different	  units]	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• Talk	  about	  extra	  zeros	  hanging	  around	  
• Offer	  no	  explanation	  at	  all	  
• Use	  the	  word	  ‘carry’	  
• Explain	  that	  10	  ones	  is	  1	  ten	  or	  10	  tens	  is	  1	  hundred	  and	  put	  the	  number	  in	  
the	  new	  ‘place’	  it	  belongs	  in.	  When	  the	  need	  to	  "borrow"	  arises	  (in	  subtraction),	  does	  the	  author:	  [Multiplicative	  relationships	  between	  units	  and	  Grouping	  and	  regrouping	  using	  different	  units]	  
• Use	  the	  phrase	  "borrow	  one"	  	  
• Talk	  about	  the	  value	  of	  the	  place	  and	  how	  it	  has	  a	  different	  value	  in	  a	  
different	  place	  (1	  in	  the	  tens	  place	  is	  10	  in	  the	  terms	  of	  the	  ones	  place)	  
• Offer	  no	  explanation	  at	  all	  
Critiquing	  Guidelines:	  Place	  Value	  Multiplication	  These	  procedures	  all	  make	  use	  of	  Place	  Value,	  the	  very	  fundamental	  thing	  our	  number	  system	  is	  based	  on.	  So,	  the	  more	  the	  author	  reinforces	  the	  ideas	  of	  Place	  and	  Value,	  the	  more	  supportive	  it	  will	  be	  for	  his	  or	  her	  students	  this	  summer	  and	  into	  the	  school	  year.	  Thus	  you	  will	  be	  viewing	  each	  other’s	  podcast	  trying	  to	  help	  each	  other	  in	  figuring	  out	  when	  you	  ARE	  or	  ARE	  NOT	  talking	  about	  this	  very	  important	  issue-­‐-­‐PLACE	  VALUE.	  When	  reading	  does	  the	  author:	  [Representing	  quantities	  in	  terms	  of	  different	  units]	  
Write	  or	  read	  the	  numbers	  in	  expanded	  notation	  with	  an	  emphasis	  on	  Place	  
Value	  (For	  example,	  when	  expanding	  the	  number	  375,	  does	  the	  author	  read	  it	  as	  “three	  hundred,	  seventy	  and	  five?”	  or	  “three	  hundreds,	  seven	  tens,	  and	  five	  ones”	  -­‐	  this	  distinction	  is	  important	  in	  place	  value	  because	  in	  the	  second	  version,	  the	  author	  is	  emphasizing	  that	  the	  position	  of	  the	  numeral	  represents	  its	  value)	  	  
Continue	  to	  talk	  about	  each	  digit	  during	  the	  entire	  procedure	  as	  having	  place	  value	  (ie.	  when	  speaking	  of	  the	  7	  in	  375,	  does	  the	  author	  always	  say	  “seventy”	  or	  “seven	  tens”	  or	  does	  she	  revert	  to	  saying	  “seven.”	  [Multiplicative	  relationships	  between	  units]	  	  For	  instance,	  	  
• When	  multiplying	  like	  units	  (1	  ten	  x	  1	  ten	  or	  10	  *	  10)	  does	  the	  author	  demonstrate/explain/offer	  language	  around	  why	  we	  get	  1	  hundred?	  
• When	  multiplying	  non-­‐like	  units	  (1	  ten	  x	  1	  hundred)	  does	  the	  author	  demonstrate/explain/offer	  language	  around	  why	  we	  get	  1	  thousand?	  
• When	  multiplying	  non-­‐units,	  (3	  tens	  *	  7	  tens	  or	  30	  *	  70)	  does	  the	  author:	  
 Talk	  about	  extra	  zeros	  hanging	  around	  
 Offer	  no	  explanation	  at	  all	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 Continue	  to	  speak	  of	  ‘3	  tens’,	  not	  ‘three’	  or	  ‘thirty’	  
 Explain	  that	  10	  tens	  is	  1	  hundred	  and	  that	  3	  tens	  times	  7	  tens	  is	  21	  
hundreds	  because	  3	  *	  7	  =	  21	  and	  10	  *	  10	  =	  100.	  Does	  the	  author	  use	  partial	  sums	  to	  add	  their	  partial	  products?	  	  When	  the	  need	  to	  “carry”	  arises,	  does	  the	  author:	  [Grouping	  and	  regrouping	  using	  different	  units]	  
• Talk	  about	  extra	  zeros	  hanging	  around	  
• Offer	  no	  explanation	  at	  all	  
• Use	  the	  word	  ‘carry’	  
• Explain	  that	  10	  ones	  is	  1	  ten	  or	  10	  tens	  is	  1	  hundred	  and	  put	  the	  number	  in	  the	  
new	  ‘place’	  it	  belongs	  in.	  
Critiquing	  Guidelines:	  Fraction	  Addition	  	  
In	  supporting	  student	  learning,	  it	  is	  important	  to	  begin	  with	  the	  concept	  then	  
move	  to	  procedure.	  (There	  needs	  to	  be	  a	  reason	  and	  understanding	  of	  what	  a	  
common	  denominator	  is	  before	  you	  begin	  talking	  about	  one.)	  	  Here	  are	  some	  steps	  to	  support	  you	  in	  moving	  from	  concept	  to	  procedure:	  	  Did	  the	  author	  begin	  with	  a	  WHOLE?	  	  
Were	  all	  the	  whole	  represented	  by	  the	  same	  size	  picture	  (did	  4	  fourths	  look	  the	  same	  
size	  as	  5	  fifths?	  	  	  Did	  the	  twentieths	  look	  the	  same	  size	  in	  all	  the	  pictures?	  
Using	  vertical	  slices	  for	  fourths	  and	  horizontal	  for	  fifths	  makes	  that	  happen	  easily.	  	  Did	  the	  author	  USE	  unit	  fractions?	  [Representing	  quantities	  in	  terms	  of	  different	  units,	  Multiplicative	  relationships	  between	  units	  and	  Grouping	  and	  regrouping	  using	  different	  units]	  Seeing	  4/5	  as	  4	  (1/5)	  (four	  fifths	  as	  four	  one	  fifths)	  and	  1/5	  as	  4/20	  
supports	  the	  ‘finding	  a	  common	  denominator’	  procedure.	  	  	  Did	  the	  author	  introduce	  the	  pictures	  of	  the	  twentieths	  before	  the	  language	  of	  common	  denominators	  or	  the	  other	  way	  around?	  	  
It’s	  important	  to	  see	  the	  concrete	  (pictures)	  before	  moving	  to	  the	  abstract	  (language	  
of	  common	  denominators),	  in	  this	  case	  we	  need	  to	  generate	  the	  need	  for	  a	  common	  
denominator	  before	  introducing	  it.	  
	  
Critiquing	  Guidelines:	  Fraction	  Multiplication	  	  
In	  supporting	  student	  learning,	  it	  is	  important	  to	  begin	  with	  the	  concept	  then	  
move	  to	  procedure.	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  Here	  are	  some	  steps	  to	  support	  you	  in	  moving	  from	  concept	  to	  procedure:	  	  Did	  the	  author	  begin	  with	  a	  WHOLE?	  	  
Were	  all	  the	  whole	  represented	  by	  the	  same	  size	  picture	  (did	  4	  fourths	  look	  the	  same	  
size	  as	  5	  fifths?	  	  	  Did	  the	  twentieths	  look	  the	  same	  size	  in	  all	  the	  pictures?	  
Using	  vertical	  slices	  for	  fourths	  and	  horizontal	  for	  fifths	  (or	  v.v.)	  makes	  that	  happen	  
easily.	  	  Did	  the	  author	  USE	  unit	  fractions?	  
• Seeing	  4/5	  as	  4	  (1/5)	  (four	  fifths	  as	  four	  one	  fifths)?	  four	  rows?	  Every	  time	  it's	  
used	  not	  just	  the	  first	  time	  it	  appears?	  [Representing	  quantities	  in	  terms	  of	  different	  units]	  
• Does	  the	  author	  still	  see,	  and	  point	  out,	  [Multiplicative	  relationships	  between	  units	  and	  Grouping	  and	  regrouping	  using	  different	  units]	  
o 1/5	  as	  a	  row	  of	  4/20	  and	  	  
o 2/5	  as	  two	  rows	  of	  4/20	  
o 1/4	  as	  a	  column	  of	  5/20?	  	  
o 2/4	  as	  two	  columns	  of	  5/20	  
• Does	  the	  author	  note,	  with	  excitement,	  how	  nice	  it	  is	  that	  in	  this	  representation,	  
when	  you	  try	  to	  take	  3	  fourths,	  the	  picture	  happens	  to	  be	  cut	  into	  four	  
pieces?Explain	  that	  this	  is	  not	  coincidence.	  Did	  the	  author	  introduce	  the	  pictures	  of	  the	  twentieths	  before	  the	  language	  of	  common	  denominators	  or	  the	  other	  way	  around?	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Appendix	  C:	  Semi-­‐Structured	  Interview	  Protocol	  	  	  	   The	  following	  questions	  are	  the	  preliminary	  questions	  that	  were	  created	  for	  the	  semi-­‐structured	  interview.	  These	  questions	  were	  designed	  based	  on	  the	  assumption	  that	  teachers	  were	  familiar	  with	  the	  concepts	  from	  the	  course.	  The	  questions	  ask	  teachers	  to	  solve	  mathematical	  questions	  within	  the	  contexts	  from	  the	  course,	  as	  well	  as	  new	  contexts.	  The	  purpose	  of	  the	  new	  contexts	  was	  to	  obtain	  data	  about	  teachers’	  application	  of	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  to	  contexts	  that	  were	  not	  taught	  during	  the	  course.	  Applying	  the	  same	  concepts	  to	  new	  contexts	  is	  an	  aspect	  of	  the	  KDU	  of	  multiplicative	  reasoning.	  If	  the	  teachers	  did	  not	  include	  the	  three	  key	  ideas	  of	  multiplicative	  reasoning	  in	  their	  initial	  response	  to	  the	  questions	  they	  are	  asked	  to	  explain	  the	  problems	  using	  the	  ideas.	  If	  the	  teachers	  ask	  for	  support	  with	  using	  the	  key	  ideas	  of	  multiplicative	  reasoning	  there	  are	  prompts	  that	  the	  interviewer	  may	  present	  to	  the	  teacher	  to	  support	  her	  to	  see	  an	  example	  of	  a	  problem	  that	  includes	  these	  ideas.	  The	  teachers	  are	  then	  questioned	  about	  connections	  that	  they	  make	  between	  the	  mathematical	  contexts.	  Making	  connections	  between	  different	  mathematical	  contexts	  using	  the	  same	  concepts	  is	  another	  aspect	  of	  the	  KDU	  of	  multiplicative	  reasoning.	  These	  questions	  served	  as	  a	  guideline	  for	  the	  interview	  and	  were	  modified	  or	  eliminated	  based	  on	  the	  responses	  of	  the	  teachers.	  The	  interviewer	  also	  added	  questions	  during	  the	  time	  of	  the	  interview	  based	  on	  the	  teacher’s	  responses.	  	  
Preliminary	  Questions	  Mathematical	  Concepts:	  For	  each	  concept	  ask:	  When	  you	  felt	  that	  you	  effectively	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taught	  this	  concept,	  how	  did	  you	  teach	  it?	  	   1. Multi-­‐digit	  whole	  number	  multiplication:	  52	  x	  37	  2. Decimal	  number	  multiplication:	  6	  x	  2.4	  (if	  teacher	  cannot	  do	  #1,	  skip	  this	  one)	  3. Fractions:	  ¾	  x	  ⅖	  4. Measurement:	  If	  you	  have	  3	  large	  rolls	  of	  paper	  that	  are	  each	  4	  feet	  5	  inches	  long,	  and	  you	  want	  to	  line	  them	  all	  up	  so	  that	  students	  can	  create	  a	  mural,	  how	  long	  would	  the	  paper	  extend?	  	  5. Percents:	  What	  is	  23%	  of	  34?	  	  Follow	  up	  questions:	  	  
If	  teacher	  teaches	  the	  concepts	  in	  their	  class:	  1. As	  you	  reflected	  upon	  your	  instruction	  when	  you	  taught	  this	  concept,	  how	  did	  you	  feel	  your	  explanation	  supported	  students?	  (Ask	  for	  each	  mathematical	  concept)	  2. Will	  you	  make	  any	  changes	  in	  your	  instruction	  next	  year?	  If	  so,	  what	  changes?	  	  
For	  all	  teachers	  (after	  all	  5	  mathematical	  concepts	  are	  completed):	  3. If	  the	  teacher	  did	  not	  use	  units	  and	  multiples	  of	  units:	  a. Can	  you	  explain	  problem	  1	  using	  place	  value	  language	  and/or	  pictures?	  If	  struggling	  don’t	  do	  letter	  b.	  b. Can	  you	  explain	  problem	  2	  using	  place	  value	  language	  and/or	  pictures?	  	  c. Can	  you	  explain	  problem	  3	  with	  unit	  fractions	  and	  the	  unit	  square?	  Do	  you	  remember	  what	  they	  are?	  	  d. Can	  you	  explain	  the	  relationship	  between	  units	  in	  problem	  4?	  Do	  you	  see	  similarities	  to	  the	  earlier	  problems?	  e. Is	  there	  anything	  you	  could	  add	  to	  problem	  5?	  Any	  pictures?	  	  4. If	  the	  teacher	  did	  use	  units	  and	  multiples	  of	  units,	  initially	  or	  after	  question	  2:	  a. Do	  you	  see	  any	  commonalities	  in	  any	  of	  the	  problems?	  b. What	  are	  these	  commonalities?	  c. How	  do	  these	  commonalities	  influence	  your	  understanding	  of	  the	  problems?	  d. Have	  you	  ever	  talked	  about	  these	  commonalities	  with	  your	  students?	  e. How	  would	  you	  talk	  about	  these	  commonalities	  with	  your	  students?	  	  f. Why	  would	  you	  want	  your	  students	  to	  understand	  these	  commonalities?	  	   5. If	  teacher	  continues	  to	  not	  use	  units	  and	  multiples	  of	  units:	  in	  class	  we	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talked	  about	  it	  like	  this	  (show	  prompt)	  -­‐	  can	  you	  talk	  about	  whether	  that	  still	  makes	  sense.	  a. We	  can	  think	  of	  a	  unit	  as	  a	  way	  of	  “chunking”	  a	  quantity.	  If	  I	  have	  24	  cans	  of	  soda,	  I	  can	  think	  of	  this	  as:	  1	  case	  of	  24,	  2	  (12-­‐packs),	  4	  (6-­‐packs),	  24	  (individual	  cans),	  or	  ½	  (48-­‐pack).	  	  b. Do	  you	  see	  a	  way	  of	  using	  units	  to	  explain	  problem	  1?	  How?	  What	  is	  the	  relationship	  between	  units?	  Would	  you	  want	  your	  students	  to	  understand	  this?	  Why/why	  not?	  If	  yes	  -­‐	  How	  would	  you	  explain	  this	  to	  your	  students?	  	  c. If	  units	  were	  used	  in	  problem	  1	  -­‐	  Does	  your	  explanation	  carry	  over	  to	  problem	  2?	  How?	  How	  would	  you	  support	  students	  to	  understand	  the	  relationships	  between	  units	  in	  these	  problems?	  d. Can	  you	  use	  units	  to	  explain	  problem	  3?	  How?	  What	  might	  the	  unit	  be?	  Why?	  How	  do	  you	  know	  the	  relationship	  between	  units	  in	  this	  problem?	  Would	  you	  want	  your	  students	  to	  understand	  this?	  Why/why	  not?	  If	  yes	  -­‐	  How	  would	  you	  explain	  these	  relationships	  to	  your	  students?	  e. What	  unit	  do	  you	  find	  yourself	  using	  in	  problem	  4?	  Why?	  Is	  there	  a	  relationship	  between	  units?	  How	  would	  you	  support	  your	  students	  to	  understand	  this	  relationship?	  f. What	  unit	  do	  you	  find	  yourself	  using	  in	  problem	  5?	  Why?	  How	  could	  you	  represent	  this	  unit	  to	  your	  students?	  How	  would	  you	  explain	  this	  concept	  to	  your	  students?	  g. Do	  you	  think	  using	  units	  is	  beneficial?	  Why/why	  not?	  h. Could	  you	  imagine	  doing	  this	  in	  your	  classroom?	  Why/why	  not?	  i. What	  are	  the	  challenges	  to	  integrating	  what	  we	  did	  in	  class	  with	  your	  curriculum?	  j. What	  are	  ways	  that	  you	  could	  or	  do	  integrate	  what	  we	  did	  in	  class?	  k. How	  would	  talking	  about	  units	  support	  students?	  Would	  it	  hinder	  students?	  How?	  l. If	  teacher	  is	  able	  to	  use	  units,	  go	  to	  question	  3	  of	  the	  follow	  up	  questions.	  	  	  6. I	  understand	  your	  response	  in	  the	  following	  way.	  Would	  you	  say	  this	  is	  an	  accurate	  description	  of	  your	  solution/response?	  (Use	  when	  interpreting	  teacher’s	  response.)	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Whole	  Number	  Place	  Value	  Prompt	  
	  In	  the	  problem	  37	  x	  52	  one	  thing	  that	  we	  need	  to	  figure	  out	  is:	  (7	  x	  50)	  
What	  quantity	  is	  7	  times	  as	  large	  as	  50	  (5	  tens)?	  So	  I	  have	  the	  quantity	  5	  tens	  and	  I	  want	  to	  iterate	  that	  quantity	  7	  times.	  	  
	  When	  we	  count	  up	  the	  ten	  units	  we	  have	  35	  tens.	  We	  know	  that	  10	  tens	  make	  1	  hundred,	  which	  we	  can	  see	  by	  looking	  at	  our	  picture.	  If	  I	  use	  this	  relationship	  to	  group	  the	  tens	  together,	  I	  can	  look	  at	  how	  many	  groups	  of	  10	  tens	  I	  have.	  I	  can	  see	  that	  there	  are	  3	  groups	  of	  10	  tens	  and	  another	  group	  of	  5	  tens,	  so	  this	  means	  that	  there	  are	  3	  hundreds	  and	  5	  tens.	  	  	  35	  tens	  	   or	  	   3	  hundreds	  and	  5	  tens	   or	  	   350	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Decimal	  Place	  Value	  Prompt	  In	  the	  problem	  6	  x	  2.4	  one	  thing	  that	  we	  need	  to	  figure	  out	  is:	  
What	  quantity	  is	  6	  times	  as	  large	  as	  0.4	  (tenths)?	  (6	  x	  0.4)	  I	  have	  the	  quantity	  4	  tenths	  and	  I	  want	  to	  iterate	  that	  quantity	  6	  times.	  
	  
	  	  When	  we	  count	  up	  the	  tenths	  units	  we	  have	  24	  tenths.	  We	  know	  that	  10	  tenths	  make	  1	  one,	  which	  we	  can	  see	  in	  our	  picture.	  If	  I	  use	  this	  relationship	  to	  group	  the	  tenths	  together,	  I	  can	  look	  at	  how	  many	  groups	  of	  10	  tenths	  I	  have.	  I	  can	  see	  that	  there	  are	  2	  groups	  of	  10	  tenths	  and	  another	  group	  of	  4	  tenths,	  so	  this	  means	  that	  there	  are	  2	  ones	  and	  4	  tenths.	  	  	  	   24	  tenths	  	   or	  	   2	  ones	  and	  4	  tenths	   	   or	  	   2.4	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Fraction	  Prompt	  2/5	  x	  3/4	  What	  quantity	  is	  ⅖	  as	  large	  as	  ¾?	  To	  figure	  out	  this	  problem	  we	  can	  think	  of	  it	  as	  what	  quantity	  is	  ⅖	  of	  ¾?	  Here	  are	  3	  (1/4)	  units.	  If	  I	  want	  to	  take	  2/5	  of	  this	  quantity	  I	  need	  to	  know	  what	  1/5	  looks	  like,	  so	  I	  am	  going	  to	  partition	  my	  fourths	  into	  fifths.	  	  
	   	  
	   	  
	  
	  	  These	  new	  units	  are	  now	  twentieths	  because	  the	  whole	  is	  made	  up	  of	  four	  columns	  and	  five	  rows	  (4	  x	  5),	  and	  a	  four	  by	  five	  area	  consists	  of	  twenty	  units.	  I	  notice	  that	  each	  (1/4)	  is	  made	  up	  of	  5/20	  so	  3	  (1/4)	  would	  be	  made	  up	  of	  3	  sets	  of	  5/20	  or	  15/20.	  	  	   	  	  	  	  	  Now	  I	  want	  to	  know	  what	  2/5	  of	  this	  3/4	  is.	  So	  first	  I	  will	  find	  out	  what	  1/5	  of	  3/4	  is.	  When	  I	  take	  1/5	  of	  the	  3/4	  I	  see	  that	  I	  have	  3/20,	  so	  when	  I	  iterate	  the	  3/20	  two	  times	  I	  have	  6/20.	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Measurement	  Prompt	  In	  the	  problem,	  what	  quantity	  is	  3	  times	  as	  large	  as	  4	  feet	  5	  inches,	  one	  thing	  we	  need	  to	  figure	  out	  is	  what	  quantity	  is	  3	  times	  as	  large	  as	  5	  inches.	  	  Pretend	  that	  this	  is	  a	  12	  inch	  ruler.	  I	  chose	  a	  12	  inch	  ruler	  because	  12	  inches	  are	  in	  1	  foot.	  	   	   	   	   	   	   	   	   	   	   	   	   	  	  	  Now	  I	  will	  shade	  5	  inches	  on	  the	  ruler	  and	  I	  need	  to	  iterate	  this	  quantity	  3	  times.	  	   	   	   	   	   	   	   	   	   	   	   	  	   	   	   	   	   	   	   	   	   	   	   	   	  	   	   	   	   	   	   	   	   	   	   	   	   	  	  Looking	  at	  the	  rulers,	  I	  can	  see	  that	  the	  three	  sets	  of	  5	  inches	  made	  a	  total	  of	  15	  inches.	  We	  know	  that	  there	  are	  12	  inches	  in	  1	  foot,	  which	  can	  be	  seen	  in	  our	  picture.	  If	  I	  use	  this	  relationship	  to	  group	  the	  inches	  together	  I	  have	  1	  foot	  and	  3	  inches.	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Percent	  Prompt	  In	  the	  problem,	  what	  is	  12%	  of	  34,	  one	  thing	  that	  we	  need	  to	  figure	  out	  is	  2%	  of	  34	  because	  I	  can	  think	  of	  the	  problem	  as	  10%	  of	  34	  +	  2	  (1%)	  of	  34.	  	   What	  quantity	  is	  2%	  as	  large	  as	  34?	  	  Let’s	  look	  at	  a	  picture.	  This	  is	  a	  unit	  of	  34.	  Thinking	  in	  terms	  of	  percents,	  the	  entire	  unit	  is	  100%.	   	   	  	  0%	   	   	   	   	  	  	  	  	  	   	   	   	   	   	   	   	  	  	  	  	  	  100%	  
	   	   	  0	   	   	   	   	   	   	   	   	   	   	   	  	  	  	  	  	  34	  	  Now	  let’s	  think	  about	  2	  (1%).	  Each	  1%	  of	  a	  quantity	  is	  a	  hundredth	  because	  there	  are	  100	  one	  percents	  in	  100%.	  I	  can	  figure	  out	  what	  1%	  of	  34	  is	  by	  asking,	  how	  many	  hundreds	  are	  in	  34?	  There	  are	  34/100	  of	  a	  hundred	  and	  because	  I	  want	  2	  (1%)	  I	  need	  to	  iterate	  that	  quantity	  2	  times.	  Let’s	  look	  at	  this	  in	  our	  picture.	  	  0%	  1%	   	   	   	   	   	   	   	   	   	   	   	  	  	  	  	  	  	  100%	  	  
0	  0.34	   	   	   	   	   	   	   	   	   	   	   	  	  	  	  	  	  	  34	  	  0%	  	  1%	   	   	   	   	   	   	   	   	   	   	   	  	  	  	  	  	  100%	  
0	  0.34	   	   	   	   	   	   	   	   	   	   	   	  	  	  	  	  	  34	  	   	  	  When	  I	  combine	  the	  2	  (1%)	  I	  have	  a	  total	  of	  0.68.	  	  	  	  0%	  	  	  2%	   	   	   	   	   	   	   	   	   	   	  	  	  	  	  	  100%	  
	  0	  	  	  0.68	   	   	   	   	   	   	   	   	   	   	  	  	  	  	  	  34	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Appendix	  D:	  Data	  Sources	  for	  Each	  Teacher	  	  	  	  	   The	  following	  table	  summarizes	  the	  data	  that	  was	  analyzed	  for	  each	  teacher	  during	  this	  research	  study.	  	   Table	  D-­‐1.	  	   Data	  Sources	  for	  Each	  Teacher	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  Triple	  Play:	  A	  Transdisciplinary	  Experience	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  ______________________________________________________________________________________________________	   	  DREXEL	  UNIVERSITY,	  Philadelphia,	  PA	   	   	   	   	   2010-­‐2012	  
• Elementary	  Math	  Methods	  and	  Content	  (2011-­‐2012)	  
• Cultural	  and	  Historical	  Significance	  of	  Mathematics	  (2012)	  
• Professional	  Studies	  in	  Instruction	  (2011)	  
• Functions	  (2011)	  
• Proportional	  Reasoning	  (2010)	  	  KENT	  PLACE	  SCHOOL,	  Summit,	  NJ	   	   	   	   	   2006-­‐2008	  
• Algebra	  1,	  Algebra	  2,	  Geometry	  	  CHAPIN	  SCHOOL,	  Princeton,	  NJ	   	   	   	   	   	   2003-­‐2006	  
• Lower	  School	  Mathematics	  Specialist	  for	  Grades	  2-­‐4	  	  ROCHESTER	  CITY	  SCHOOL	  DISTRICT,	  Rochester,	  NY	   	   	   2000-­‐2003	  	  
• First	  Grade	  Teacher	  (2002-­‐2003)	  	  
• Second	  Grade	  Teacher	  (2000-­‐2002)	  
	  
	  
	  	  
	  	  	  	  	  	  	  	  
